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*  t^OREWORD    .  ' 

i 

The  series  "Studies'' in  Mathematics"  1^  devoted  to  material 
•useful  to*  high  school  matheuiatics  teachers  and  directly  related 
to  high  school  mathematics,  oourseo      In  general,  the  volOmes  in 
this  series  contain  about  the  amount  oT  material  that  ca,n  )be 
aovere^  in  a  summ^  or  in-service  course.    Earlier  volumes  m 
i^his  series  v;ei?e  devoted  to  set  theory.,  geometry'' and  algebra. 

Thio  va^lurne  Is  a  slight  departure  fi:K)m  the  established 
pattern  an  two  v/ays-.    .First,  it,  contains  more  material  than  can 
b.e  covered  in. a  shof't  course  and  some  of  this- material  is  some- 
what more  sophisticated  thari    hat  in^the  earlier 'volUiTies .  '  Hence, 
this  i?articular  volume  v/ill  probably  be  used  chiefly  as  a^ source 

of  s)!ipplementary  na^eri^l .  ;  ^  «» 

*         *  f  "  ^ 

Secorid,  this  is  -a  traiaslatioj ,of  a.  Rus^iam  tef.t .  '  a?he  SM3G 

Panel  on  Teacher  Training  Materials  has  e.  amined  a  numbepr  of 
Russian  tenets  For  J:eacher-s  and  will  exami;ie.  more .    §o  ^ar,  only 
a  f^w  of.ithese,  of  which  this  is  one,  have,  seemed"  to  'the  Panel' 
to  .be  .directly  useful  to '  teachers/ in  this  aountgy.    V/e  hope  to 
be  able  to  make^vailable  in  this  s&ries  addit'ior^al  translations 
which  da  se^m  ^o  be  useful.  ' .  .. 

The  transla^tion- of '*this  •te.xt  v/ps  carried*  iDufc/JTjder  tl;ie  aus- 
pices or"tiTe  Survey  of  Recent. Eastr.Ekirope*an  Malxpematical  li-'-r/r- 
ture,  located  at  the  Un:^versity  of  Chicago.    V/e  aiae'-very  pleased 

hat  the  ^Survey  has  been  willing 'to  make  this- translation  avail- 

*    a"*  * 

ble  through  'this?  series.  *  .    .  *  , 

\  '  '   *  • 

One  warning  to  the  readei:--the  translation  is  exact,  and 

the  language  used  .by  the.  author  has  n9t  b^dn  brought  up  to  date. 

In  particular,  where' we  ^v/oUld*  spea|^c  of  the  ''proc^uct",  t^  author 

speaks 'of  ^^he,  "suin"  of  tr^nsXoririations .        \y.  - 
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'  FOREV/ORD  TO  THE  FIRST  EDITION 

The  present  text  is  based  entirely  on  secondary  schobl  cours.e 
content  and  is  inteiided  to  serve  the  professional- needs  o£  future 
teachers,  in  paijticulg^r  the  broadening  of  their  mathematical  culture 
and  the  cultivation  of  the  required  ski^lls.       ^  -  - 

V/e  begin  with  the  study  of  the  fundamental  set-theoretic  " 
concepts,  the  application  of  the ^general  concept  of  the  function 
(according  to  Lobachevskil)  in  geometry,  and  the  concei|t  of  a  group 
of  transformations;  the  rudiments  of  the  general  theory  of  groups 
are  presented.    It  is  not  possible'  today  to  teach  geometry  Success- 
full-y  v/ithout  masteiring  th^  elements  of  the  geometry  LoDachevsklL 
The  t^t  contains  a  considerable  number  of  suggested  exercises. 
Independent  work  by  the  s^ude^ts  is  indispensable,  and  in  each  chap- 
ter topics  for  such  work  are  given  and  reference  is  ma^e  to  the 
appropriate  literature,  wt^ich, ^notwithstanding  the  novelty  of  the' 
program,  facilitate  rapid  orientation  for  h^h  teacher  and  students. 

Especial  importance  is  attached  to, the  exercises  connected  with 
the  structure  of  secondary  school  textbooks.    The  most  progressively 
organized  school  course  in  geometry  was  the  creation  of  the, out- 
standing Russian  savant  and  pedagogue  H.  A.  Glagolev.    The  present 
work  i* intended  to  ^id  in.  putting  into  effect  the  ideas  oh  which,  ^ 
his  textbook  is  founded.    The. tendency  to  put  off  the  beginning  ofj^ 
a  systematic  course  in  geometry  until  the  Upper  class^ep  of  the 
middle  school,  and  in  th^  sixth  and  seventh  classes  to  substitute 
for  it  some  sort  of  amormouF^otpourri  of  logic  and  "intuitive 
deduction"  niust  be  regarded  as  altogether  indefensible.-  Within  the 
framework  of  the  existing  Whpol  program  In  geometry  the'  teacher  ^ 
has  inexhaustible  opportunities  to  inculcate  important  idQas  of 
contemporary  science  -  set-theoretic  concepts,  the  general  concept 
of  the  function,  geometrical  transformations,  .t'he^  concept  of  group,| 
the  axiomatic  method,  and  so  on.  ,  From  our  point  of  vifew  'such  a 
change  in  the  school  program  as,  for  example,  the  introduction  of 
differential  and  integral  calculus  without  a  sufficient- foundation, 
eai^s  t6  be  at  present  outdated. 


.  I    ^  '  '^^'^^  P^^sent  coi:^;^S^'  together  with  secondary  school  tQxts  will 

^  ^  almoLt  completely  provide  for  the  study*  of  all  parts  of  the  program. 
^  Lack  of  space  has  forced  me  t<?  omit^  two  chapters  devoted  to  sur-^ 

Veying  and  the  application  of  trigonometry  to  geometry.    This  gap 
can  be  readily  made  .good  by  the  availability  of  other  e^^sting 
-   textbooks.    The  material  ,'in  small-  type*  is  not  to  be  'consadered- 
• '  optional.  "  ■  ' 


Moscow,  1st  August  1950. .  Kuti^z<bv 


]^  Ki 


*  >late5Clal  iwhich  apijeared^in  the  orfginal  in  small  type  is  here 
indicated  by  the  use/of  wider  margins.  ^  •  ^  ■ 


;  '              •■  '■           "              FOREWORD  To'  THE  SECOND  EDITION    "           "  .  . 

:            ♦       In  th^  second  edition  only  slight  'additions  have  been  Intro-  .  ^ 
duced^  which  take  intq  account  suggestions  from  the  reviews  of ^he 
first  edition.    The  ideas  of  projective  geometry  would  require  a 
precise^and  detailed  construction  of  projective  space,  and  are  not      ^  *  " 
expounded  in  this  b5ok.                           '      .                              '       /  ^ 

Moscow,  25  October  195^.  , 

Kutuzov" 
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■ 

;  ^                '  ,          ^     ■  ,          \       '  . 

■•  >    .   .  •  *v 

t      -    /            .« • 

' '                  '  *               ,             *    ^                         '           /           '                *      '                    /    ,  . 

.     -.       '  •          '                •        >       '  1 

f  ,,  < 

r                                       ....      •       '  '  '•-'( 

f-^'.-.'                ^  .    -                •  ■ 

■f  ^  ■ 

I   '         .    '    '  ■• 

I   >    ;  ^  ••    --'^  ■  . 

j         1                   &     ]  ^ 

f 

« 

.           *  • 

1$; 


PART  ONE  f 
HITRODUCTION  ' 


1. 


Chapter  I 


r 


,4 


I; 

I: 


'    GEOMETRIC  FIGURES  .AS  POINT  SETS*. 
i       .  ^ 

In        beginping  ot  Chapter  I,  the  funda- 
mental Concept's  "t)f  axiom  and  theorem  are  'briefly 
discussed.    These  questions  wilT  be  talcen  up  in       *  . 
greater  detail  in  part  IV  of  this  book  which  is 
devoted  to  the  foundations  of  geometry^and  the  ^  ;» 
 ,    geometi»yn!>f  Lgbachevskii*  '  ^  ' 

.  \  ,  ^^^^  '   '  '  ' 

.  In  the  main.  Chapter  I.  d^ls  fwi^th  the  notion  , 

•v  ♦  ♦      pf  a-  geometric  figure  aS*^*9S^5i"nt  sfel^'and  the  ap- 
plication in.^g6ometry  of  basic  set-theory  rtotions 
(the -operations 'of  intersection  and- union  of  fig- 
'  ^  ures,.  and  th'e' identification  of  elements  of  a  ' 

.    ^         figure);  '  ^  \,  ,  '    ^  V 

1.     BA^IC  CONCEPTS  AND  DEFINITIONS  IN  GEOMETRY 
There  cannot  'be  two  opinions  concerning  the  orig;in  of 
*ina^emat;^£^||^,  concepts,  .  S       .  '  « 

"The  concepts^ of  n^ber  and  figure  are  derived,  in  fact,  ^ 

fromi  the  real  worl(^  ...  .The  concept  of  figure,  as  well  as  that  - 

^     ^     *     ^'   '  ^        •  *    .  ' 
..of  n\M'bfer,-is  derived  exclusively  from  the  external  >forld  and 

did  not  at  all  originate  in  the  mind  as  a  result  of  pure  thought^.^ 

*^    *  Before  men  could  arrive  at  the  concept  of  figure  there  had  to 

exist  material  objects  possessing  various  forms  which  were  com- 

0  ^  •       ♦  '        •  '  \ 

pared  one  *With  another.    Fixi^e  mathematics  has  as  its  subject'  * 
'  ''''^     .  "         •  .  .  .        •  .  ■ 

matter  spatial  forms  and  quantitative  relations  in  the  objective 

world,  i^e.  an  entirely  real  content.    The  fact  that  this  content 

appears  to^xtlfemely  abstract  f6iW  hardly  conceals  its  origin 


in  t'he  e:!^fefernal  world.     In  order  to  study  these  forms  and 
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relations  in  their  pure^^s^ect,  it  is  necessary^to  di^-vorce  1;hem 

ompletely  from  their  context,^ removing  this  context  as  ^SQme thing 

irrelevstnt  tO;  the  matter  aU  hand.     Iri  this  manner  are  obtained 

>poln€s...  lines. . ^ 

In  geometry,  as  iri  every  mathematical  science,  we  rrfeet  With 

concepts  which' are  defined  .in  ^erms  pf  other  concepts.  'Hiese, 

In, turn,  are  frequently  defined  with  the  aid' of  still  other  con- 

cepts  and  so  on.  *  Let  us  con&ider  ap  example.    A  circle  is  de- 

fined  as  the  locus  of  points  lying,  in  a  plane  such  that  the 

segments  J-cining  them  with  a  points jO  in  the  same  plane  ax^e  equal  * 

to  a  given  segment  R'.  ^  , . 

Here  the  ponCept'  '^circle"  is  defined  with  the  aid  of  a  series 

of  otfier  concepts:    ""point,"  "plane^,"  "lie  on,'^    "locus,  of 

/ 

points,"  "segment,"  "Joining,"  "equ^l."    In  order  to  define  a 

circumference,  these  lattepr  concepts*  have  to  be  regarded  as  al- 

ready  known.        >  however;  these  concepts  also  ai»e  unknown,  we 

must  either  define  them  in  terns  of*^still  other,  concepts  or  else 
leave  them  without  definition,  liM^ing  ourselves  to  explanations 

or  simple  illustrations  onlj^.    ^  '       *         /  .  ' 

/  -I  •      '  . 

Since  a  "chain  of  definitions"  can  not  be  continued  without 

dnd,  we  mi^st,  clearly,  begin  with  concepts  which  remain  Un^'defined. 

In  geometry,  we  choose  certain  conce^)'ts  as*  basic,  trying  at 

the  ^ame  ti*Snie  'to  keep  theit*  number  as  small 'a^'!  poseible.     Basi.c  ^  ' 

concepts  remain  undefined  .\   They  <^y  be  chosen  in  a  vai^iety^Qf 

ways.  ^ 


ilL_^  ,^  ^  ^  J.  : 

^P^.^Enge^ls.Aptir Dewing  ,  ^-  '  ^  > 

•    ,K.  Marx  and  P.  Engels,  Socl^ineniaT'^ol.r  14, -page  39.  , 

Marx-Engels  Injs^titute,  1939. 


V,*  •  Most  frequently  the  choice  falls  on  such  uhdeflr^d  concepts 
.  .a^s  "polut/"  "line,"  "plane,"  "belong  to"    or  "lie  on,"  "lie 
between,"  "be  equal*"'  '  , 

.   All  the  remaining  concepts  met  with  in  geometry  should  be 
defined  with  precision  in  terms  of 'these  basic**concepts. 

•   For,  instance,  the  concepts  of  segment  Is  defined  as  the  set 
pf  "points"  "lying  between"  twQ  given  points  A  and  B.     Ih^  points 
A  and  B  are  called  the.  "end  points^*  of  the  segment  AB. 

Expr^'ssions  such  as  "to  define  correctly"  or  "to  possess  a 
cel»tain 'prapertiy"  belong  to  the' domain  or  logic    In  tUe  study 
^,  of  geometry,  the  fundamentals  of  logic  as  well  ,as  certain  basic 
conpepts  ^f  arithmetic  are  regarded  a-slknown.  » 


15  . 


2,    AXICWS  AND  THEOREMS  ^  * 

Just  as  k  "chain  of  definitions"  in  gec^ietry  cannot  be 
continued  endlessly,  so  must  alsq  a  "chain  of  proofs"  be  finite. 
Ordinarily,  any  proposition  in  geometry, ^f or  instance  the 
Pythagorean  pheorem,  is  proved  on  the^  basis  of  certain  preceding 
propositions;  the  latter  are  proved  with  the  aid 'of  others, 
proved  still'  earlier,  and  so  on.    This  series  of  reference^  to 


"previously 


proven"  propositions  cannot  be  continued  endlessly. 


Geometi'y  as  a  mathematical  discipline  begins  with  propo- 
sitiqns  which  are  accepted* without  proof.    These  propositions  ' 
are  called  geometric  axioms.    Ttie  basic  axioms  of  geometry  al»e 
derived  fron;  experience,  -from  practice. 

^    Examples  of  axioms:     "On  a  straight  line,  there  are  at  least 
two  points.    In  a  plane,  there  exis€  at  least 'three  points  which 
do  not  lie  on  one  straight' line. " 

^'If  two  planes  AT  and  B  have  a  commoii  point  A,  then  they 


l$have  at  least  one  other  commorl' point  B. " 

Euclid's  Axi^'.     "Let     be  an  arbitrary  line,  and  A  a'pojlnt 

not  on  a.  ;  then  in  the  plane  determined  by  the  line  a,and  the 
»  >^  • 

passing  through 


point  A  there  does  not  exist  more  than  one 

the  point-  A  and  not  intersecting  the  line 

~    .     '  \. 

Let  us  note  that  in  \the  'la^t  axiom  -  the  axiom  of  parallels- 

\        ^  . 

'■z,  statemen^is  made  concerning  the  existence  of  "not  more  than 

"one  line  passing  through  the  ,point  A  and  not  Intersec^Jjc^  the 

line  <2i  "  (fi^l^'l).    Ihe'axiom  aoes  not  state  whether,  even  one  . 

such  line  exists.  If  there^^exls^ed  no  lines  at  all  not  inter-^ 
*      '  '         i  •  *  ,?f^  ' 

^secting  the^ine"  ^^  the  axiom  as  stated  would  still  be  "valid. 

V 


Pig.  i  ; 


Fig.  2 
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.  That  there  exists,  in: the  plane determined  by^the 
and  ,the -point     at  least  one  lin^  passing  through  the  pc 
and  not  intersecting  the  line  a.,  is  something  -which  may 
pjSjved/  This  pj^oposition  is  a  theorem.    A  simple  demonstration 
»of  it  is  known:  ,      >^  . 

Let  B'^be  an  arbitrary  point  on  line  k.(fi^?^2);    Let  us 
Join  the  point  B  to  the  point  A  by  means  of  the  linfe  AB,  and 
let  us  construct  the-line  b  so  that  the  alternate  intericjr  angles 
f}^  and  ^  a^e  equal.    Ttien  line  b  does  not  intersect  linei  In 
fact,  if  we  assumed  that  lines- and  b  intersected  In  the  point 
S  We  should  find,  that  in  the  triangle  SAB  the  exterior  angle  ^ 
was  equal  to  the  oon-adilacent  interior  angle      .  Consequently, 
the  point  of  intel»secMon  S  of  the  indicated  lines  and 
xaxinot  exist.  |  ' 

Combining  the/assertioifs  of  Euclid  «s  axiom  and'  the  theorem 
Just  proved^^v^  can  state  that  there  exists  one  and. only  one- line 

b  which,  under  the  conditions  considered  above,  does  not  inter- 

\  •       '  '    '  ' 

^^ect  the  *lipe  cC  .  -  ^    .         .  ,     .  - 

/'ihe  lines  cl  and^Awhich  are  co-pl^n^r  ^nd  non-iiv^secting' 

^  are  calleci  'parallels..     ^  ,  *        '  ' 

■   T  ^  ^ 

Every  pr^p^dslti'on  In  geometry  whirch  is  not- i^r-the  Mst  of 

axioms  is  a  theorem  'and  needs  to  be  proven.    Hie  simpli^ty  or 


6.  . 


\  . 


"self  evidence**  of  the  proposition  is/'.llere  im^terial.?. 

Many  proposition^  pos^sessing  a  higri  degree  of  "self  ^ 
evideiHce"  are  nevertheless  not  in  the  list  of  axioms  and,  con- 
sequently, should  be  proven  as  theorems.    On  the^ -other  h%nd, 
there  are  propositions  which  are  hot  at  all  "self  evident"*but, 
b^ng  in  the  list  of  axioms,  are  acceptable^i?i'thout  proof. 

In  a' tex'tbook,  it  is  possible  to  show  oi^ly  individuals"' 

\     '  •  ^  '       \  ,  > 

examples  of  proofs  carried  out  in  full  logical  detail  and  ul- 

\  ^      l^^-^^-  :    y      ,  •  ^        ^  ^ 

timately  based  only  Ufjon  the  axioms.    An  .exhaustive  axiomkirTS'*''''''''^ 


exposition  of  geometry  could  only  be  taken  up  in  bulky  scientific 
.^eatises,.         .  .  ^        '  -      .  ' 

A 'full  14©^  of*  axioms,  compS^sed  dfily'Tt'"  the  end  of  the  XIX  th 
^nd  the  beginning  of  the'  XXth  centuries,  will  be  given , in  part 
IV  of  our  te^t.    In  the,  following  exposition,  we  shall  consider 
the  contents  of  the  mathematical  jcourse  .in  the  secondary  schools 
as  already  kno^  to  the  reader. 


-r 
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3.    THE  CONCEPT  OP '4  GECMETRIC  FIGURE  AS  A  POINT  SET  ' 
.  Any  set  of  points  is  called  a  figure  i-    The  aotion  set 
is  a  primary  concept  which  may  only  be  explained  but  is  hqt  - 
defined.    In  place  of  the  word  "set"!  other,  equivalent,  words 
are<used:     "aggregate,"  "class,  "^''collection,"  "system,"  etc,;*' 

Sets  pbnsisting  of  points  are  known  as  point  sets  or  "  ^ 
f Igureal    Ihe  points  belonging  to  a  set  are 'the  elements  of 
this  set.  ■ 

One  speaks  of  the  set  of  points  of  a  segment,  the  set  of 
points  of  a  line,  the  set  of  points  of  a  sphere  and  so  on. 

One  may  also  sp'eak  of  the^  set  of  all  lines  in  space,  "'the 
set^qf  all  sphere^,  the  set  of  all  planes  tangent  to  a  giyen^ 
sphe^^and  so  on.    In  these  latter  cases  the  elements  of  the«r 
sets  are  themselves  sets*  * 

,  A  finite  set  is  often  given  by*  simply  pointing  out  it3 
elements,  for  instance,  the  set  of  spokes  in  the  wheels  of  a 
given  bicybile. 

An  infinite  set  is  g^iven  by  indicating  a  property  possessed 
by  its  elements.    After  indicating  this  characijebistic  property 
of  the  elements  of  a  set,  it  is  possible  to /decide  with  regard 
to  any  object,  whether  or  not  it  belongs  to  the  given  set. 

Let  us  consider  some  examples  of  figures. 
'  A  pointy  a_line_,  a  plane  as  well  as  the  whole  of  space  ar^^ 
figures.    A  point  is  a  set  cpnsisting  of  one  element;  a  -line,  a 
plane  and'  the  whole  of  space  are  infinite'  sets  of  points. 

When  we  speak  of  a  segment  we  should  distinguish  three 
figures.    We  shall  call  a  set*  consisti^ng  of  tv;o  points  A  and 


8.- 


^a*  zero-dlmenslonal  segment  >    The  set  consisting  of--  the  points  A 

land  B  and  all  the  points  lying  between  A  and  B  will  be  called  a 

one-'dimenslonal  closed  segment  or  simply  *a  segment  > 

Here  we  should  understand  the  word  "closed"  to  mean  that 

t  the*  ends. of  the  'segment,  i.e.  the  poifits  A  and  ^B,.  belong  to  the. 

3egment>-AB,«--  ^ 

The  set  consisting  only  of  the  points  lying  between  %he^ 

points  A  and  .B,  will  be  cabled  a  One--dimenslonal  open  segment 

or  interval. 


Here  we  should  understand  the  word  open  to  mean  that  the 
end  points  of  the  interval,  i\.e.  the  points  A  and  B,'  do  not\  ,  , 
belong  to  ^he  Interval. 


An  interval  is  a  segment  with  the  end  poii^ts  excluded; 


1. 


a  zero-dimensional  segment  is  the  set  of  end  poi>lts  of  a  segment 

A  conventional  representation  of  these  figures  is  given  in 
xfig.  3.    ,    ■        •     '  -  ' 


/Jo 


Fig.  3  *    '  Fig.  ^  \  [ 

Let  us,  aaso  .distinguig^t.Jpetween  the  following  figures.; 
.A  circle  P  is  the  set  of  points  f4  of  a  plane    tt  whose 
distances  from  a  given  point  0  in  the  p^ane  ^tt  (fig.  ^)  are 
*^  *"equal  to  a  given  segment  R,  l.e*  such  that 
\  C»4  =  B  =  const. 


-c-  ^ 
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A  closed  dlsk^  'or  simply  adisk,^  is  a  set  consisting  of 

the  points       of  tPie  pi^^e    ir    lying  inside  the  circle. P,^ 

together*  with  the  points  of the  circle  P  itself  (fig.  k).,  i.e.  ^ 

such  tha.t  ,  * .  *  • 

^    '    \  .       •  \,    '  ^  R.     •  .        ^     ■         '  , 

Wie  circle'  P  is  called  , the  boundary  of  the  *d'i6k, ,  Ihe* 
•»  "  

circle  is  a  cuir^e.  .  ♦ 

open  disk  is  a  set  consisting  df  the  points  ^^'l'^  interior  ^, 
to  thQ  circle  PJ,  i.e.  ^uch  that  *        .  ^ 


An  open  ^i^k  ^.s  a  disk  without  its  boundary. 
A  sphere  is  the.'^s^t- of,  all  points  which  are  at  a  given  j 
«  ^distance  R  from  a  given  po^:5^-0,  i^e.  such  that 
''^        .  '  '  '        \  (^4"^^R^=S^st 

'  A  sphere  is  a  surface. 
A  ^solig  sphere  or  globe. is  the  sat  of%il^oints  M'^at  a 


distance  not  greater  than  R  from  a  given  point  ^5'-^(n:)g>K^)  >  i.e. 
'  o  such*  that  \      '     •  s 

A  globe  is  a  solid.^v  its  boundary  -is. a  sphere. 
An  open  globe  is  a . globe  "Without  its  boundary,  i.6.  the 
•  setKof-'all  points' M'''' such  ,thatr"  '«, 

OM''''  <  R.  , 


We  shall 


'     '  set  of  all  pointsT^M'''' exterior  to  a  given'  solid  sphere 

^GM'V^)*  i'a  also  a  figure.  '  . 

^The^-equ^tor,  paraliels^nd.  meridians  on  a  sphere  are 
figures.    The  two*  poles       4nd'P2  of  a^sghere  form  a  zero-dimen- 
sional  dias^eter  of  the^spher^.i       '  "    •  ^ 

'  L^t  us  consifil^r  now  the  notion  of  a  triangle , 
distinguis|i  tbe  following  f inures. ^  '  , 

c 

'B 


'  A  zero^aimeng^bnal  .triangle  AB3  Ls^a  set  consisting  Of 

three  ttdrfcycollinear  .points 'A,       and  C  (fig.  6a). 

'        '    ^^^^  . 

A  ofie-dimensional  triangle  AEC  is  the-  set  of^  p^oints  be- 
'    \        longing 'to  the  segmentS^^AB^  BO,  and  CA  where  the  end  points  A, 
B,  and  Care  non-6ollinear*  (fig.  6b).    Such  a.  triangle  is*  f  re- 
QUently.  called  a  ii-nea;r>  triangle. ^         '  - 

A  two-dimens^lonar"tj?iangle '  ABC  consists  of  all  p(^ints  of 
.  the  one-dimensi6nal  *|briangifeiv5^  together \with  the  pioints  df 
.the  plane  ABC  .interior  id  this  lineaa::triangle  (fig.  6cX^  llie 
one-dimeji^nal  .triangle  ABC^^s  the  ^boundary  of  the  two^ 
dli^ensional  trj^angle  AfiC.    A  linear  triangle  has  no  boundar3(?\ 
A  two-dlmensitJnai*  trlgingle  with  the  ^boundary  excluded  is  called 


'Rre  necessity  of  distinguishing  these  thfee  figures  ABC 
appears  not  only  .in  geometry.    3i\ mechanics,  for  instance,  when 

J        we.  speak  of  finding  the  center  of  gravity  of  a  4;riangle  ABC, 

/   '  >  ^  "  .    \  ■  ^    '  ■ 

the  problem  has- no  meaning  unless  we  majce  clear\jvhich  of  the 

three  forms  of  the  triangle  we  have^  in  mind,  \ 
v  *  Let  us  find,  the  center  of  gravity  of  each  of  the.^ 

triangle6r,ABC.  *  ^      .       .  * 

'  *     Let  .equal  masses^  be  concentrated  at  each  of  ^ 
the  points!  A,  B,  and  C.of  a  zero-;iimensional  tri- 
angle (figl  ?)•  '        ceater^of  giuvity  D  of  the  two 
1  * 

masses  cohqentrate4  at  the  pt)l|nts'  A  ^nd*B  ia  at  the 

», 

midpoint  of \ the  segment  AB.    Let  us  conceritrate 

>^  '    \  ^  / 

both  of  these  masses  at  the  point  D.*    TJiis  leaves 

the  center' of  gravity  of  the  zero-dimensipnal  tri- 

angle  unchanged.    Dividing  then  the  median  CD  by 

^ means  ^oi>  the^point  E  in  inverse^  ratio  to  the 

masses,  we  find 


CE  „2m  _  o'' 


c 

A- 


^    '    '  ^  Pig.  7 

-  ^  Thus  E,  the  point  of  intersection *of -the  medians, 
is  the*center  of  gravitj/",  of  the  zero^dlmensional 
triangle. 

Let  us  consider  now  a  two-dimensional  triangle.  ^ 
#  « 
Here  it  is  necessary  to  fihd^the  center  of  gravity 


U,-,-^  A      of  a.  homogeneous  trlangulai\ plate  ABC.    It  is  Ira- 
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possible  to  find  with  ifiathematical  exactness  the 
center  of  gravity  of  such  a  plate  without  the  aid  * 
of  the  theory  of -limits.  ^  V/e  shall  lii?iit  ourselves  • 
to  a-  heuristic  discussion.  ^  •  ^ 

Let  us  divide  the  plate  ADC  into  very  thin  strips 
parallel  to  •the  base  AB.    Ttie  center  of  gravity  of 
each  strip  PQ  (fig.  8)  will  be  at  the  center  E  of 

V 

that  jstrip.     If-^we  were  to  concentrate  .the  mass 
of  each  ,strip       at  its  center,  of  gravity  E,  we 
should  obtain  a  non-unifom  distribution  of  masa  . 
along  the  median  CD.    Consequently,  the  center  of 
gravity  of  the  "triangular  plate  lies  on  the  mediaii 
CD.    I^is  is  true  for  any  median,  and  it  follows 
that  the  desired  center  of  gravity  of  a  two-dimen^ 
siojial  triangle  is  at  the  point  of  intersection  of 
the  medians.    The  result,  is  the  same  as  for  a^^zero- 


dimensional  triangle. 


c 


A  diffierent  result,  however,  is  obtained  for  a 
one--dlmen^ional  triangTe.     ^  . 

Let  us  consider  a -homogeneous  "wire"  triangle 
ABC  (fig.  9).    The  center  of. -gravity  of  ,eacia -side' 
of 'the  triangle' is  at  its  midpoint.-    IJie  masses  of' 
the  side^  are^  proportional  to  the  lengths  of  the 


erJc^ 


^  ^  ■  24 


f 

V  - 


sides.    Let   Y  be  the  linear  density  of  the  one- 

%   ^ 

dimensional  tijiangle,  i.e.  the  of ;  a  unit  of 

length.    Let  us ^concenl^^at'e  the  mass  of  each"  side 

at  its  midpoint.    We  obtain  a  zero-dimensional 

triangle  A^^  'Bj^       wfth  masses   Ya,  Yb,  Yc  at  the 

vertices'*    Ihe  center  of  gravity,  Co,  of  the  two 

5 masses  Ya  and  nrb  divides  the  segment       B^^  Ih  a  , 

ratio  inversely  proportional  ito  the  masses,  i.e. 
»  .         ■  1      '  '  /• 

Ai  C2  ^"Tb'l'b  ^  2      ,  Ai  Cy      -  . 

C2  Bi  "  ra     a  .  1  a  B^^  * 

2     '  ' 


/Fig.  9 

'alius  the  point       divides  the  ^ide""  of  A-j^  Bj_ 
of  the  triangle  Ai  %  Ci  into  parts  proportional 
to  the  adjoining 'sides  of  this  fii^iangle.  This 
Implies  that  Ci  C2  is  th.e  bisector'  of  the  angle 
Ci  of the  triaWgle  A^/Bj^  'Ci.    Concentrating  the 
masses  Va  and  Yb  at  their  center  of  gravity  C2, 
we  ;«peduce  the  problem  to  finding,  the  Center  of    "  .  , 
gravity  of  two  masses  Y  (a  +  b)  and  Yc  concen- 
trated at  tUe  end S' of  the  segment  Cg  JC^.  Ohe 
desired  center  of  gravity,  consequently,  lies  on^ 
the  angular  bisector  C^  C2  of  the  triangle  A^  B^  C], 
Z^mc  tlTeTe  rs7riCCT^as^on"^-ois:sJ^^  XJaTfilonr" 


^  the  other  bisectors  •     It  follows  that^^^^iie-'irenter  ^ 
af  gravity  of  a  ^ne-dimensional  triangle  is  ^^^[j^ 
the  poihl^^'of  intWsection  of  the  angular  .bisectors 
of  the  tri^Tigle  whose  vertices^^e  ^t ,  the  mid-/ 
points  of  the  sides  of  the  given  triangle  (fig.  9).. 

Only  in  the  cas^  of  an  equilateral  triangle  do 
'  the  centers  of  gravity  of  all  three  j:igures^  coincide • 

In  some  elementary  geometry  textbooks-  the  wrd 
triangle  is  used  to  denote  a  one-dimensional  tri- 
angle.   The'  intersection  of  the  medians  i^,  at  the 
same  time,  ,eall^d  the  center  of  gravJLt^c.  of  the  tri- 
angle,  whichr  is^,  of  course,  incorrect • 
A  convex  figure  is  a!  figure  which  'together  with  every  paii 

of  points and  B  belonging  to  it,  contains  all  points  of  the 

f  •   «  i 

segment  AB,  ' 

All  regular  polyhedrons,  cons'^^dered  as  solids,  toge|:he!b 
■with  thdir  faces,  edges,  and  vertices  are  convex  figures}  "Were 
ar^  five  regular  polyhedrons.  *  '  V 

Refining  our  definition  as  we  did  in  the  ease  of  the-^^ri- 
angle,  we  have  to  distinguish,  for  instance,  the  figures 
zero-dimensibnal  tetrahedron  -^he  set  of  ^rtices  A,  B/ C  apd  D 
of  a  regular  tetrahedron;  a  oneydlmensional  (or  .linear)  tetra- 
hedron -  the  set  of  vert;ices  and  edgi^s,'  pf  a  regular  tefcijahed^on; 
a-tvo-dimensional  tetrahedron  -  the  s0,t-of  points  belcmging  llo 

• — ' —  '  ~      '  .  ^1  ^       ^  \  " 

the  faces,  edgfes  and  vartices;  and,  finally,  a  thr^-digiengl0j|al 
tetrahedron  J  thfe  set  of  interior  and  boui?cl^c^  poiijts  of  a  regu- 
Jar  tetrahedron*  ^fig.  10) .       .       *  ^  p' 
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15. 


^  Such  a  differentiation  can  alsb  be  carried  out  for  the  cube 
(fig.  11),  octahedron  (fig.  12),  dodecahedron  (fig,  13)  and  ' 


^  icosaAedron  (fig.  1^), 


Pip.  12 


If  we  "take  any  two  points  A  and  B  belonging  to  one  of  the 
above-mentioned  three-dimensional  figures,  then  the  entire  seg- 
ment AB  with  all  its  points  will  also  belong  to  the  figure • 
♦wo-djjnensional,  one-dimensional  and  zero-dimensional 
regular  polyhedron's  ar;e  not  convex  figures. 


(■  ■         Pig.  13  P,ig.  It  ^ 

.  /  Each  separate  ^^ace,  separate  ed^e  and  s^^rate  vertex  of  ^ 

|r-^A  a~-4?egular  pofykedf  drf  iVaT  convex  'f^^^Sve  ^ 


'  A  disk.^nd  a  solid  sphere  are  convex  figures.  Howe^^er, 

^  [     their  boundaries',  the  circle  and  the  sphere^  are  not  (jpnvex. 


A  point,  a  ^segment,  a  line,  a, plane,  the  whole  of  space 


\are  convex  figures, 

s  *■ 

\ 
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Considering  for  instance  a  plane,  if  we  Join  any^two  points 
i  ]  '  '  1  ' 

of  the  pla^e  by  a  s^*gment,  we  obtain  a  segment  belonging  entirely 

to  the  plar^e,  whi^ph  proves  that  the  plahe  ,ls' cpnvex. 

,   We'pause  t6;  consj,der  the,  assertion  ;^   ^'a  pblnt  M  Is  a  convex 

figure,"    Let  us  follow  closely  th^  definition  of  convexity.  *  Ifeike 

any  two  points  A  and  B  of  the  figure;  they  coincicje  with  thife  point 

M.    "nie  segment  AB\9nsi*sts  of  the  .coincident ^end^  points  A  and  B» 

There  are  no  inner  points  on  this  segment.    Thus  all  the  "points 

;  / 
of  the  segment  AB  belong  to  our  figure  -  the,' point  M.    It  follows 

*  '  J      ► ;  ■  *  • 

that  a  point  is^  a  convex  figure.  '  ,  - 

Out  of  formal*  logical  considerations  v?e  are  led  to  introduce 

the  so-called  "empty  set."    :ihis  is  a  s^t  which  doe^  not  contain 

—  ■  /  ' 

any  elements.    Tne  empty  set  of^  points  is  also  considered  a  fig- 
ure.   As  an  example,  of  an  empty  set  we  jnay|' ^tftke  the  set/of  inner- 
points  of  a  segment  whose  end  points  coinc/ide.    We  shall  ^all  such 

o 

''a-'segment  a" null  segment.        (  ^ 

It  is  necessary  to*  differentiate  betiyeen  the  notion  of 
"null"  segm^t  and  that  of  "zero-dimensional"  segment. 

It  frequently  turns  out  that  there  do  -not  exist  any  elements 
with  some  given  property.    Tt\e  set  of  such  elements  is  empty. 

One  may  usually  picture  an  empty  set  as  an  empty  bag  con-  ' 
tainilrig  no  objects.    We  must  also  distinguish  between  a  set  con- 
ta|rxa^    a  single  element  and  the  element  .itself .    It  is  useful  to 
hdif^f^^figx^-^on^^^  eyes  a  "visual  model"  of  such  a  set:    a  bag 
containing  one  object. 

Vfe  may  say  that  "a  set  is  a  multitude  conc^vecf'^^^'^e^ 
(36K    Ttils  '^multitude,"  however,  may  consist  of  one  object  or^' 


V 


I 'mayeven  cpnt^in  no. objects  ati  all.  *        ,  , 

Frequently  statements  coHtainlhg^ the  notion  of  empty  set  ' 

]  ^^elfq^C^^  by  the^^use  of  ^'kt>uble  li'jgation. "    For  instance j  ^  *  fj 

/  we  shall  pr^e  that  "a  point  m'  is  a  convex  set"  as  follows:    ^  , 
Let  us  taKfe  any  two  points  A  and_  B  belpnging  to  the  given  figure.  ' 
llliere  are  no  points  of  the  segment  AB  which  do  not  belong  to  the  r  , 
given  figure  M.    ThXs  is  what  was  required  to  show.    Olhis  manner  ^ 
of  argument  using  double  negation  should  be  mastered. 

If  a  figure  has  no  boundary  then  the  figure  should  be  con- 
sidered as  closed,  ^since,  we  may  say  that  the  set  of  points  forming^ 
the  boundary  is  empty,  and  Consequently  there  are  no  boundary 

,  points  which  do  not  belong  to  the  figU're.     It  is  indeed  in  this 
sense  that  the  circle  and  the  sphere  are  closed  figures/ 

The  empty  point  set  should  be  considered  as  a  donvex  set. 
In  fact,  if  the  ends  of  any  segment  belong  to  such  a  figure,  then 
there  are  no  points  on  the  segment  ^whict>  do  not  belong  to  the  ^ 
given  figure.     Speaking  plainly,  there  is  neither  such  a  segment 
•nor  any  points  belonging  to  it.    Ttxe  nded  to  introduce  the  empty 
set  is  dictated  By  ^he  same  considerations  as  the  introduction 

l>        ■■■■■■■        ■     ■  ■  .     ■         I        r  r  ■■■■■■  I  ■  ■  » 

of  2?ero  in  "arithmetic.  (36).  \  .  . 

In  concluding  this  section,  let  us  point  dut  a  large  and 
important  class  of  Mgures  -  figures  of  revolution.    Let  there- 
be  given  a  lineX^JgJf^a  figure  ^,(flg.  15),    Ohe  Jjoint  M  belongs 
to  the  figure^of  revolution  jQ.  if  we^  can^^fipd  in  the  set^  <^  a 


,       ■  Pig.  15 

N  so  that  the  foot,         .6f  the  .perpendicular  from  N  to  ^  coincides 
with  that  of  the  perpendicular  from  N  to  j2^,^nd  the' distances 
,7   *  W  and  ON  of^  the  points  . M  and  j^TJTrom  the  line  ^  are  equell: 

*  '        '  *    '      OM  »  ON  .  ' 

^*„In  other  words,  every  point  N  of  the  set  ^   "descrl^bes"  a 
-circle  with  its  center  0  on  the  "axis  of  revolution"^  and 
^       radius  ON.    Itie  points  of  air  SUcli  circles  form  the  figure  of 
'revolution.    The  figure   ^  >  generating  the  figure  of  revolution 
n      is  called  the  revolving  figur'e.^-^^  •  ' 

.Let  us  consider  some  exaipples  of  figures  of  revolution.  If 
"we  rotate  a  line  -nu  parallel  to  the  axis  of  rotation-^  then  we 
.'obtain  the  surface  of -a  eiretilar:  cylinder  (fig.  l6).V  Only  the 

part  of  this  surface  described  by  the  segment  PQ  6f  the  line 
-^is  shown  in  the  drawing. 

7   ^      If  we  revo5.ve  the  entire  strip  between  the  parallel  &  and  >>v 
inxjludlng  the  points  on  the  lines  Jt  and  >»v(f  ig.  16),  then  we 


"7  ' 

Lgl^  cir< 


Obtain  a  righz  circular  solid" cylinder. 


,  -JT)  In  figure  15j5-^the-»s6Iid,"  the  "bird,"  and  the  "butterfly" 
1         constitute  one  figure  ^  .  ■*  , 


16        Pig.  17  Pig.  18  .  , 


If  we  revolve  a  line  xm/  not  perpendicular  to  the  axis  of 
rotation  JL  and  intersecting  >^  in  a  point  S  '^fig.  17),  we  obtain  y 
a  conical  surface  of  revolutipn.    Only  the  part  of  this  surface 
described  by  the  segment  PQ  of  the  line  ^tt^  is  shown  in  the  drawing., 

,  If  we  revolve  the  part  of  the  plane  betw^n  the  lines  ^ 
and  7>v  ,  i.e.  the  angle  >7iSL  and  its  vertical  angle,  we  obtain  a 
,   V      solid  circular  cone. 

I." .      ~  ^'j  .  .  .     ,       .  .  .        _      ^    .  .  i 

Let  £^  and  ttv  be  *non-perpendicular  skew  li^nes.  Revolving 

rr\^  around  Ji  we  obtain  a  surface  called  a  hyperboloid  -of  ^ 

:  ^  .  % 

revolutibn.  of  one  sheet  .(fig*  l8)  • 

The  set  of  points  belonging'  to  the  disks  described  by  the 
segments  OM  constitute  a  soliti  of  Revolution/  whose  boundary  Is 
the  hyperboloid  of  one  sheet.    Only  part  of  the  surface  is  shown 
in  the.  drawing.     Ihere  ai^e  also  represented  the  successive  posi- 
^      /^tiOns  of  the  revolving  line  >>v'.  ^^The  circle  described  by  the  ^ 
endpoint  L  of"  ;the  segment  0^  L,  where  0^  L  is  the  shortest 


•  *  .    20.  \ 

.     distance  between  the  lines       and  -h^,  is  called  the  minimal  circle 

\    (throat  \circle)  ofi  the  hyperlpoloid.  of  t>ae  sheet.   ',  ,         \  \: 

p:Z\  '  ^     M  '     I ;     r  !    ^     '    I    1  '  /        =  '  ,      ■  '  i  ■ 

>  .      lOJthe  line />t^  forms /With ^  an  angle  approximating  a  right 

i  <i  {  1  ^'  K  .  '  f 

angle,  the  parts  of  the  surface  on  either  side  of  the  minimal 
.    circle  will  be  close  to  the  plane  of  this  circle.     If  th^*line  7^ 
"     is  perpendicular  to  ^  ,  the  figure^f  revolution  is  the  plane 

with  the  exclusion  of 'an  open  disk  (fig.  19).    As  the  angle 
^      between       and diminishes,  the  surface  approaches  more  and ^^^^ 

more  the  form  of  a*  cylinder.    As  the  radius L  of  the  minima]^ 

circle  decreases,  the  hyperboloid  of  one  sheet  approaches  the 

fornv  of  a  cone. 


Fig.  19 


> 


^So  far  we'have  u^ed  a  straight  line  as  the  generator  of 
figures  of  revolution.   'Let  us  aow  revolve  a  circle  about  an  axis. 

We  shall  limit  ourselves  to  the  case  in  which  the  revolving 
circle  lies^in  a  plane  passing  tl^rough  the  axis  of  revolution^  , 
and  ftself  does  npt  intersect  the  axis        .    SucA  a  figure  of 
revolution  is  called  a"^  torus  (fig.  20).     If  we"  rivolve' a  disk, 
we  shall  obtain  a  solid  whose' boundary  is  a  torus.  - 
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channel,"  i.^.  all  of  space  with  the  exclusion  of  an  open  cylinder 

''''  \  '      ^  ' 

whose  axis .is  ^  and  whose  radius  is  equal  to  ^he  distance  /rom 

tro  the  rotating  plane.    Pig.  19  represents  the  cross  sec;tlori 


of  such  a  figure  by  a  plane  perpendicular  to  the  a^^ls  J2y  . 


22.^ 
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\k.    THE  INTERSECTION  OP  FIGURES.     EXAMPLES.,    CONIC  SECTIONS. 
■  ^  By  .the  Intersection  of  a  given  collection  of  figures  we  mean 


thfe.Set  6r  all  points,  common  to  all  the  given  figures^,  'mus,  ,the  .  , 


intersection  of  figures  is  also'a  figure.  j 

Let sus 'consider  some  example^.    Let  there  be' given  a  plane. 
TT  and  a  triangle  ABC  in  it..    Let  us  take  a  point  P  on  tl^e  side 'AB 
and  a  point  (|  on  AC.     Let  S  denote  the  line  PQ  (fig.  21).     If  the 
given  figures  are  the*  two-dimensional  triangle  and  the  line  '  5  , 
then  the  intersection  of  these  figures  is  the  segment  PQ. 


i  ] 


Fig.  21 


If  we  take  as  our  first  figure  the  one-dimensional  triangle 
ABC,  then  we  obtain  as  the  inter^e<jtion  a  figure  cons:jsting  of  the 
two  points  P  and  Q*-  the  2er6-dimensional  segment  PQ./ 

The-  intersection^  o"f"^the  line  5  -tfig.  21)  wit/  the  plane  X  L, 
is  the  line'  5  itself. 


m  with  the 
the  same 
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T^e  intersection  of  a  triangle  ABC  of  Mty  dimensi: 
plane  of  this  triangle  is  the  triangle  A^^S^itself  with 
dimension. 

Ihe  intersection  of  two  dilTerent  planes  is  eitiner  a'  line  or 
the  empty  set.     The  latj^^^^curs  v/hen  the  planes  are  parall^. 
'  *     The  inter^eeti^n  of  a  sphere  with  a  line  Is  either  a  ijair 
/-and  Q,  jone  point  L,  or  the  empty  set  (fig.  22). 


"  .34 
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If  instead  of  a  sphere  we  consider  a  solid  sphere,  then  tjhe 
k  ^     intersections  with  the  same  lines  will'  be  the  segment  PQ,  the 
poin^  L  and  the  empty  set.       -  •  . 

^e  intersection  of  tJie  disk  P^S  (fig.  23)  lying  in  the 
ir.    ^  pl^ane  ir    with  tl)e  lines  s^,  s^  arid  S3  wilTbe  resjgectiveljT- the 
I|/v''  -point  S,  the  segmerv:^  PQ  and  the  point  L.         .  '  -  .  ' 

The  intersection  of  a  spherV.by  a  p,lane'  is,  as""  we  already 
know,  either  a  circle  P  ,  a  point  P  or  the  empty  .set  (fig.  24). 
Ihe  intersection  of  a  solid'  sphere  with  a  plane  is  either  a  disk, 
1'^^'  Ta  point  ot  the  empty  .set  (fig.  24)-.     ,        <  ' 

Th^  intersection  of  the'  surface  of  a  circular  cylinder  with 
'  a  "planet  j^arallel'  to  a  generator  of  the  cylinder  is  either  the 
^i^^^iptyset,  a  line,  or  two  lines ^^g.  ^5)  >       the  intersecting 

plane  16 Perpendicular  to  th^  generator,  4;hen  the  intersection  is 

1^        a'circle  (fig.  26).^         ,  ,  ^      .   ,  '/ 

plane  is  ndS: 


r:  -v. 


The  case       which  the  intersecting,  plane  is  ndS:  perpendic- 
ular  to  the.  generators  of  the  cylinder- Js  of  Special  interea^t. 
Oh^^lntersectipn  obtained  is  an  ellilJse  (-fig*  27 )•  ' 


Fig.  23  Fig.  24 


Let  us  establish,4a.  characteristic  property-  of  the  ellipse* 
Let  us  put  J.nto  the  cylinder,  on  'opposite  sides  of  the  plane, 
IT,  two  spheres,  with  radii  fequal  ^to  the  radius  Of  the\cylinder, 
so  that  they  touch  the  plane  tt  *t  the  points^  and  Pg/  Figure 
28  shows 'a  crqss 'section  by  a  plane  passing  through  the  axis  of 
the  cylinder. and  perpendicular  to  the  plane  tt*  The  spheres  are 
tangent  to  the  cylj,nder  in  circles  passing  thi^ough  the  pjoUnts 
^and  B  (fig.  27).  '  '         ^  > 

,     '^'Le.t  us  take  an'^biti^^ry  point  M  of  the  ellipse,    tet  us"" 
pass  through  li>  a  segment  AB  of  the  generator  of  the -cylinder* 
In  addition/  let  us^join^the  point.     with  the.  points  F]^'and  Fg. 
Ihe  lines  MA  and  MFi  are  .tangent  to  the  sphtere  (l),  and  con- 
sequently  the  segments  MA  and  MF^  are  -eqjial^. 


26. 


'\  (I 


Prom  these  equalities  We  conclude  that  / 

♦  *  • 

MPn  +  MF^  =  MA  +  MB  =  AB^=  constant 

.  (1)  '  '  '  '^^^ 

An  ellipse  is  the  set  of  points  M  in  the  plane  tt^  the  sum 

of  whose  distances  from  two  given  points       and  F2  in  the  same 

plane  is  a  constant. 

The  points  F^  ^d  Fg  are  called  the  foci  of  the  ellipse. 

Usually^  this  property  is  tak^n  as  the  definition  of  an 
ellipse. 


Pig.  27 


Fig,  28 


If  we  tilt  the  plane    tt    so  that  it  approaches  a  position 
perpendicular  to  the  genet^ator  of  the  Cylinder,  the  points  Fj^  and 
F2  at  which  the  spheres  (l)  and  (2)  are,  tangent  to  the  plane  tt 
will  tend  to  coincide,  and  when  they  do  so  the  ellipse  will  be- 
come  a  circle  (figT  26).  '  "    '  '  "  ^ 

The  definition  of  the  ellipse  can  be  <:applied  without  change 

t,o  the  circle,  provided  we  poVtul^e  that  F^^  F2  is  a  pull  segment. 

(1)  Footnote:     In  the  Interest  of  simplicity  the  proof  that  all  ■ 
^points  equidistant  from  Fi  and  F2  are  on  the  ellipse  is 
chitted .  --Translators  " 
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.'Oiie  simplest  surface  of  re^piution  after  the  cylinder  is-  the 
circula^T  cone.    Let  us  examine  the  intersectibii  of  the  cone  with  ■ 
a  plane  not'  passing  through  its  vertex  S.       1    -  '  = 

"   !ir  the  plane  tt' intersects  ill  the  gerjerktcirs  o^  thQjcorie, 
>the  intersection  is'an  ellipse  (fig.  29).    'Rie  proof  is  entirely- 

a  repetition  of  the  cSise  of  the  pylinder  cpnsidered  abov'?.  '  The 
'~  notation  In  figsj  29  and  30  is  Ifhe  same  as  in  figs.  27  and  28. 

If  the  cqtting  plane  intersects  both  nappes  of  the  cone  and 
-  does  not  pass  through  S,  i.«.  If  the  plane  tt  Is  parallel  to  two_^ 

generators  of  the"  cone',  the  in,ieraection  is  'a  hyperbola.  -That 
"  the  indicated  plane  Ts  parallel  to  two  generators  of  the  cone  -can  . 
easily  be  seen  by  passing  a  p^ne'^through  the  vertex  S  of  the  cose  ^ 
parallel  to  the  plane  tf^    A*  part  of  .the  plane  tt  in  fig.  31  is 

shaded .  f 

As  in  the  case  of  the  ellipse,  we  shall  find  a  character- 

'   istic  property  of  the  hyperbola.      .    '  . 


/ 


Fig.  29 
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28.  •         .  .  • 

Let  us^ place  in  eaclas-JipLppe  of  the  cone  one  of  the  spheres(l) 
and  {2)  so  that  the  spheres  are  tangent  to  plane  t  at- the  points 
Pn  and  Fp  respectively,  and  to  the  sur^ce  of  the  cone  in  the  , 
"  clrcjl^s.  passing'  through  pibints^-A  ahd 'B  (in  fig.  31).;     It  is  j 
easy  to  construct^great  circles,  of  these  sphet^es  in  a  plane  per- 
pendicular  to  the  plane  tt  and  passing  through  the  vertex  S  of  , 
j^,   the  cone  (fig^  32)  .  ^ 

Taking  an  arbitrary  point  M  of  the  hyperbola  (fig.  31),  we 

■rind:  ^,  .' 

=  MA    and    MB  =  MFp 
since  the  tangents  MA  and  MF^^,  say,  drawn  from  the  point  M  to  the 
sphex^e  (l)  are  equal.  . 
^   ^        From  the  equalities  just  obtained  we  Conclude: 

-  MF2  «  r4A  -  MB  =  AB 
But  the  length  of,  AB  does  not  depend  on  the  choice  of  the 
point  M  on  tht  hyperbola,  and  consequently 
I  MFi  -  MF2.I  =  constant 
A  hyperbola  is  the  set  of  points  of  the  plane  tt  ,  the 
difference  of  whose  distances  from  two  given  points  in  the  same 
"     plane  is  "consta^t^in  absdlute  valug^-    /  ^ 

We  say  "absoljate  value"  because  if  the  poi«^M  is '^taken.  on 
the  second  branch  of  the  hyperbola  the  difference  obtai^e'^'^ill 
o    be  negative  but  will  have  the^  same  absolute  .value.       •  '  , 

Ihe  points       and  P2  are  called  the  foci  of  the  hyperbola • 

(1)  Points  A  and  B  are  the  intersections  of  the  generator  passing 
through  M  with  the  circles  of  tangency  of  the  spheres  (1/  and 
,   (2)  to  the  cone.  '  —'Translators 
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^ere  ^^^^  r§t^lr/s  to  be  considered  the  intersection  of 
3^  cone  ,wi^^"^  plane^*^ parallel  to  one  generator ♦    'Diis  plane  ir 
intersects  only  oi^e  nappe  of  the«.-CQAe  (fig.  33)  in  a  curve  which 
is  knbwn  as  a  parabola.       •         •  . 

-  I   7  ' — 

In  establishing  a  characteristic  property  of  the  parabola 
1   *  '*      '  ,  ^ 

we  shall  not.  be  able  to  follow  the "method  used  for  the  ellipse 

f  /         *  . 

and  hyperbola;  here  the  second  sphere  used  in  the  R^revious,  con- 

structions\does  not  exfst.  ,       ^  ^  ; 

,Latr  us  pass  a  plane  ir  parall'el  to  only  one  generatoij^  SQ  of 

'\  ^he  cone  (figs.  33  and  34 )•  "  L^t  us  construct  a  sphere  (l)  so 

*that'it  is  jbang^nt  fee— btie  *cone  in  a  circle  AP  and  tq*  the  plane  ir 

at  the  point  F.    Let  a^CD  be  the  line  of  intersection  of  the 

planp  TT  with  the  plane  oC  of  the  circle  AP;         •     ^  \  -  ^ 


irk: 


We  shall  show  that  an  arbitrary  point  M  of  the  parabola  is 

*'  ♦ 
equidistant  from  point  P  and  line  CD,  i.e.  that  , 


MP  =  MD 


For  proof,  we  pass  through  the  point  M  a  generator  MS  of 

the  cofie  and  a  plane  MQ  parallel  to  the  plane  (K  • 

(Note  revision  to  fig.  34.    Ihe  poinc  B  is  in  general  ^ 
*  not  oa  t^e  axis  of  the  cone.  ,       —.Translators ) 


*  '  - 31 . 

.Let  A  be  the  point  of  Intersection  of  this  generator  MS 
with  the  circle  k?i  '  . 

Since  MF  and  MA  are  tangents  to  the  sphere  (l)  drawn  from*' 

the  ssime  point  M,  we  have  ^^^^^ 

m-  *      *  '  * 

•  ,     MF  =  MA 

JBut  MA  =  QP,  both  being  generators  of  the  frustrufti  of  the 
cone  whose  bases  are  the  planesoC  and  MQ,    Furthermore,  QP  =  BC, 
since  they  are  parallel  segments    between  parallel^ planes  (figs, 
'  »  33  and  Z^) .    For  the  same  reason,  BC  =  MD,    Placing  all  these 
'  eqioalities,  side  by  side,  we  get 

MF=M=QP=BC=MD 

or  <  ^ 

MF  =  MD  *  ^ 

A  parabola  is  the  set  of  points  M  q:^  a  plane  tt  equidistant 

from  a  given  point  F  and  a  given,  line  cl  in  the  same  plane  tt^ 
•  ' 

where  the  point  F  is  not  on  the  line  cl  , 

Ohe  point  F  Is  called  the  focus;' of  the  parabola;  the  line 
CL   is  the  directrix. 

Bie  equality  MF  =  MD  may  be  written  in* the  form  of  a  ratio 

.  MF  =  1  - 

MD 

This^property  of  the  parabola  could  be  established,  in^|  * 

almost  the  same  form,  fo^  the  ellipse  and  ^^he  hypep^bala. 

(1)  Although  not  .stated  explicitly,  it  is  evident  from  figs, '33 
^  and  34  that  BC  is  de^infed  as  that  line  parallel  to  PQ  which 
passes  through  F;    iSimilarly,  MD  ils  defined  as  the  line 
throug^^^M  perpendiqujlar  to  CD.  ;  ^ 

.To  m^e  the  proof  complete  one  would  have,  to  show  that  BC  is 
perpendicular 'to  CD-.    Thi.s^i^  leftias  an  exercise  for  the 
P  '    '  reader. ,  '  •      ^  ,  \  — Translatbrs 
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The  ellipse  and  the?  hyperbola  also  have  directrices;^,  each 
curve  has  two  of  them.'  , 
^        These  directrices  are  the  intersections  of  the  planes  of 
the  circles  of  tangency  of  the  spheres  (l)  and  (2)  with  the 
plane  tt  (figs.  27  ,  28  ,  2-9,  30^  31,  32). 

Since  the  ellipse,  hyperbola  and  parabola  appear' as  -  sections 
of  a  cone  by  a  plane,  they  are  called  'Conic  sections.^ 

A  common  characteristic  property  of  these  curves,  i.e.  a  • 
property  which  could  be  taken  as  their  definition,  is  the 
f 9llowing ; 

A  set  of  points  M  of  a  plane  tt  is  called  a  conic  section  if 
the  ratio  of  the  distance  MF  of  each  point  M  from  a  given  point  ' 
F^to  the  distance  MP  from  a  given  linfe  L  is  a  constant,  fcferent 
from  zero^  '  it        .  ^ 

^  ^  e  =  constant  ^ 


^  It  is  understood  that  the  focus  F  and  directrix  L  are  in 
the  plane  tt  and  F  does  hot  lie'  on  L.  ^    -  *  . 

'  0  ;Vft?en  e<  1,  v/e  obtaiji  an  ellipse;  >  when  e=  1,  a  tiarabola;  e.  >i 
yields  a  hypefbpla.  „     '  .    .  . 

It       not -very  difficult,  and  will  serv^^as-a  useful 
e^rctsp  to'  prove  these  facts,  using  the  same  method  as  in  the, 

proofs  above.   j 

The  conic  sections  plajf  an  exceptionally  impoir^nt  role  in 
science.    As  we  haVe  seen,  familiarity  with  them  requires  only  k  ; 
knowledge  of  elementary  geometry.    Further  on,  the  properties  of 
conic  sections  just  established  will  find  important  uge.   

'  *  '  "    *  •  i 

-  In  concluding  this  section  yje  shall  pro^^^a  theorem'  -con--  1' 

cerning  convex  figures:  \  ' 


-       •    '  33. 

g^e  Intersection  of  convex  figures  Is  a  convex  figure. 

We  shall  carry,  through  the  proof  for  the  case  j^f  only  two 
figures.    O^e  ^oof  may  be  carried  over  without -change  to  the  ; 
case  of  any  collection ^of  figures. 

Let  there  be  given  two  convex  figures         and  j>2  (^^S.  35). 
Their  intersection,  ahaded  In  the  diagram,  is  tile  set  of  points 
belonging  to^  both  figures.    Let  A  and  B  be  two  arbitrary  points 
in  the  Intersection.     Since  points  A  and  B  belong  to  figure 
the  entire  segment  AB  belongs  to  Since  the  points  A  knd  B 

belong  to  figure    <f>^,  the  entire  segment  AB^  belongs  to  figure  (f>  2* 

But,  belonging  to  both  figures,  the  segment  AB  also  belong  . 
to  the4.r  intersection.    Consequently,  the  ihtersecfcion  is  a  convex  ^  . 
figure, * q.e.d.  "  , 


\ 

Fig.  35  • 


If  the  convex  figures  hav^^^erlly  one  point  in  common,  then,  . 

as  we  already  know,  thei;i::irrtersectlon  a  point  is  a  conw 

vex  figure.'  "  -  ^  _  '  ^. 

We  see' that  the  proof  given  is  completely  general. 
Example:    Let  there  be  given  an  infinite ^set  of  concentric 
solid  spheres  (a  solid  sphere  is  a  convex  flgtire)  of  decreasing 


.... 


t^adll  •     '^^^^  "  1 

=  1,  R2  =  I  ,  R3  =  2^  >   .  . . ,  = 

Ihe  intersection  of  all  these  sol^d  spheres  i^^^a  point  


i  their  common  center;  and      point  is  a  convex  figure, 

(  -  '■ 


f 


5^    .THE  UNION  OF  FIGURES     »  *     ,  < 

The  set  of  all  points  belonging  to  at  least  one  of  a  given 
collection  of  figures  is  called  the  union  (or  sum)  of  the  given 
figures. 

The  unio«  of  figures  is  a  figure.  .Let  us  consider  examples 
of  unions'  of  figures. 

The  union  of  two  points  is  a  zero-dimensional  segment. 

T^)e  union  of  sCn  interval  AB  and  its  boundary,  consisting 
of  ,tbe  5jero-dimensional  segment  AB,  is  a  closed  segment,  or  simply 
a  segment. 

Ttie  union  of  a  segment  and  its  ends  is  again  )the  same 

segment.  ^c^--*"*"" 
^         This  example  shows  that  we  ma^^J^ake-^lie  union  of  figures 


v/hich  have  a  non-en;iity^-c'0rr5nbn  part,  which,  of  course,  belongs  to 
"union. 

Ohe 'union  of  an  open  disk  and  its  boundary  (circle)'^is  a 
disk.  ^       ^  ^" 

Ohe- Union  of  an  open  solid  ^phere  and  its  boundary  (sphere)' 
Is  a  solid  sphere. 

TJie  union  of  a  solid  sphere  and  its  boundary  ( sphere is 
agala  the  same  solid  sphere. 

toe  union  of  a  one-dimensibnal  triangle  ABC  with  the  two- 
dlmensiorial  triangle  ABC  is  the  same  two-*dimensional  tojiangle  ABC. 

'  ,  The  union  of  the  parallels  on  a  sphere  yields  the  sphere. 
.We  .couidTalso  ob-ta,ia^the  sphere  from  its  meridians  (fig.  5)« 
•    A    Each  line  tangent  to  a  ^ir"cle-16.  a  set  of  points. 
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'Bne  union  of  all  such  sets  (lines,  ta^ngent  to  the  given 
circle)  is  the  pl^ne  in  whiph  the  given  circle  li^s^  with  an 
open  disk  excluded  (fig.  19)  • 

The  union  of  all  the  generating  lines  of  a  cylinder  is  the^ 
cylinder •    Analbgous^ly,  the  union  of  all  the  lines  Tnin  fig*  l8 
is  a  hyperboloid  o^  one  sheet. 

Ihe  union  of^the  circles  ii^  fig.  20  gives  us  a  torus. 

The  latter  cases  are  examples  "Qf  the  union  of  an  infinite 
set  of  figures. 

The  union  of  two  cohcentric  circles  J  i  and, 

(fig.  36) 

is  a  figure.    Itils  union  must  be  considered  as*  one  figure.'  Ofie 
can  give  a  characteristic-property  for  it:    Ihia  union  is  the  set 
of  points  in  the  plane  of  the^given  circles  which  are  at  a  given 
dlstalnce  from  a  circle  P  in  this  plane  (fig.  36). 


>  Pig.*  36    "  '  ^ 

In  solving  construction  problems,  for  example  by  the  method 
of  loci,  we  frequently  encounter  such  , figures  formed  of  a  union 
of.  two  figures.  ,  For  instance,  the  set  of  points  in  a  plane  at  » 
which  a  segment  lying  in  this  plane  subtends  the  same' angle , Of 
is  a  flg^i^re  consisting  of  the  two  circular  arcd  (l)  and  (2) 
(fig.^  37)  with  their  end  points  A  and.  B' excluded-. 
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^Fig/  37 

The  set  of  all  points  at  .^hich  the  givey  segment  AB  subtends 
the  given  angle  cC  is  a  figure  ol^^^rev^^^  by  revolving 

the  pair  of  open  arcs  Just  considere^^aboat.  the  axis  AB, 

This  surface  of  revolution  .is  analogous  in  construction  to  a 
toruSfi  here^the  circle  revolved  intersects  t^he  axis  of  revolution. 
Moreover,  in  this  case  the  surface  generated  by  the  second  arc  AB 


of  the  same  circle  must  be  excluded. 


'6.^  PASTING  TOGETHER,  OR  IDENTIPICATION 

We -shall  now  acquaint  ourselves  wiitH  yet  another*  ma theniat- 
ical  operation,  Inamely  theVop^ration  of  pasting  toge^liey  or 
identification,  j  .  ^ 

*  We  shall  begirf  with  some  -examples. 

Let  there  be  given  two  equal  two-dimensional  right  tri- 
anglee  (fig.  38).     It  is  possibie  to  obtain  from  these  right, 
triangles  a  rectangle  ABCD  by  pasting  together  the  sides  A3  aS 
indicated  in  the  drawing..  *     >  . 


.     .  Fig.  38 

.  Mathematically  this  means  that  we  consider  the  segments  AB 
not  as  tw9^  but. as  one.    In  pasting  together  any,  two  points  (for 
instance  the  points  A  and  the  points  B  as  well  as  t^e  correspond- 
ing  interior  points  of  the  segments)        consider  them  as  one*__! — 
len  such  an,  identification  (of  the  points)^  of  the'^sides  AB  is 
irried  out%  the  union' of  the  two  triangles  gives  us  the  rec- 
taitoe  ACBD.     '    «  .         *  '     ^       \  < 

.   jtefe  there  be  given  four  equilateral  and  for  simplicity  two- 
dimensionar  congruent  triangles  (fl^'.  39).    Carrying  but  the 
Operation  of  - union  we  already^,  think  of  all  the  four  triangles  as 
one  figure.  '  Obs£fPve^hat  all' points  of  each  pair  of  sejgmen4js 
whose  end  points  are  correspondingly  lettered  in  th^'  diagram  are 
p^irwise  pas^S  together  6r  identified^    As  a. result  of  ^  this. 


49 


taking  of  the  union  arid  pas^ting  together  we  obtain  a  two-dimen- 
sional tetrahiedron*  .     '         *      *       ^  ^ 

Note ithat. the  three  points  D  are  identified,  i.6.  are 

i        '  '  •     ^  ♦ 

considered  As  one^ 


Fig.  39 


3r  o' 


In  fig.  39a  the  shaded  trig;igies  are  thought  of  as  united 
^into  one-figure  already  in  the  separ|&|d  positions  in  which  they 
have  been  drawn,  while  ,we  merely^ indicate  with  double  arrows  the 
sides:  AB,'  BC  and  CA  which  are  going  to  be  pasted  together 
(^fig»'39b)\    We  deal  in  the  same  way  with  the  sides  AD,  BD,  and 
:CD  (fjg.  39c)*  •     •  *  .  ^ 

^   With, the  aid  of  cut-out  patterns  of  regular  polyhedrons 

.   (fie^\  4q,VV1,  {^2,  43,  44)  it  is. easy  to  tr.ace  how  the  identifi- 

*  .  '  ^.  ; 

"y.  cation  of^^he  gdges  of  the  polygons  is  parried  out  to  obtain  the 


coiTe,pponding  polyhedrons. 
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""S^ls  useful  actually,  to  paste  together  all  regijlar  poly^ 
hedrons  from  heavy  paper,  constructing  the  patterns  accurately 
to  scale •     '  ^ 


Fig,  42*- 
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Ihese  patterns  aLre,  in  a  sense,  maps  of  the  polyhedral 
surfaces.    If  we  disregard  =the  disposition^  of  the  polyhedron  in 
space  and. investigate  only  the  structure  of  the  polyhedral  sur- 
faces  tji^selves,  then  the  patterns  Just  mentioned,  togetl;ier^ 
with  tjfte  given  identification  of  points^  give  us^^l  that  is 
needed  for  the  complete  investigation  of  the  surface  of  the 
polyhedron,  -  .  . 
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Identification  of  points  of  fJLgures,  or  pasting  together,  •is 
met  "with  in  geographical  maps  of  the  worlds    On  the 'map  (fig.  ^5) 
the  equivalent  points  of  the  two  representations  of  the  meridian 
^^y(^20^W  are -to  be  identified,  and  the  same\is  to  be  done  for  the 
representations  of  the  meridian  iSO^E^    Hiose  points  which  rep- 
resent  the  same  points  on  the  earth's  surface  are  considered 
equivalent  >  . 


Fig* 


Each  pair  of  equivalent  points  is  considered  as  one~#.  'Die 
two' "hemispheres"  are  united  into  one  figure,  with  the  use  of 
appropriate  pasting  togetJ^er. 

The  .sheets  ofj large  geographic  maps  also, have  entire  regions 
Aear  the  edges  which  it  is  necessary  *to  i4ientify  in  the  sense    "  " 
Indicated,  i.e*  equivalent  points  which  one  may  encounter  on 
differen^l  sheets  have  to  be  regarded  as  9ne«  ^ 

In  common  usage  we  say  that  a  map  (figure)  represents  the 
surface  of  the  earth •  '  On  it-,  we  are  able'  to  trace  a  'round- the-  ' 
world  Journey,  passing  from  one  hemisphere  (or  sheet)  to  another 
through  equivalent  points.  ^  -   ^  - 

^  -     ^  r       (    ^  -  -  ,  -    .  > 


\ 
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With  the  aid  of  such  a  method  we  may  draw  and  study  any 
curve  on  the  surface  of  a  polyhedron,  using  only  the  pattern  or  ' 
.    map  o-f  the  polyhedron.    However,  when  measuring  on  a  map,  say, 
'  the  length  of  ^a  curve,  one  must\know^he  scale  of  the  map  at  each 
.    point  and  in  each  direction  issuing  fr^T'tHSt  point  (.see  .14).  ^ 
'  As  an  exercise,  let  the  reader^ number  all  the.  vertices  of ^ 
the  polyhedrons  on  the  maps,  assigning  the  same  number  to  equiva- 
lent  vert/ices.    It  would  be  of  interest,  starting  with  any  point 
on  the  surfacev^f/the  polyhedron,  to  trace  a  path  around  it  which 
passes  through  each  of  the  faces  and  to  draw  this  path  on  its  map. 
In  the  same  way  ih  which  we  -construct  a  repr^entation  of  a 


sphere  out  of  two  disks  by  taking  their  union^nd  pasting  togethe-r 

?^  ^    *         '  ■  '  u  /  '       ^  ' 

'  (fig*  45),  we  can  Hopm  a  cylindrical  surface  by  p'asting  tdjgether 

JI  ithe  edges  of^^e  elapsed  strip  between  two^ parallels,  considering 

r  >  li  a  Jjair  of  points  'lying  one  on  each  of  these  parallels  is  equiva-  •  . 

r  "      lent  if  they  <lie  op  one  of  t^ie  common  perpendiculars  (fig*  46). 


If  we  wish 'to  study;  on  the  surface  of  a  circular  cylinder,-* 
curve  .cuts  all  the 'straight-line  generators  at  the  same 

angle  oC ,  it  is  easy  to  do  so  on  such  a  strip  between  two  paral- 
lels,  which  "depicts"  the  .cylinder. 

If  ^  =  ^    this  will  turn  out  to  be  a  circle^or  instance  AA 
MM,  BB  (etc.    Th^se  circles  are  represented  in  the  strip  by  the, 
lines^A^  MM,  BB  perpendicular  \o  the  parallel,  identified  edges 
of  ^e  strip  (fig.  46). 

If  cG  is  an  acute  o*»  obtuse  angle  w^  get  a  helix  on  the  . 
circular  cylinder,  which  as  is  well  known  has  important  practical 
.applicat.ions.      •     ,  ^  , 

On  the  "map,"  all  the' linear  generators  are^epresented  by 
•  lines  parallel  to  the  two  mutualljT  equivalent  lines  and,,  cjfearly, 
*the  re^esentation  of  the  helix  on  the  map  will  consist  of  tHe 
linear  segrafents  AB,  BC,  CD,  DE-etc.^  parallel  to  each  other  and 
'cutting  any  linear  generator  in  the  angle  OT  (fig.  4?). 


/Fig.  4.6 
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•Easting  together  the  edge    of  this  strip  in  the  manner  *  of 
.-fig*  k6,  we*  easily  produce  the  helical  curve  on  the  cylinder 

(fig.  ii8).[i'3'.    -      .         , -  . 

An  jsxact  definition  of  the  operation  of ^  identification  or 

i'^    "   ~  ' 

pasting  together  is  as  follows:    Having  established  by  meahs  of 
any  inile  whatsoever  which  points  in  a  f igtfre  ar§  considered 
equivalent >  we  then  regard  all  equivalent  poijits  as  one  point > 

It  is  not  necessary  to  carry  out  the  actual  pasting  together, 
although  indfie^i  it  may  be  possibl^e  to  do  if  with  great  gain  in 
graphic  clearness;  but  it  i§  then  sometimes  necessary  to  "bend" 
or  "stretdh"  |;he  figure  as  >if  it  were  made  of  rubber. 

If  the  equivalent  points  to  be  considered  as  one  form  an 
inflintte  set,  we  ^cannot  physically  carry  out  the 'pasting  together. 

In  concluding  this  section  let  us  consider  two  cases  each 
lnv|olving  a  rectangular  figure  with  identified  points. 

In  the  first  rectangle  (fig.  ^9)  we  consider  as  equivalent 

.  '  ■ 

anyl  pair  of  points  on  opposite  sides,  lying  on  a  line  perpendicu- 


laii  to  these  sides.    ^Equivalent  points  are  denoted  by  the  same 
letter.    The  equivalent  pointy  of  this  figure  are  identified,  or 
♦are  pasted  together  (mentally,  of  course,  taking  into  consideration 
only  the  exact  mathematical  meaning  of  this  operajtion),  jl.e.  they  ^ 
are  considered  as  one. 

In  this  figure  the^^e^^is  represented  a  closed  continuous  path 


priginatiJig  at  the  point, A,  passing  through  the  points  E  and  D  , 
^^(withoutja  break)  and  finally  back  to  the- starting  point.  A. 

Figure  ^1-9  is,  by  itself,  geometrically  fully  defined.  How- 
eVer,  we  may  regard  it  also  ias  the  map  of  a  torus.— ^  • 


4H. 
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^        In  figure  50  the4  torus  has  been  ^prepared  for  actual  pasting 

'   >   >    \     ^  V    ^    •  ^    :  ^ 

t&getherx    It  was  necessary  to  "bend"  and  to  "streuch"  the  ante- 
^cedi^qit  r^ctaxigle  tb  some  extent. |         dash^ed  li'n-fe-BB  is  not  shown. 
In  the 'second  re,(Steangle*(fig.,  51)  we  ^shall  regard  as  equl- 

'  >    /  ^       V    •  -  % 

valent' those  points  of  one  paii^  of.  opposite  sides  lying  syniftt- 
ricaily  with/respect  ^o  the  center 'of  the  ^ect^ngle;  ^^hey,  are  * 
d^enoted^by  tl^e  same  letter.    .Equivaient  p^'intsl  aire  •  to' be  identified. 
TJiis  defines  the  f igure  ^eX^cWj^.      •  *  ^       *  '  ^ 

^  .Let  uSf  examine,  certain  remarkable -prppeiities  *of  this  figui 

*    We  ob|fe*rve  that  the  'figure  ha^s  ohljt  one  Vlosed  boundary;' 

— JRiat  io.  otarfeing  f 3?bm-ihe-t>ou«jlary  poi-nt---P--lri^he^ 4iije^t4on-of— 

)      -       '      ^  '      ' .  •    -  ^       "^^^-^  ^  ^ 

the  first  arrow,  we  arrive  at  the  pplnt  iL.and^theH;  continuing 

the  unbr6keh  patl^  aloqg  the  .boundary  ag  indicated  ^  the  second 

art'ow,  we  arrive  at  the  point  B.    Ihe  third  aisrow  indicates  the 

.  return  along  the  boundary  to  the^  goiht  ^of, origin  P.  *^ 


ire, 
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Let  us' imagine  further  that  the  closed  line  CC  represents  a 

-     *  *         ^      •    •      -  ,  '  '  .         ^       .  j  >  \         ^  \ 

.  canal.  '  Finding  ourselves  on  one  bank  of  the  canal  at  the  point  K, 
let  us^pLk  along  the  bank  following  the  line  *KN;  continuing  our, 
unbroken  *path  along  the  bank  in  the  line  NL,  we  shall  arrive  at 
the^point  L  on  the  "othqr"  bcink  of  the  canal  without  crossing  th^ 
canal.  ^  \       •        ;  ' 

In  the  case  of  a  closed  canal  on  the  .surface  of  the  earth, , 
such  a^  phenomenon  would  ^e''  imp'ossible, 

1(1  our*  figure,  as  we  have  c3:early  seen,  the  canal  CC  has  no 
^      ^Jpther"  b^nk.  *       .  .         '  -  .    \  1 

We  can  "imbed  in  space"  ""tlie  figure  under  consideration,  r 
carrypig  out  an  actual  pas^ting  together.    Namely,  ^let  tis  rotate^  '  ^ 
th'e  right  hand  segment  AB'(fig.  51)  of  pur  figure  through  l8o^  % 
and  then  paste  it  to  the  left  ha^  segment,  as  shown  in  figure 

Hie  figure  thus  pasted  together  --'one«  of  the  mos£  remark- 
able< off  surfaces  is  called  a  Moebius  strip.  j 

•  .  .  '  /It  is  hXghiy^  instructive  ta  verify  the  properties  of  this 

.  figure  .on  a  model  pasted  together  rrom  neavy  paper  in  tne  manner  T 
indicated  above.  \  ^  •  '  ^  i     -  /, 

-  Ttie  Moebius  strip  is  a  one-* sided  surface,  a  fadt  of  "whioh 

\>        .   ^ 

W0  pan  easily  convince  ourselves  by  .painting  a  kode,l  of  this 

•  surface  with  a  brush.    Tne  Moebius %strip  camtot  be  a  part*  of  the 
boundary  of  a  -solid.      *         .    .        ^      -  -         —  , 

'  Jf  ifre  were  to  "stand  up"  at  a  point  C  on  the  Moebius '^trip  


♦^and  walk  arounjl  the  surface  along 'the  curve  00,  upon  returnin^^  to  ^ 
"     A  the  point^v  C  yre  should  find  ourselves  "Upside  down. "       ^  ,  . 
^:    ♦  It  is  useful  as  an  exercise  to  "cut"  the  Moebius  strip  along 

th^  line  CC,  along^^the  line  KNLQK  etc^,,  studying  these  "cuts"4t  • 
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first  on  the  map  (fig.  51)  and  then  verifying  the  results  on  a 
paper  model.»>»v  It  is  interesting  to  sfe  the  results  of  a  secon<^  cujb 
fpll owing  the  first  one,  and  so  on. 

The  exact  meaning,  of  the  notion  of  a^£Ut'  of  a  surface  along 
a  curve  is-  that  each  point  M  of  th^^  indicated  curve  is  regarded 
as  two  or  more  points.    -  [  '  ^   ^  .  , 

The  operation  of  cutting  a|' figure  is  the  inverse,  in  a  sense 
of  the  operation  of  pasting  together I 

.    For  instance,  one  can  cut  a|  circle  as  follows:    One  point  M 
of  the  circle  is  to  be  considered  ^s  two  points       and  M**  (fig. 
53);  one  can  cut  a  sphere  along  a  parallel,  that  ia',  .count  eyery 
point  of  the  parallel  as  two  ('fig.  54 )> 

A  solid^  sphisre  can  be  cut  by  removing  a^  Wuatorial  disk  and 
then*  adding  a  disk  to  each  open  hemisphere^  thus  /obtained,  thereby 


closing '  the  l^emlspheres. 


'  .  .Pig.  53  Fig.  54        "^'^"^  ^ 

.  It  is  suggested  as  an  e:^^rci^b  that  the  reader  stuAy  p\e 
closed  cuts  represented  in  diagrams  55  and  56.     It  is  impossible 
to^obtain  thiey  f ig^ire^  in  diagram*  56  by  performing  an  actual  pasting 
together;  this  figure  cannot  be.imbecjded  in  .space  without  self- 
intersections.  „^ 
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Fig.  55  Pig.  56  ' 

*  .  . 

A  simple  figure  is  obtained  from  a  rectangle  by  regarding  as 
.^equivalent  all  points  of  the  four  sides,  which  are  thus  considered 
as  one  point. 

A  no  less  simple  figure  may  be  obtained  by  regarding  all  the 
points  on  a  pair  of  opposite  sides  of  a  rectangle  as  one  point, 

Ey  the  methods  indicated  one  could,  Tor  instance,  paste 
together  opposite  faces  of  a  solid  cube  and  study  in  the  resulting 
Cfigure  varipus  types  of  cuts  and  curves.   [6]  [7]  [I6]. 

Basic  notations.    In  order  to  indica^te  that  1a  point  A.  belongj 
to  ^  figure  ^  ,  we  ^se  the  notation  'A^<^  ,  in  words:    A  belongs^ 
to  the  figure  <p  ,  of,  the  point  A  is  a  point  of  the  figure  . 

,    [       Sometlnfee  we  write  4>^A  and  we  say;    the  figure  ^  contains 

^     *  «    '  ^  I 

the  poj^t,  A.  „  .  / 

A  T  '      ■  ■  I 

Both  symbols  expi^ss  the  Scime  fact,  .^that  .the  element  A  / 


belongs  to  th^  set  . 


<^  Usuatl^ly,  ^the  elements  "X  or  any  set  M  are  denoted  by  smail^ 
letters  while^  the  -s^^itself  is  denoted  by  a  capital'^  ^  Tae  nota- 


t;ionX6  M  signifies  th^t  "X  is  an  element  of  the  set  M.    Ohe  set  M 
may  be  of  ^any  kind  ^whatsoever  and^^naed  not  be  a  figure.^  / 
^    It  frequently  becomes  necessary  to  regard  one  figure  as  a  , 


part  of  a,  '  secbnd. 


<0  .  '  K' 

•  Thus  the  boundai^y  of  a  two-dimensional  triangle  (a  one- 
dimensional .  triangle)  is  a  part  of  the  tt»iangle\    The  set  of^ 
points  of  a  conic  section  is  a  part  of  the  set  of  points,  of  the 
cone  in  which  the  conic  section  lies  (figs 29,  30,  3l).  The 
.sphere  is  a  part  of  the ^solid  sphere  which  it  bounds. 

When  every  point  of  the  figure       is  at  the  same  time  a  ~ 
.doint  of  the  figure  V,  the  figure  A  is  called  a  part  of  the  . 
*  figure  t  *  ^  ' 

V/e  also  say  that  figure      is  included  in  figure 
Figure  S  may  coincide  completely  with  figure         and  in 
this  case  also  figure  <|>  is  considered  a  part  of  figure   Y  , 
since  in  fact  every  pointy of  figure   ^  is  at  the  same  time  also  a> 
point  of  figure  Y  . 

In  defining  the  notion  of  a' part  of '  a  figure,  tffe^^could  have 
used^anoth^r,  equivalent  hiode  of  expression^;    a  figure  <p  is  a, 
part  of  f  igure^^y^  if j;;triere  are  no  points  in  figure  ^  which  do 
'not  belong  to  figure   V  ♦  '  ^, 

In  this  co^nnection  it  be.comes  ^cl:fear  that  the  empty  Sjst  mugt   .  . 
be  regarded  as  a  part  of  every  figure.    ©ii$  is  ^so  ^cause  there 
are  no  ppints  in  the  empty  figure  which  do  not  belong  to  any 
given  figure,-sino€- the  empty  figure  has  no  points  in  the  first 

The  empty  set  of  points  and  the  tigure  S  itself  are  caj.led 
improp^gr  parts  of  the  figure  4  -  All  other  parts  of*  the  figure 
are  called  proper ♦  *   ^  '  # 

When  f.igure  A  is.^a  part  of  figuf'e  B  we  write  A^B  and  say: 

*. 

figure  A  is  a  part  of  figure  B,  or,  figure  A  is  contained  In 
figure  B.  .  ,  ,  . 
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If  the*  figure ^^A  is  only  a  prcTper  part. of  figure  B,  ^we  write 

©le  symbols        Clare  dalled  symbols  of  Inclusion  of  one 
rigure^'in  ^nothei^,  or 'of  one  set  in  another. 

:in  general,  if  two  sets      and  N  of  any  sort  are  given  and  if 
everar  element  of  the  set  M  belongs  to  the  set  N,  we  write  MQN, 
or,  it  M  is  not  empty  and  does  not  coincide  with  N,  If 
M^N  then  M  is  a  subset  of  N.  »         '        •  * 

iOJie  intersection  of  given  figures  consists  of  tHe  set^f 
'pointB  belonging  to  all  the  giv€?n  figures.    Tc\e  intersection  9f  ' 
figures  A  and  B  is  denoted  by  the^  sign  of  intersecJ;lon  fl  and  we  ^ 
V/rite    A  n  B.    T^e  symbol  fl  is  a  sign  of  taking  the  common  par^ 
of  the  figures.  -  '  ' 

^  If  for  instance  A  is  the  set  pf  points  belonging  to  the  cone 
«"and  B  the  set  of  points  of  the  plane  ir  (fig.  33),  the^i    A  Ob 
denotes  the  set  of  points  of  the  conic  section. 

"Rie  intersecition  of  sets  is  frequently  called,  their  product. 
'Die  Intersection  Of  figures'  was  discussed  in  detail  in  ifv.- 
"me  union  or  sum  of  given  figures  is-  the  figure  consisting 
of  all  points  M  belonging  to  at  least  one  of  the  given  figures.  . 
^    The  union  of  figures  A  and  B  is  denoted  by  the  sign  U  and ' we  ^ 

v/rit'e  ,1  •  ' 

A  U  B,^  . 

For  instance,  if  A  denotes  an  open  sphere  and  B  its  bounding 
sphere,  then  aUB  denotes  the  solid  sphere. 

•nie  union  of  sets  is  frequently  called  the  sum  of  the  sets. 
The  union  of  sets  was  discussed  in  detail  in  5i 
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.1        .        Let  U3  now  consider'  the  operation  of  subtraction  of  figures. 

I  .  5y  the  difference  of  the  sets  A  and  B  we  mean  the.  set  of  thbse  * 
\  elements  of  set  A  which  do  not  belong  to  set  B.    ;ihe  difference 


of  tfie"  sets  A  and  B  is  denoted*^  by  A  -  B. 

For  example,  if  A  is  a  disk  and  B  its  circumference,  then 
A  -  B  is  an  open  disk;  if  A  is  a  sphere  and  B  a  one^-dimensional 
closed  diameter  PQ  then  A  -  B  is  a  sphere  -"perforated"  at  two 
diametrically  opposite  points'?  and  Q.    B  does  not  necessarily 
have  to  be  entirely  contained  in  A.    For  instance,  ^     3^  -  ^2 
figure  35  is  the  figure  <|> -j^  with  tTie  shaded  part  excluded.  ' 


.^1 
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*      .        •    Chapter  II 
»        **♦  ♦         .  '  • 

GEOMETRICAL  CONSTRUCTIONS 

In  Chapter  II  we  'shall  study  the  most  important 
loci,  the  method  of  loci  in  the  solution  of  problems, 
and  th^  theory  Qf  ''geometrica-1  constructions  using  the  ,  ^ 
straight-edge  and  compass,  as  well  as  other  instnaments. 
Ttxe  mathematical  basis  of  such  construe tions^ls  examined; 

"examples  are  given  of  i)roble{?is  which  can^not  be  solved 
solely  with  the  aid  of  some  particular  comibination  of 
instniments;  and  proof  of  the  impossibility  of  certain 

.  constructions  is  adduced.    Algebraic  methods  of  solving 
construction  problems  are  -examined. 


7.    LOCI  -    '  ' 

A'  locus  of  points  is  the  same  thing  as  a  set  of  points,  and 
since  every  point,  set  is  called  a  figure,  the  conbepit  of  a  locus 
of  points  and' the  concept  of  a  figure  coincide. 

W^  may  speak,  foi?  instance,  of  the  locus  of .  points  wl;iose 
distance  from  a  given  point  is  equial  to  the  length  of  a  given 
segment    R  (which  would  be  a  sphere);  oi?  of  the  locus  of  points 
whose .  distance  from  a  given  point  is  not  le&i  tHan    R    (the  whole  * 


of  space  minys  an  open  sT)lid  ^sphere)-. 

.  * 

Ihe  locus  of  pointy  equidistant  from  all  points  on  a  given  , 

t  "'^^  * 

circle  fs  the  s.traight  ,aine  passing  through  the  center  of  the  give 

circle  and ,  Iperpendicular  tb  its  plane.. 

The  locus -of  points  equidistant  from  all  'points  on  a  given 
sphere  is  the  center  of .  this  "^^phere. 

The  locus  of  points  equidistant  fropi  all  points  of  a  given 
plan?"  is  the  empty  set.  ^  ,  ^  - 
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-^Ibe  locus  of  points  in  space  at  which  a  gi^^en  segment-  AB 
subtends' ^.right. angle  is  a  sphere  having    AB   as^a  Siameter  with 
points   W^^^d    B    excluded  >  .     ^  ^  . 

"In  order^to^sp^^y  aiiy  set,  it  ii  necessary  t>o  indicate  a 
'charab,te"rist3x^Vropei-ty?^         elements.     Every  object  possessing 
bhis  property  is  an  element  of  the  set  in  question;  every  object 
not  posses.sing  the  specified  property  is  not  an  element  of  the 
given  set. 

In  oraer  to  specify  a  locus  of! points,  it  is  necessary  to 
specify  a  property  wnlcn  its  points  must,,  possess ,    Those  and  only 

—   0  ^ 

,tnose  points  .possessing  tne 'inuicated  property  will  then  belong  to 
this  locus  o?  polnt?'^ 

Elementary^  geoj^ei^ry  usually^  aeals  witn  loci  consisting  of 
circles^  straignt  lines,  spheres,  planes,  etc.,  and  also  of  parts 
of  these  .figtirels  an^  combination^  of  \nem.  '^^  ^  . 

In  analytical  geometry, t  la  ti'ocus  of  points  is"  defined  as  the 
set  of  all  points  whose  cooAinates  ^kt^isfv  one  or  more  equations 
or  inequalities;  the  fulfillment  of  tnis  reqU-lremenl , cuiisUluteb 
the  characteristic 'property^ which  unites  the  points  into  a  set. 

It  is  immaterial  whethey  this  set  of  points  resembles^  curves^ 
and  surfaces  familiar  to  us,  ox;  whether  it  is  some  other  sort  of 
collection  of  points.^,  '         .  *  * 

'     ^      The  indication  of  a  prope:^ty  which  associates  points  i^^^o  a 

set  is  a^L'l  that  is  required  to  se^t^up  a  locus. 

)  .     ' ''  "  , 

Let  us  consider  some  examples  of  finding  loci  in  a  plane.  , 


% 

■     .  53. 

!•  To  find  the  locus  of  points,  the  rati^o    ^    of  whose 
distances  from  two  given  pointg    A    and    B    isV  constant  not 
equal  to  unity ^  ;  ^ 

If  the  ratio    ^    were^set  equal  to    1,  the  locus  would  be 
the  per^ndicular  bise^ctor  of  the  segment  AB. 

With    A    and    B   as' centers  we  describe  two  circles  whose  radii 
are  either  equal  to  or  proportional  tp  a^  and  _b  .    Let    M  -  be  one  of 
the  points  of  intersection  of  the^s4  circles  (fig.  57)  Drawing, 

the  bisectors    MC    and  of  t^e  supplementaiiy_ajQgle$    AMB  and 

\ 

EML, .we  observe  that  their  points  of  intersection    C    and    D  with 

the  line    AB    belong  to  .the  re(|ui^ed  locus,  since 

( 

CB     MB      b  '  -        DB      MB      b  *  * 
Apgle    CMD    is  a  right  angle  and  consequently    M    lies  on  the 
circle  having    CD    as  a  diameter,    .llivis,  any  point    M    of  ^  the  locus 
lies'  on  this  circle.  - 


pig.  57. 


We  shall  now,  show  thai'  evez^y  poinT*^*!^^  circle 

an'     a  ^^^^^ 
possesses  the  property    >tb  =  t-  *  i.e.,   that  any  point  th 


NBi 

this  circle  satisfies  the 'conditioil  of  the*  locus.  V/e  draw  through 

B    a  line  para;^el'*to    AN,  and  nprk.ihe  points    P  and    Q    of  its 
intersection  with  the  lines    NC    and  ND. 
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Jrom  the  similarity  of -triangles    ANC    and    BCP    we  have: 


AN 
BF 


AC 
CB 


\ 


,ancl  from  the  similarity  of  triangles    AND    and  BQD: 

'^AN  _  AD      /  -  a\ 
BQ      DB    •  ' 

Prom^  these  proportionalities  it  follows  that 
:  BP  =  BQ  .  ' 

But  triangle    PNQ    is  a  right  triangle  with  right  angle  at 

I 

N   and  consequently    B    is  the  midpoint  of  its  hypotenuse  ^  PQ. 

Hence :  ,  ^  ^ 

.  BP  =  BQ  =  BN  ,  ■       .  ' ' 

which,  in  tutn,  mean-s  that  triangle    PBN    is  isosceles. 

Accordingly,        BPN  =  /  BNP;  furthermore,      BPN  =  /  PNA  , 

being  alternate  interior  angles  formed  by  the  parallel  Tines  AN 

and .  PB  and  the  transversal  PN* 

From  the  equality  of  angles    BNP  'and    PNA    it  follows  that  ' 

NP    is  the  bisector- of  angle    ANB,  i.  e., 

^   AN    -AC      a  .   [  ^ 

NB^  CB     H  ^      7  ^ 

Ihis  circle  (f^-g.  57)  is  known 'as  t^e' c^ircl^ -of  Apollonius. 

2.     Given  the  secants  d^awn  through  a  given  point    S  .to  a  ^  . 

given  circle,  to  find  the  locus  of  the  midpoints  of  the  chords  cut 

off  by  'the  circle  on^^the  secants. 

Let    A    an^    B    be  the  points  of  ihtersec^orrx)f  a  secant%ith 

the  circle  (fig.  5S),^and    M    the  midpoint  of  the"  chord    AB.  ^ 

Joining  the  point    M    with  the  center    0    of  the  jgiven  circle,  we  ^ 

find  that    //QMS.   is  a  right  angle.    Consequently,  every  point  M 
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of'  We  -^esired^.locu^  lies  on  the  circle  having    OS  ^  as  k  diameter. 

N 


4 


Pig.  58, 


Aftpoint    N    on  this  circle  can  be  proved  to  belong  to  -the 


desired  lacu^.  wheri^fand  only  when  the  line    SN    intersects  the 

given  circle*,    ^     ."^        _  .•  '« 

If  the  ppint  ■  S    lies  outside  the  given  ..circle,  intersections 
will  not  occur  on  all  lines  of  the  pencil,,  whpse  center  is.  S. 

-^1  points"  l^of  the  cfrcle  with  dd^ame^er  ,0s  '  lyii^  within, 
-•.or  on  thl  given  circle  will  belong  to  the  desired  locus,  - which  in 
"^the'case' whJre,  the,  point-' S    is  exterior  td" the  given  circle  will, 
' 'Be'Hhe  arc    POQ    of  the  constructed  circle.  ^  • 

ThlsVxamr-'-  emphasizes  £hat  after  proving  that  any  p6int.  of 
~    the  .dfesired'-'locus'belorigs  to;  a  certain  purve.it  is.-necesBary  to 
,niake  clear 'whether  or  not?' every  point  of  this  curve  belongs  to^  the 
desired  locug,  and  if- not,  to  define  exactly  which  points  of  the  . 
curve  do  belong  to  the  locus.  ;  ^ 

'     '3.  locus  of  points  °M    at  which  ^  given  segment  AB 

.uhtends  a  right  .nele  iV  the  circle  having  a  dia/eter  '  AB,  with^ 
the  exclusion  of.  tfte  points    A  and — B^         °  -^'^  , 


j-'tvS' 
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We  made  use  of  this  locus  in  ^ealJLng  with  loci  Land  ^  abo^e. 

In  this  conflection  it  is  necessary  to  e;camine  ii^  each  case  whether 

or  nop  the  ^end  points  of  the  diameter  beK>ng' to  the  desired  l*ocus/ 

The  locus  of  points  at  which  a  fixed  segment    AB-  subtends 

a  glVen  angle  consists  of  two  circular  arcs  with  the  exclusion  of 

pointg    A    and    B    (f  ig,  '3?) .    \  ♦  . 

The  question  as  to  what  angle  is'  subtended  by  the  segment  AB 
\  -  *^ 

at  one  of  its  eqds,  for  example    A,  \s  meaningless.  '       '  >\       '  ' 

Let  us  examine  §l  problem  frequently  encountered: 


5.    To  find  the  locus  of  the  centers  of  -the  circles  having  a 
—  — — • — —  ^ 

given  radius    r,   which  orthogonaJLly  inters^€t  a  given  circle, 

Let    0    be  the  center  4>f:  the  given  circle  and*:^  R    its  radl^iis 

(rig.  i>y) .    At  -an  arbitrary  point    A  ^we  araw  a  tangent  to  tne 

given  circle  and 'lay  off  upon  it  the  seghient    AM  =  r  .    The  point 

^  .       '  ^    '         *       "  , 

M    is  the  centner  of  a  circle  of  radius    r    which  orthogonally 

0 

'  intersects  the  given  circle.*  ,  *  *.) 

Bat      .  ,         ,  • 

OM  =   V       +  ^        =^  .  const >  ^  5        .  i 

and  consequently  the  desired  locus  is  a  circle  with  center  at  0 
and  radius  +       .  .  /   *  '  y 
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6.    To  flnb^-  tl1.e  locus  of  points  at  v/hlch  two  given  circles 
subtend  the  satme  angle, 

'Let  A  ai^d  B  be  the  centers  of  the.  given  circles,  and  R 
and    i;    their  r^d«."^(flg.  6o) . 


Pig.  bO. 


V 


1. 


If    14    Is  a/polnt  of  the 'Seslred  locus,  then  It  Is  required  that 
EMP  =  ^^^MH,  ^here  .  ME    and    MF    are  'the  tangents  froiii*  M  to^- 
tHe  first  given  circle,  ar/a    MG    and    MH    the  tangents 'to  the 
^second.    Ihe' right  triangles  are  similar  since  each  has  the  acute 
angle  cC  whidh  is  half  of " the  angle  subtended  by  either  circle. 
It  follows  that 

!CiH^>  ^^^^  points    M    of  th/\desflred  locus  lie  on      circle  of 
Apolloriius  if    R  ;^  r  ,  and  on,  a  straight  line  if    R  . 

xLet^.M    be  a'Boint  'bf  the  circle  thus'found.    Prom    M    it  is 
possible  to  draw  tangents  to  both  of  the  given  circles  if    M  is 
exteHor^^to  both  qf  them.    'Drawing  tangents    MP    anQ    MG,  v/e  find 
by  virtue  of  the  properties  of  a^  circle  of  Apoiloi\lus  that  in  the 


^  rig^t  triangles    MAP    and  MGB: 


AM  ^  R 
MB— P- 


0 


.'  6,9 


/ 


If  In  two  right  trianfeles  the  hypotenuses  are  proportional  - 
to  a  pair  of  corresponding  legs,  the  triangles  are*slmil^\' 

''^Consejquently,  /  AMF^  =  ^  EMG^  (  =  oC)  ,  .   '         '  \ 

'  *        V  q.e.^i. 

^e  desired  loci)^  «conKl3ts  of  those  points,  of  a  circle  having 

CD    as  a  diameter,  wh^re    C    is  the  Interior  and    D    the  exterior 

 1  ~   ^  ^ 

center  of  slmilariS^T of  the  given  circles,  which  are  exterior  to 

the  given' cljrcles,       -    -  —  — 


*  If  the  g}.ven  circles  Intersectix  the  locus  passes  *  through  the  ^ 
points  of  intersection.    If  one  of  the  glven^clrcjes  lies  within 
the  other,  the  desired  locus  is  the  empty  $et.    If  the  given  circles, 
are  tangent  Internally,  the  locus  consists  of  one  point.  '  If  the 


given  circles  coincide,  the  desired  locus  is.,  the  entire  plane  with, 
the  exclusion  of  the  open^dlsc  whose  boundary  is  the  given  circle.' 
Remark,    Every  locus  of  points  is  charact.erlzed  by 


some  definite  property  of  its  elements.    But  any  such 
'      '   figure,  for  example  a  circle,  is  Itself  the  possessor 

of  numerous  other  properties  which  may  in  their  turr^be 


characteristic,  l.e,;,  may  completely  determine  the  figure. 
We  shall  Illustrate  this  statement  with  examples.  •  It  is  ^\ 
l^o^slble  to  define  a  Qlrcle  plther  as  the  locus  of  points 
-(in  a  plane)  9.t  a  given  distance- from  a  given  point,  or 
as  the  locus  of  points  at  which  a  given*  segment  subtends 
a  right  angle  (in  which  case  the  ends  of  this  segment 
must'  be^^x eluded  from  the  circle),  or  as  "the  locus  of 

ratio  of  whose  dlstancieB  ^rom  two  gi-ven  points 
is  a  constant '(;(^l) ;  and  so  on. 


The  m'or§  eharac^teristic  properties  of  a  figure  one 
knows,  the  greater  is  the  possibility  of  reco^iZjing. 
the  figure  d's  one  encounters  it, 'In  various  problems^ 
For  example,  in  detennining  the  locus  of  points  the 
ratio  of  whose  distances  from  'two  giv^  points  is  a 
constant^  =  I  ^       '  ^®  p»^perty  of 

the  points  of  a  circle  whereby  a  diameter  siibtends  a  . 


right  angle  at«-any  of  them.    In  determining  the  locus  of 
points  at-which  two  given  circles  subtend  equal^  angles, 
we  made,  use  of 'the  property^  of  the  circle  of  Apolloniup. 
Let  us  examine  some^oci  involving  a  straight  line, 
7.    a:he  locus  of  points  equidistant  from  two  given  lines. 

If  the  given  lines  intersect,  this  locus  will  consist  of  a 

^  ' 

pair'  of  lines  perpendicular  to,,  ea^  other  and  constituting  the^ 
bisectors  of  the  angles  formed  br  the  given  lines,  (fig.  61). 


Fig.  61.  < 

When  this  well-toc^wn  locus  is  discussed  in,  secondary  school 
-courses,  ^the  sides  of  an  angle  are  usually  given  instead  of-t.wo^ 
ent^r^e  lines,  'a' proceaure  whi(^n~1tB"^lnaTJvl sable .  ' 


60. ' 

If  the  given  lines  are  parallel,  the  locus  will  be  a  line 
parallel  to  the  given  lines,  (fig.  62)' •  ^] 


M 


Pig.  62. 


Fig.  63. 


8.  'Jhe  locus  of*  the  midpoints  of  the  parallel  ^chords  cut  off 
by  a  given  circle  on  a  pencil  of  parallels,  ts-*  the  diameter  of  the 
circle  perpendicular  to  the  chords  (fig.  63), 

9.  '  To  find  the  Igcus  of  points  the  difference  Qf  the  squared' 
of  whosie  distances  from  two  given  points  is  a  constant. 

Let    A    and    B    be  the  given  Tpoints  and    M    a  point  of  the 
desired  .iocus''(tig.  64).  ' 


Pig.  64. 

'bropplng  a  perpendicular    MC    from    M''  to  the  line    AB,  we  have: 
AM^  =  MC^-  +  AC^  ,  andv  EM^  =  MC^  +  BC? 


.Subtracting  oae  equation  from  th%  other,  we  obtain: 


AM^ 


m 


2-  -  2 
AC    -  BC^ 


which  Is  equal  to  the  given  constant.    Ihe  point'  M    of  the  'desired 
 3;:0.<m3  Iles-on^  .tile  pj&rpendicui-ar^W-^he^^^  — 


1 
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through  the  completely  determined  point    C  -  of  that  line.     It  is 

^  *  *  ♦ 

easy  .to  prove  the  converse,  that  every  point  on  this  perpendicular 
cM  'Is  ,a  poinj?  ofo  the  desired  locus,  •  * 

^us,  the  desired  locus  is  a  determinate  lirte,  perpendicular 
to  the  line    AB    joining  the  giveh  points    A    and  .  . 

ip'.    To  find  the  locus  of  points  the  lengths  of  the^tangents 
from' which *to  two  given  circles  with  distinct  <rgfrEe?s^re  equal, 

 iaet— -A-  aiid~-fi-  be^  the-centera  -of  -the--glven  oiral^s^    R-  and 

r    their  radii,  and    R    a  .point  of  the  desirecj  locus  (fig,  .^5)  p 
Uie  tangents' from    M    to  the  circles  are  equal: 


.0 


Pig.  65, 


We  join  M  .iwlth  the  centers  'A  and^  and  draw  the  radii 
AT^  =  R  and  AT*^  =,or.  ttie  'right  triangles  MT^A  and  MT^B  - 
we  have:  •  *  ,  ^ 


P  2        2  2         2  2 

AM"^  =  MtJ  +  R"^    and    m""^  =  MT^  +  r  , 


whence  . 


2  2        -2  *  '  2 

AM"^  -  H4^-=  R^-  r"^  =:  const. 
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But  this  means  that  point    M    belongs  to  the  locus  examined 
under  number  9.  above,  that  is,;  it  lies, on  the  perpendicular  MC 
to  'the  line    AB   an3  passes  through  t||e'  point    C    iying  on  the 
segment    AB  "and  deteriiined  by  the  equation 

\  AC^  -  BC^  =       -  r^ 

We  sh|a?ll  noiJ  make  clear  which  points  of  thp  line    MC  belong 
to  the  desired  locus. 


Let'  ^M    be'  a  point  of  this  perpend  MC  ^exterior  to~tfie 

given  circles.  Frbm  this  point  tangents  MT^  and  MTg  can  be 
drawn.    We  Join    M    and  with    A,  and    M    and.^  Tg    with  B. 

In  the  right,  triangles    AT-j^M    and    MT^B    we  have:  - 

^  MT^  =  AM^  and    MT^  =  EM^  -  r^  , 

whence         -  _  •  ^*    .  ' 

-Ml^  -  ViT^  =  (AM^  -  EW^)  -  (R^  -  r^)  =  0  , 

which  nj^eans  that'  ^MT^  =  J^T^  ,  that  is,  evt^^y  point    M    of  the 

*prev.iously  determined  line    MC    ^ich  is  -exterior  to 'the  given  ^ 

'    circles  belongs  to  the  desired  locus., 

"Hie  entire  ^irie    CM    is  caviled  the  radical  axis  of  ^  the  two 

circles.  '  '         -  -  <>  " 

Ttxe  locus  of  points  the  tangents  from  which  to  two  given  ^ 

circles  with  distinct  centers  are  equal  consists  pf  those  points 

Of  the  a?adical  axis  of  these  circles  which  are  exterior  to  the 

^circles,    •  ^ 
 —  ^-  • 

If  the  circles  intersects,  the  i^ica,l  axis  passes  J;airough  l;he 
points  of  their  inters^ectlon,  ahd  the  desired  locus  consists  .of  two 


63, 


vAys  of  this  aine  (fig.  66).  If  the  given  circles  are  tangent, 
the  locus  coincides  with  the  radical  axis  (fig.  6?,  a  and  b).  ' 
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Fig.  67. 

jttLl.    g^e  locus  of  the  centers  of  the  circles  intersecting 
two  given  circles  orthogonally  consists  of  those  points  of  the 
'  radical  axis  which  are  exterior  to  tha  given  circles.  (figs. 

\\     We  shall' turn  now  to  more  .complex  loci..  ^  rs- 

12*    The  locus  of  points  th%  sum  of  whose  distances^,  from  two 
J  given. points  is  a  constant  is' an.^llipsQ : 


MP^  +  flPg  =  const. 


fgs.  27'and  29).^.. 
""^"'13,    Ohe  locus  of  points  the -absolute  magnitude  of  the  dif- 
ference  between  whose  distances  from  two  given  points  is  a  constant 


is  an  hyperbola: 


r'         (fig-  31). 


I  MP.^'  -  Mgg^  I  =  const, 


I"- 
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l^Wylhex  locus  of  points  equidistant  from  a  given  point  and  a' 
't  given *llne> Is  a  parabola: 


MP  =  MD 


(fig.  33). 


We  are  familiar  ^so  with  the  following  general  definition 
of  conic  sections:  '  ^  .  ' 

15.^    "Hie  spomQtrlc  locus  of  points'  the  ratio  of  whose  dls-  ^ 
tances  from  a  given  point  and  a  given  line  Is  a  constant  1s_a 
conic  section;  ^ 

'  MP  4-  >  * 

•If    e  <  1    we  have  an  ellipse;  If    e  =  ij  a  parabola;  and  If 
e  S'l,  an  hyperbola."  ■ 

In  conclusion  let  us  consider  briefly  some  loci  wiilch  have 

V 

played  Important  roles  In  the  history  of  the  development .of  mathe- 
matics. .1 


^    Pig.  68.,^<^.        ,      ,  ^ 

Let    a    be  a  given  line  and    S    the>  center  of  a  glVen 
pencil  of  rays  (fig.  68).    The  iocus  of  points  at  equal  distances 
s    from  the  line    a    m^asur.ed  along-  the  rays  of  the  pencil  with 
center  at    S    is  a  curve. known  ^s^thfe  conchoid  of  Nlkomedes. 
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;■  '  .  '  •  65.- 

'  'tee  point    S    is  called  the  pole  of  the  conchoid,  the  line  a 

f         its  bise  and  the  constant  segment    s  =  AM.  thej  internal  of  the 

conch'&ld,  .       '  , 

Jt  isveasy  to  construct  as  many  points  of  the  conchoid  as 
-  %9    desired.    If    h    be  the  distance  of  the  pole    S    from  the  base    a  , 

three  forms  of  the  conchoid  can  be  distinguished  according  to  whidh 

of. the  Three  relationships  •         ^  . 

'  '  s<h,    s=h,^s>h  ^  ^ 

holds  good  (figs-  p9',  70;  71). 


Fig.  71. 

 ^  ^  L__At—  - 

With  the  aid  of  instruments  for  drawing  Conchoids  it  Is 
possible  .to  construct  the  roots  of  cubic  equations,  a^d  conse- 
quently  to  trisect  any  angle  and -to  duplicate  the  cube, 

It  was  for  precisely  these  latter  purposes  that  this  curve 
was  devised  by  Nikomedes  (about  150  B^C.E.)        '  'i 

17.    Let  there  be  given  a  circle,  the  tangent  to  it^at'one 
end  of  a  diameter,  and  the  pencil  of  rays  having  its  center  at 
the  other  §nd  of  this  diameter  (fig%,  12). 

Laying  off  from  the  center    S    of  the  pencil  along  a  ray  SQ 
the  segment    SM    equal  to  thre  segment  'PQ,  where    P    is  the  point 
of  intel'section  of  .the  ray  with  the  cirfcle  and,  Q    its  intersection 
with  the  tangent  through    T,  i.e.  -'SM  =  PQ,  we  determine  the  IpcUs 
Of  ^'oints    M.  ^*  •        '  .  '  . 


O^e  curve  so  obtained  is  known  as  the  scissoid  of  Diodes. 
With^the  aid  of  this  curve  Diocle^  (second  cisntury  B.C. ) 
trisected"  any  arbitrary  angle  and  duplicated  the  cube. 


8*    THIS  ME^PHOD  OP  LOCI  IN  THE  SOLUTION  OP  CONSTRUCTION  PROBLEMS 

The  method  of  loci  in  the  solution  of  problems  In  geometric 
construction  consists,  as  Is  well-known,  of  the  following. 

If  the  problem  is  reduced  to  the  determlnatloij^  of '  one  or 
more  points  In  a  plane  which  are  to  satisfy  several  given  condl 
tlons,  we  discard  one  of  the  conditions  and  obtain  a  locus* 
Discarding  another  of  the  conditions  we  obtain  a  second  locus,  and 
-so  on^i-  At  the  int-erseation  of  these'  loci  lies--the  required  point-- 


Sometimes  *one  of  the  loci  is  given  directly  in  the  statement 


or  aggregate  of  points. 

Sometimes  *one  of  t 
of  the  prob'i^^it'self  •    The  method  of  loci  also  facilitates  the  v 
analysis  of  the  problem.^^^  ,  .  ^ 

We  now  turn  to  the  consideration  of  some  examples. 

Problem*    To  find  on  a* given  line    a    a  point  equidistant 
from  tHo  given  lines    b    and    c  •    Lines    a,    b^.)  aod  are 
assumed  distinct*  '  '"^^ 

Ihe  given  line    a    is  the  first  locus  of  the  given  point,  ilf 
the  condition  that  the  desired  point  belongs  to  the  given  line  a 
Is  suspended,  the  pd^J-nt  could  be  anywhere  on  the  locus  of  points 
equidistant  from  the  two  given  lines    b    and    c.^  The  required 
point  will  actually  He^at  the  intersection  of  these  loci.  'Two 
casi^s  are  possible*- 

1.  Lines    b    and    c'    intersect.    The  second  locus  is  a  pair  pf 

^bisectors,  and  the  required  point  is  found  at  the  points  of  inter^' 

,/> 

(r^)^  Footnote;    i.e.  the  investigation  .pf  the  conditions  under  which 

a  solution  to  'the  problem  exists  arid'  the  number  of  such  ^ 
•   '    solutions.  — Translators 


9 

» 
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sectiorf  of  these  bisectors  with  the  ^Iven  line    a  .  ' 

*      Irt  this  cas^  the  problem  has.  In  general,  two'  solutions. 
However,  If'the  line    a    Is  parallel  to  one  of  the^  bisectors  there 

c 

Xi  only  one  solution.    If  the  line    a    coincides  with  one  of  the 
■bisectors  there  Is  an  infinite  set  of  solutions,'  If  line  a 
passes  through  the  Intersection  of  -  the"*blsectors  the  problem  has 

one  solution.  '  '     •  .  * 
 2.  The  lines    b    and    c    are  parallel .    'Bie'  second  locus  Is 


.  the  line    g  ,  parallel  to  lines  ^  b  ,and  cT. 

The  p4»oblem  has  one  solution  If  line    a    Intersects  the  equl- 
distant  parallel    g  ;  no  solution  if    a    and/^g    are  parallel;  an 
infinite  set  of  s61utiQns  if  ,g^  coincides  with    a  . 

Probfem.    To  construct  a  circle  hav/ng  a  given  radius    a  and 
tangent  to  two  ^iven  circles. 

Let  '"o^    and    0^    be  the  ceritera  of  the  given  circles  and 
and'         their  radii.    It  is  sufficient  to  find  the  center  of  the 
required  circle*,    Suspending  the  condition  of  the  tar^ency  of 'the 
.required  circle  to  the  second  of  the  gjl^^en  circles,  we^lJfctain  the 
first  locus,  consisting  of  the^a^r  of  concentric  Circles  with 
center  at    0^    and  radii         +  a    and  a    •    Suspending  the 

condition  of  tangency  to  the  first  circle,  we  obtain  another  locus 
the  pair  of  concentric  circles  with  center  at    Op    and  radii  . 
.+  a    and    R^  -  ^  . 

Ihe  reguirecl  centers  will  be  foynd  at  the  intersection  of 
the,se  .loci.    Not  more  than  eight  sol^utions  are** possible.  Drawing 

the  figure  and  carrying  out  the  analysis  is  suggested  as  an  ^  

exercise,  '  ^ 
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Sometimes  the  method  of  loci  is  not  applied  in  so  pure  a' 

Problem,    To  construct  a  triangle  given  the,  altitude   if^  =  h^ 
the  median    AM  =  m    and  the  bisector    AD  =  d',  all  drawn  from  the 
same  vertex,      •  * 

The  triangles    ADH    and  ^AMH    can  be  constructed  imm.ediateiV 
(fig.  73).    Let  us^  imagine  that  a  circle  has  been  circiunscribed 
about  the  required  triangle    ABC.    Ihe  bisec^r    AD    must-  pass 


through  'the  midpoint    E.  of  the'arc  of  this  circle  subterided^^y 


the  chord  BC. 


'  -  Fig.  73. 

-The  points    M,    E    and  the.  center    0    <5f  the  circvunscribed 
circle  lie-on  the  perpendicular  to  "the*  side    BC    at  its  midpoint 

M.    '  0     ^         .  .  '  / 

This  perpendicular  to    MH    at    M    can  be,  constructed,  €  Its 
intersection    E    with  the-  bisector    AD  'can  likewise  be  constructed. 
The  centeJi  J-O    of  the  circumscribed  circle  Is  equidistant ,  from  the 
points  ^A    and    E'.  and  'therefore  can  be  found  as  the*  intel?section 
of  the  locus  of  points  eq'uidistant  from    A    and  •  E  'with  the/ 
already  constructed  line    EM.    Thus,  the  position  of  the  center*  0* 
is  determined.'  From    0    with  radius    OA    We  construct* th$  clrcum- 


scril)ed  circle.*    Its, intersection  with  the  line    MH    yield^  the 


i  '< 
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^K^ertlpes    B   and    C    of  the  required  triangle.    For  the  const.ructioj:!  ' 

:\  ^  '  .  /  '       ^  /    '  * '    '  / 

to*  be  pos;Bible  it  is  necessfify  that    m  >  d  ,^  since  the^angular 
^bisector  always  lies  within  tbe  angle  formed  by  the  median  and  the 

altitude.        '  •  ' 

We  shall  now,t>solve  an  auxiliary  problen\. 
Problem •  -  To  construct  the  r/dical  axis  of  two  circles > 
If  the  two  circles  intersec^;,  the^  line '^joining  their  poirjts  of 

intersection  will  also  be  the  radical  axis^    If  the  circles  are  • 

tangent,  the  radical  axis  is  the  perpendicular""  at  the  point  of 

tangency  to  the  line  joining  their  center's. 

i>      Ihet^e  remains  to  be  considei^ied  the  o^se  of  non-intersecting 
circles.    Let    '0^    and    0^    t>e  the  centers  of  the  two  circles 


(fig.  74).    We  draw  a  circle  of  arbitrary  fSdius 'and  arbitrary 


TSTg.  7^.'   ^  ''''        V  ,  , 

■  -  '        ...      ^  ' 

center  so  th^t  ItJlntigTsects  both,  of  the  givert  circles:     the  one 
irr  ,the- poirlts  .  A^^,  3^    and  the  other  'i'ri  the  points- ,4 Ag,  Bg. 
point    P    of 'intersection  of  the  lipes    A^B^^    an^    A^Bg"  belongs 
to  .the 'required  radical,  axis.    For  proof       this  we  obeeiTve  that 


'J 

\3t 


the  tangents  dravm  from    P_to  the  circles    (O^)    and    (Og)  are^ 
equal,,  since  -P    is  an  exterior  point  of  ^their  radical ^axis.  Ihe 
tangents  •  from  '  ^  *  to  circles    (O^)    and    (O^)    are  likewise  equal. 
It  follows  that  the  tangents^'f rom    P    to  circles    (O^)    and  (O^)^ 

are/equar^  q.e.d,  ^o;     ^-  .         ^  '        .  ' 

Letting  Tall  a  perpendicular  from    P    to  the  Upe  of  .centers 
O^Og    or  else  construe ting*'analogously  a  feecortd  point    PS  We  ^ 
find  the  required  radical  axis.^  ' 

Problem ♦    To  cbnstmact  a  circle  orthogonal  to  three  giVen 

circles >      »  "        '      '    .  .  -  ' 

Let    On,  0^*  and    0^    be  the  centers  of  the  given  circles. 
Suspending  the  condition  of  the  oi»thogonal  intersection  of  the 
required  circle  with  circle    (Oo),  we' find  the  locus  of  the  centers 
Of  the  clVcle^s  orthogonally  intersecting  two  of  the  given  circles, 
(0^)"  and'  {Og)*  namei;jr,  ^he  set  of  exterior  points  of  their 
radical  axis^    Suspending  the  condition  of  the*,  orthogonal  inter- 
seetion  of  the  r§quii^ed  circle  with  circle    (O^),  we  find- the^-'-. 
'  locus  of  the  centersoof  the  circles  6rthog6nally  intersecting 
circles^  (Oj    and.  (O^).    •  **  ^ 

'tee  center  lof  .the  I'equ^ired  circle  lies  a^  the.  intersection  of 
the  loci*  thus  found.    Its  radius  is^ equal  to  the  common  lei%th  of  * 
the  tangents  frour  this  center  to  the  given  circles.    Ttie  cen-^er 
thus  found  is  called  the  radical  center  of  the  three  circles. 
.  '     The  constnjctibn  and  analysis  ti>f  the  proWeni*  are  suggested 
as  an  exercise.  o 


The  excellent  collection  of  geometrical  jco'nstruction  problems 
by  I.  I.  Aiexandrov  [3]  is  recommended  for  additional  practice. 

Methodological  pointers  especially  intended  for  teachers  but 
useful  also'  to  students  will  be  found  in  the  .brochure  by^ ProjP^ 
rD.  I.  Perepiolkin  [42],  in  the  well-known  problem  collection  of 
P.  S.  Modenoy.  [38]  and  in  reference' [35] .  ^  a 
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9;     ON  PROBLEMS  IN  GEOMETRIC  CONSTRUCTION  AN^  THEIR  SOLUTION 
♦  •        '  ^     .  *^ 

i«aiiep*maj3Jtu.,gfi,oaxaI«^'e£^^  the  tern  "prob\<^m^*  is  as-" 


•follows.  *A  probiem  is  the  statement  of  a  demand  "to  find",  on^ 
the  basis  of  "givep"  pbjects  other  "required"  objects  bearing 
specified  relationships  to  each  othfer  and  to  the  given  things  [2}. 

TBius  in  every  problem  there  is  some  class  of  things  given, 
'and  a  class  of  things  to  be  found  {both  classes  consisting  of 


points,  iinesi,  segpients,' triangles,  circles  and  so  on).  Besides  !^ 
this,  the^e  must  be  specified  the  rules,  procedures,  conditions  to 


be  fulfilled  in  ord^r  that  the  things;  sought  far  snail  be  cdn-- 

sidered  to  have  been  found.    Without  this  the  problem  becomes  \  " 

^  indefinite  and  the  expression' "to  find"  has  no  meaning.  Whatever 

operations  of  construction  were  cjirried  out,  it  would  never  be 

possible  to  say  that  the  thing  hSa  been  found,  that  is,  transferred 

*      **  * 

from  the  class  of  things  sQUght  to  the'-.class  of  things  given. 

  ^  ^   d  conditions  whose'^ 


fulfillinent  is  necessary  before  an  object  can  be  considered  as 
^,transferred  from  the  class  ojgpMSKigs  sought  to  the  cla^s  of  known, 

V     ^  .  .        '    .  '      *  ' 

given  things,  it  is  not  possible  to  speak-  even  of  a  problem,  much 
less  of  its  solu\;ion.  '  ^ 

^        Let  it  be  required, '"for  example,  to  inscribe.  In*  a  circle  a 

regular  seventeen-sided  polygon.     ♦  ,    «  '  ^ 

Here  the  given '  thing  is  understood  to  be  the  circle.    It  Jfs 
.  '        it  •  '  •  ,         .     "  ^ 

cbnnnonly  considered  that  the  cenlj^er  and  the  radius  of  this  circle 

ar.e  also  given  w^thou€  explicit  mention,  but  this  ^s  not  entirely 
correct.  •  "   ;>  ^       ^  '      '  '      •  •  ^ 
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If  neither  the  center  nor  the-  radius  of  the  given-  circle 
wervP^given,  it  would      necessary  to  find'  th^  -  supposing,  of 
coui'se,  that,  they  were  necessary  for  the  solution  of  the  problem. 
Center  and  radius  would  then  be  things  sought  •    OJhus  it  is  evident 
that  precise  indioatioi;i  of  the  things  given  is  absolutely  indis^ 
.pensable.    Otherwise,  instead  of  one  problem  we  risk  having  a 
hlfferent  one.  •  ' 

-  ;      0  ' '  ' 

Further^  as  the  object  sought  we  understand  a ^regular 


seven teen- sided  polygon,  that  is,* a  polygon  whose  sides 
angles)  bear  the  re^lationship  of  eqfuality  to  each  other.  D^C^ 
vertices  of  this  required  polygon  must, bpar  to  the  given  circle 
the  relationship  of  being  points  belonging-  to  it.    !I3ie  problem 
reduces  to  the  finding  of  two  dete3?minate  points  -  vertices  on 
^e  circle,  or  to  the  finding,  of  a  detei*minate  segment. 

aSiosc' conditions  under  which  \the  polygon  sought  .will  be  con- 
sidered  to  have. been  found  play  a  fundaim^ntal  role.    It^i  is  pos-  ^ 
sible,  for  example,  to  consider  the  polygon  as  found  if  its 
^constjpuction  is  paijried  out  with  a  pair  of  compatsses  on^y  without^ 
the  ub\  of  a  straight-edge.    What  is  meant  by  ''c%rried*  out  with  a  ^ 
pair  of  compasses  only"  must  be  pr^cisely^'elucidated.    Does  it 
mfeah  that  the  required  side  of  the.  polygon  will  be  considered  to 
have  been  constructed  It  its  ends  are  found'- as  the  points  of    •  ,    ^  i 

■    ■ ,  y  ■  ■  -  ^  - 

Intersection  of  circles  uj5on  wI|osf.  radius  >no^  limitation  of  any 

sort  Is  imposed,, or  is  this  radius  given?    In  ^he  letter  case  we 

should  have  a  constructibri*' with  one'setting  of  the  compasses^ 

^  '      '  *  •     »  ^  .    '.it'I  'i 

'      *      ■     ^        '  ■         *        ;-v'^  ;^ 


•  The  solution  of  a  problem  will  be  different  as  the  specif i-'  . 
cation  of  the  means  to  t&  used  is  changed.    It  can  even  happen 
that  with  the  means  specified  .the  problem  can  i^ot  be  solved  at  all. 
It  is  also  possible  to  c6nsider^,?the  polygon  ^s  fo«nd  ,if  it  is^  • 
■-*  constructed. with  „the  afd'of  a  straight-ed^e  only,  without  the  use 
.of^. compasses.    Ihe  striight-edge,  in  turn^J  'inay  be .single-edged 
,ana  vfithout  markings,  th^t  is,,  only  the  drawing  of  strai-ght  lines 
,i^'  admissible.    In  this  case,  the  polygon  will  be ■ co^^idered  con- 
structed  if  its  vertices  are  f  ound  as  points  of '  intei;section  of  the 
given  circle  with  straight  lines. _    The  straight-edge  may  be  double-^  ; 
edged,  tha<fc  is,  a' pair  qf' parallel  ^ines.'  Finally,  ^here  may  be  on 
the  straigh7-edge  a  scale  of  lerfgth,  of  which  essential  use  is  made 
in  the  construction.         ■  '  ' 

*     '         in  each  of^  these  cases  Hiffv>T>ent  conditions  are,  indicated  upon.'  . 
-  whose  fulfiilmept  the  p6lygon,will  be  consid.ered  as  f  ound  X5r- qon- 

'^.,_,fl-iSruQ.ted.'-  ■      ■  i/      '  ■  '  ■        '    •    •  ■ 

.\.     *    If-  the  conditions  chos^en  are  indeed  fulfilled-,  bu^  the  actual 

construction  demands- such  a  complex  fabric  of  lines  that  in  prac- 
:  '^'tice  the  required  polygon  will  not  even  qlose  becau'se^  of  ine^'cap- 

•    able  err6rs  in  the  drawing,'  then^j^egardiess  of  the  th6o3?etical 
•     Irreproachibility.of  the-  construction;  the  problem  must  be 

'acknowledged  to  be  insoluble  practically.  .        ^         >-  . 
•'A'  -  ^  pt  is  we;i-known  that  with  a  not  very  large. number  of       .  . 
-empirical  trials  it  is  possibly,  actually  to  find  .the  sj.<ie  of  an       '  - 
inscribed  sfvfnt^n- sided  polygon  -with  a  high  degree  of  accuracy 


wMch^ii  hotlapprpached  by/any  thedretlfiilly  correct*' construction  M 


■  '-'.ftr  ■  ■  ■- 

of  VtWe  fiigiwie,.  .,t> 
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*5\irthermore,  it  ,1s  sometimes  possible  to  indicate  a,  regular 
chain  o'f  constructions  such  tha,t  with  each  successi\fe\ink  in  the 


^V'      ^  *chain  we  obtain  the  required  figure  with  greater  and 'greater 

^  accu3?acy.  *  If  it  is  agreed,  to  coiikl^ier  a  problem  solved  w^en  one  "or 
several"  constructed  points  of  .^he  required  figure  can'  be  made  to 
fall  within  any  given,  neighborhoods,  no  matter  how  small,  of  the 
corresponding  theoretically  determined  point^s,  then  here  also  we 
have  a  correcAy  formulated  mathematical  probl^, 

'  Finally,  ft  is  possible,  without  insisting  upon  any  regular 
chain  of  constructions  converging  toward  the  requi4»ed  i'igure,  to 
*'se^y  approximate  constructions  with  the  aid  of  instru       s  ch^feen 
in  advance*  i,  In  this  case  o{ie  proi^lem  is  also  proper  y  stated  and 
can  be  considered  ^a  mathematical  problem. 

in  secpndary- school  geometry,  by  virtue  of  an  historically 
developed  tradition,  a  construction  problem  is  conjpidefed  solved 
if  the  constnUction  is  accomplished  with  the  aid'  of  compasses, 
i.e.  hy^  the  drawing  of' .circles  of  any  i^adius  and  with  any  centers, 
and  of  a  one-sid^  straight-edge,  i.e.,  by  the  drawing  of  straight*^ 
*  lines,    in.  this  coj^n'ection  it  is'  considered  po^ible  to 'draw  wijbh,, 

complete  accuracy  a  'straight  line  through  two  points  and  a  cir'cXe  ' 
' .  of  any;  desired  radius  from  a  given  center.  / 

it  must  be  str^a^  that  any  other  .mathematical  instnaraents'. 
can  li^kewise  be  regarded  as  ideally  accurate,  and  constructions 
performed  with  their  use  as 'Equally  irrei)roachable.^ 
^  '    ii^  siTbh  cases  the  cohstruction  probleiri 'Vill' x'emain' Just  as 


much  a  proper  mathematical  prot)lem>&^s  if  th^conatruc^on  were  .by"^ 


ilERlC  .    .    I      V  >    1  ^ 


cqmpasses  and  straight-edge •    There  is  only  one' invaluable  require 
raent:    the  precise  specification  of  the  instruments  to  be  used  and 
the  rules  which -must  be  pbse'rved^ before  objects  sought  are  to  "be 
considered  as  found •    For  example,  using  tl:^  ellipsograph  it  is 
considered  to  be  possible  to  construct  any  desired  ellipse  with 
foci  at  any  point's  and    F^    and  a  given  sum  of  the  dii^tances 

*MFt>   and    MF^    from  the  foci  to  every  point    M    of  the  ellipse* 

♦ 

—  »  ^  ' 

I 
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iq^    CONSTRUCTIONS  WJTH  COMPASSES  AND  STRAIGHT-EDGE  ,  ^ 

\  '      i-    "  ■■ 

In  plane  geometry  a  construction  proWem.  is  cbhsldered  solved 
if  it  is  reduced  to  aSrinlte' number  of  the  fol-lowlng  five  basflc 
(simplest)  problems:    *  ,/  i  *  '  •  , 

!•    \o,draw  a'  line       a  segment  through  two  given  points. 
^  To^rdw  a  pircle^of  given  rad&is  an<i  with  a  given  point 

as  center,'  or  to  draw  a  circular  arc  gj.ven  its  endpo-ints  and  center. 
*3.**"To'  find  the  point  of  intersection  of  tWo  given  lines. 
.4,.    To  find  the  points  of.  intersection       a  given  l,fn|  and  a 
given  circle.  ^         ^  ,  ^ 

5;    To  find  the  points  of  intersection**  of  two  cii»cles.  y 
^         Ohe  solution  of  these  simplest  basic  problems  is  coosiddred 
'  to  be  known. '^^'^ 

'  Arbitrary  elements  are ^of ten  used  in  constructions.  ^ 

The  possibility  of  adding  arbitrary  points  "to  those  given  or 
-  *■  •  '  •      .  » 

r  .  • 

already  .ponstructe.d  required  special  stipulations  which  are  cus- 
tomarily formulated  in  the  followj^ng  two  statements:' 
^      stipulation  A.    It  i^  possible  to  construct  an  arbi\:rary  point 
in  the  -plane  exterior  to  a*  given  line.        '     "    ^  '  . 

^S^ulation.  B.    It  lis  possible  to  construct  on  a  given  line  an 
arbitrary  point  not  coinciding,  with  any  of  the  points  already  con- 
structed on  the  line^    ^     >     "  .  -  " 

Stipulations  A  and  B,are  essential  in' the  solution  of  many 
^-   .  *  ^  .     •    «  i' 

problems.    For  example,  if  it  is  required^  to  draw  a  circle  inter- 

seeting  a  given  line    a    at  right  angles  ha^ng  only  oner?  given 

lir\e  and  fHot  a  single'  given  br  constructed  Mint  we  are  deprived 

oC^^the  possibility  ofyiasing  problems  1  ^thr^ugh  5..  Without  .  .  ^ 


1 
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slJtpulatiQHs    A  ,and  '.B   we  are  lijcewise  deprived  6f  the  posSi-»  ; 
blllty  of  construe tii^g  a  line-,,t5firough  ^ 'given  point    exterip#1:c3-"*  ^" ' 
a.  given  line  and^parallel  .to  the  latter.  ^  Having  only  one  giveri 
.polnt^and  one  given  line,,  we  could  not, draw  any  circle, and  con- 
Struct  any  line  (since,  fqr  example^  to  ^aw  a  circle  we  must  hav6 
two  points  determining  its-  radius)..  | 

In  proving  the  correctness  of  any  constructipn  making  use  of 
arbitrary^  elements  we  must  not,  of  course,  -base  our  argi^ent  on  any* 
special  properties  of  thes^  elements,  but  must  consistently  regard 
the  elements  as  arbitrary.     *  '  ' 

We  might  say.tfiat  a  figure  has  been  "cohs  true  ted"  wlien  each 
part  of  the  f ij^ure  has  been  obtained  as  the^nd  result  of  a 
sul\;able  sequencfe  of  the  *f  ive  *baslc  constructions  and  the  two 
stipulations    A    and  *  B.  *  /  \  »  i 

' ' '    ^         < '  ^     *  /  y  ^        ?j  "  >  • 

©le  constructions  themselves  may  be^carri-ed  out  on  paper. 


with  compasses  and  straight-edge  in  hand,  o#  only  verbally*  'Which 
of  these  modes  of  procedure  we  choose  is  immaterial.  IPor  example, 
there  exists  no  geometrical/instrument  for  drawing  a  ^^here  with 
giyen  center  and  radius, 

•  It  is- necessary  to  se^k  out"  the  simplest,  most  .economical 
and  most^accurate  .construction.    Complicated  consjmctlpns  turn 
out  to  be,  as  a  i*ulei  the  least  precise. 

A  different  mode  of  employment  of  the  compasses ^nd  stralght- 
edge^or  t^e  use  of  o^th^r  instruments  requires  a  diCferent  list  of 
Simplest  problems.  ,  *  '  . 


\ 
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Problems  1  through  5  and  stipulations    A"  and    B   may  be 
called  the  conditions  corresponding       the  free  use  of  compasses 
and  straight:-edge,  -  ' 

Since  it  wouid  be  ext>remely  tiresome  to  c^rry  oCit  for  every 
constt^u(5^ion  prj^em^  its  complete  reduction  to  the  indicator ive 

simplest  proj^ems,  this  red«'etion  is  carried^ut  pnce  and  for  all 

'  '     \  ^  ^  ^      I      ^    ' 

for  a  certaTiT  i?ange  of  moderately  complex  prohiems.    All  ^ther 

problems  are  thereafter  reduced  to  these  alrea^iy  solv^eS^'problems. 

*  To  such 'pr1).blems  solved  "once  and' f 5r  all"  belong,  for  example, 

the  following:    ^  ,       *  .  ' 

Problem!.    To  draw  through  a  giVen  poini    A    not  ^a-^a--s4veri 

ll'i>e    a    a  line  parallel  to.   a  .  *  •  » 

Solution.    We)selee,t  on  the  line   ^    an  arbitrary  point'  B 

^not  Coinciding  with  thje'  foot  c^^he  perpendicular  from    A  to, 

f  '  ling  -av  (fig.  75). 


Is;; 


Fig.y75.. 

^Ihe  selection  of  point    B    is  in  practice  effected  by  means 
/ ^ ^oH'^  Q.r\  arbitrary  setting  of  the  compasses  greater  than  the  ^i^- 
^;t\.t2^n*ce  from  point    A    to  line    a  ,  one  point  of  the^  compares  being 
^  placed  at    A,  aa4  the  other  at    B.  '  The  choice  of  a  compass  setting 
ll>?&'    :grea1^fei?.than  the  distance  from  point    A,   to  line    a    is  not  imposed 
by  a.njf  theoretical  necessity  and  merely  serves  the  end  of  greater 


k^j^:/*^     .precision' of  the  drawing.. 
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.  •    • :  I  ^ 

The  constructlonf oif-a  circle  with  center    A    and  radius  AB 
Is  permissible  as  an  Instance  of  s/mplest  nrojslem  number  2. 

yProm  point         with  the  same  radluc    AB,  we  describe  a  circle. 


\ 


using  again  the  same  problem  2.    Ia4)raetice,  of  course,  only  a 
smajLl  arc  intersecfeiiig  line    a    is  drawn.    We  mark  the  point  of 
Intersection    C    of  this  circle  with    llne^  a>,  which  we  are  per- - 
mltted  to  do  by  problem         With' the  same  radius    .CB   and  center  at 
C,  making  use  of  problem  2,  we  draw  a  circle  and.  In' accord  with 
problem  5,  mark  the  point  of  Intersection    D    of  this  circle  with 
the  circle  first  drawn/        draw  a 'line  joiningir'points    A  %nd  D, 
on  the  basis  oi*  problem  1.    Ihe  cons-tructed  Jlne    AD    is'  the 
required  line,  ,  -  ^  ^  .  ' 

The  proo£  of  the  correctnesSv of  the  construction  is  given  in 

\^     -  '  z  ,       — ^    •  ^  1  * 

the  secondary  school  geometry  course,     ^    ^  ^ 

The  line  .AD    parallel  to  theS^lne    a    has  been  constructed 


^with  compasses  and > straight-edce  "once  and  for  all",  and  may  in 
future  be  drawn,  by  means  of,'  say^  a  triangle  and 'straight-edge, 
as  is  done  in  practice^.    Ihe  important- thing,  for  us  is  that  the 
problem  of  drawing  the  parallel  can  be  solved  by  mean^s^f  compasses* 
>^and  straight-edge*  ^  ^     .    -  .  '  . 

Problem  II,    Given  a  segment'  AB    on  the  line    a,  it  is 
required :  ^  ,^  ' 

aVto  find  a-  second  sepgnent  which  is  a  given  Multiple 
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-    b)  to  divide  the  given  segment    AB    Into  any  given  numberypf 
equal  parts; 

  /  ■      ..^  ' 

c )  to^flnd  a  second  segment ♦bearing , a  given  ratio  to  the 
flglv^n  segment    AB,      ,  .  / 

Solution,    a)  With  radius    BA    we  drjaw'  a  circle  wiJ?h  centei 
^at    B    (problem  2)  and  from  the  point    C  (dlstllTct^om    A)  of  the  . 
intersectlpn  of  this  circle  with  line    a    (problem  4)  as  center  we 
draw  a  circle  of  the  s^e  radius  (problem  2),  marking  its  Inter- 
section   D  » with  line    a,  and  so  on  until  the^  desired  multiple  ijas 
been- reached  (fig.  7&)..  ^ 

K 


.  ;  ^  :Pig..  76. 

In  intuitive  terms/  we  "pace  with  ;oompass-legs  along>  the 
line".  Usually^  the  problem  Irfe  solyed  with. a  pair  of  dividers- 
'"alternating"  its  legs.  *  , 

b)  We  draw  through  pointy  ^    an  arbitrary  line    b.  Which  can 
be  done  by  taking  an  arbitrary  point    M    not  on 'line    AB  and 
Joining  it  with  point    A    (fig.  77).       .  '^'^ 


4 


7^. 


/i 


'//■■ 

In  cons*iructions  with'  c^mpissej  and  ^t.raig^-edg$,  such, 
ai^bltraite.  elements  can  in  tKe  majority  of  caseg  \>e  Replaced  by,       "  . 
constinicted^ones.    In  the  present  problem  circies  can  b^'dravm*  ^ 
0       from' ^ A    as  center  with  radiU-s^V/\B    and  f^oiA    B    as  center  HJ.^h 
radiu^>-BA.  and 'one* of  their  points  of  intersection  can jbe  taken 

•  .  /  as^point    M/^   J      ^      :  .  ,         -     ^        .A  " 

•  On-line    AM    we  lay' of  f  from  p6int    A    an  arbitrary  segSgfit  a^ 

nui^ber  of  times  equal  to  th^  njumber  of  parts  into  whifc^  it  is  ^ 
requii^d  t^^^^stid^egment    AB,^  in  the^martnep  just '^^scribe^  under.  , 
apart  a)  of  the  present  problem.    We  Join  the  endpoint'         of  the 
last  segment' ;Laid  off  with  point    B  (probltem  1)  and-^i^  ^thrpugh 
the  points^ A^,A2,   .-^A^.'  lines  parallel  to  (problem  iT.  ' 

^  \'/   '      ^p6intsNi,B^,  r.  of  the  intersections  .of^  these 

.    irallels  wi^sh'line    AB  ,  (problem  k)  will  be  t%«  *  required '  pf^lnts  of 
division  of»'segment    AB  "into    n    equal  parts  (in  the -diagram  ^       ^  ^ 


n  =  5). 


^        >  The 


3  proo^f  of  the 'correctness  of  ^the^.cehstruction  iLs  ^q^I^ 
%x    '  '      knowledge;  it  is  independent  of  the  ^)ioice  x:ff  po^nt    M.        .    \* ^  -  : 
^     >or  the  division 'Of  a  r^egmen,t  Anto  halves  or  .Into  an  even 
'   ..^   number  *of  krts  qtW  constructions, .  faMliar  froip  seco^dary-sch^^ 

■  \  ■  -geomeW%  can  be  used.    \  •        ••.->•*  *.  '•  .  ' 

'  ■•  c)  Let"*it  toe  required  that  the '  segment  •  CD'    shall  bear  to"  thfe  ,  . 
glVwi  segment.   AB  «ihg  ^ati'o  of    m/  td   n  ,  wftere    ri  ■  and  ■  n    are"  .• 
J '  ^  p9Sitive.  i'nfiegers.    jFrom  the  definition,  of  a.  rsftio  it  fcTllbys  thaU  '^^  ^ 
.J.*.-   /•  CD.  =  ir  .  AB,,^iihWj^g^e  fcpnstructipn '.of  segSTent  -"<5l>  •  ^  is '^o^^^^  t  , 
l;"'"^'  i*'we  take'  sigment-  ♦AB    m    titles  ip^  accord,  with  part  a)  of-thg  pfesSft  ,  . 

m  • 


1^? 


V  ; 


-problem,  and  divide  ttre  re^lt  into  n  equal  parts  as  indicated:  f'' 
^  in,  part'  b).  * '   ^  .     \  ' 

Problem  III.    ThrouRh  aVlvgn  point    A    to  draw  a  l|np   .  ' 
.?;^erpendlcular  to  a  given  line    a.  *    *       :  ;  , 

•    /  Solution  1.    Point    A  "  lies  on  line    a    (fig. "78).    On  line 
a    we  select  an  arbitrary  point    B  distinct  from    A  •'  Stipulation 
B),  and  with  radius    AB    describe  a  circle  with  center  "at  a' 
(problem  2),  that^  is,  with  an  arbitrary  setting  of  our' compasses 
we  .si^nply  "mark  off  points"  on  line    a.'  We  denote  by    C    Chat  " 
'  point  of  intersectionsof  the  circle  with  line    a    vhlch  is  aistinct 
from   B    (problem '4)  and  With  radius    EC    we  descf-ibe  circles  with 
centers    ^  'and    C    (problem  V).    Taking  one  of  i:he  points  "  D..  of 
,  of  ^he  Intersection  of  these  last  circles  (problem  5),  we  Jolri  A 
.and    D    by  a  line    AD    (problem  1).-  The  line    AD    thus  constructed' 
is  the  required-'perpendlcular  td  line    a    erected  aj|  point    ^.  ^ 


\ 


'  Pig.  YS. 


Pig.  79. 


The  proof  -  of  the  corfrectness.  df .  the  constj^iction  is  given  in 
secondary  school  ge&metry.^^  k 


86; 


2.    Point         lies  oXtsl'de  aine    a  *(flg,79)>  ,  We  select  on  . 
linet*  a*  an  arbitrary  poinlj    B,  which  must^be  distinct  from  the*  . 
f-Aot  of  th6  »perpend4.cular  from  point    A  *  to  line    a  (stipulation 
JB).    Prom    A  .a^s  center  and  with  radius    AB    we  describe  a  circle*, 
.(problem  ^)  and  denote  by         the  second  point  of  its  intersection 
Vith  line    a    (problem  4);    From    B,  and.   C    as ^  centers  and  with 


,   thK^^seune  radius 'we  describe  circles  (problem' 2)  and  Join  by  a  line 
AI>  '(problem  1)  the  points    A-  and    D    of  the  intersection  of  these 
latter  circles  (problem  5).    Line    AD    will  he  the  required  per- 

f 

pendicular  from  point,  A    to  line    a^    ^    '  - 
'    .  ^I9?^®  proof  of  the  correctness  of  the  construction  should  be 
known  to  the  rea'der.  *  ^  '       '  '       •     .  . 

Problem  IV,    To  draw  through  a  given  point    A    a  line  which 
shall  f  omf  with  a  given  line    a    an  angle  equal  to  a  given  angle. 

Solution  1.     Point    A    lies  on  line    a   -(fig.  8o).    ,  '■  . 


*) 


Let  ,bBc  .be  the  given  an^le.    On  a  side  of  this  angle  we  take  an 

ar)iitrary  point         (stipulation  ^)    and  witji^ radius    BP    frotn   B  ^ 

'  .  . 

as  center^  describe  a  circle  (problem  2).    With  the  same  radius' y(e  % 

desqribe  a  circle  from    A.  as.  center^  (problem  2)  and  denote  l>y 
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^and^  the  points  of ' intersection  of  thfs  circle  with 

a    Qoroblem  4).    We  ^hen  construct  circles  with  centers'  ' 
■'92.  having 'equal  radi-i    fQ,_,  (ptt>oblem  2)  and- denote  by 
^  their  points  of  interseetion^^i'th  the, circle  whose  center 
(prj>biem  5).    We  draw  lines    Ag^  .and    Agg    (problem  1) 


the  fequired/arih^s . 

Here  we  have  two  solutions..    The  proof  of  the  correctness  of  ' 
•  tAe  pons^truction  is  ^ased,  of  course,  on  the  facty^at  central 
angles  ,Sul).tQnding  equal  arc?  of  "  eqaal  Qircles  ar/ equal 

2.    Point    A  .lies  -outside  line    a. '  We  t/ke 'an  arbitrary  ' 
point  on.line^^   a    (etipui&tipn  B)-ana  ceinstrucfa  line  inter- 

'USh^^^S  iine  '  a    at  point  .  A     at  the  givei/angle,'  as  .in  solution 
/•/l  above,  ^We  then  draw  liirdflgh  point    A*  L  line  parallel*  to-  this 
line;(^^lem*  1)\  jThe  parallel,  s-o  cons/ructed  will  be  the  ra-  ^ 
.  quired -Itoe.    Here  again  we  hav4  two  soiations,^:55te  proof  of  the 
correctness  of  the  eonStruction  is  obvious. 

Problem        a)    Tg' bisect  a  gjfjen  angle/  b)  -t.o  coni^truct  an 

^  i  '  '  — 

'  ' ,  arbitrary^  inull^ple,  of  a  given  an^le./  *        \  " 

Solution,    a)    Let    aAb  'b/  the.  given  angle  (fig.  8l)>l\pn^  / 

'  '     line    a-  we  select  an  arbi-tr^r;^,,poiht   B  (stipulation  R)  and  des-." 

'cribe  a  circle  with    A    as  cehter  and  radius    AB    (problem  2)  S  c\ 

practice 'this  circle  of  arbitrary  radius  is  drawn  "at !i§nce,  withoat. 

*    jf'irst  choosing  an  arbitrary  point    B.^   We  denote  by    C  the.poifib 

"of  intersection  of  the ^circle  with  line    b  ,  (problem  4)    and  witb  ' 

the  same  radius    AB    we  describe  circles  from  centers    B    and*  C- 

;  i  ^J>roJ)lem  S).-*  We  denote  by    D    that  poii>t  of  intersection  ^of  theje  ' 

circies  which  i3  distinct,  from    A   .(problem  ^)  and  Join  points  ^ 
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and  D  by  a  line  (problem  1).  The  line  AD  so  constructed  is  th§ 
required  bisector  of  the  given  angle. 

.The  proof  of  the  correctness  ^f  the  construction" is  based 
upon  the  equality  of  triangles  *Adc    and    ADB    J  corresponding  sides 
are  equal).  *  '  f  '      '        '  \  * 

-b).  ,Let    aAb    be  the  given  angle  (fig.  82).  .  •  . 


Fig.  .81. 


Fig,  82, 


Taking  an  arbitrary  point    B    on  ray    a    (stipulation    B),  We" 
describe  a  circle^  w|th  center  '  A^/and  radiums    AB    (problem-  2). 
We  denote  by    B^     the  point  of  interseclfiori  of  'the  circle  with  ' 
line    b     (problem  h\,  andiWith.  B^    as  center  and  radius    B^B  we 
describe  a  circle  (problem  2)  and  denote  by    Bg    the  intersection 
of  this  circle  with  the  one  previously  dray/n^ (problem  5)*..  With' 
Eg    as  center  and  the  same  radius    B^B    we  describe  circ^ 
(problem  2)  and  establish  the  point*  B^    (problem^  5).  Con\in\iing 
thus  we..^bnstruct  the  angle  .  BAE^    which  is'  the  required  multi'ple, 
h    of  angle  ^aAb.     In"  the  diagram    n^=r  5.  r  ^  • 

The  proof  (?>f  the  correctness  of 'the  construction  is  based,*  * 
of  course, ,  orT'^t he"  ec^ality  of  arcs  subteixied  J^y  equal  -Qhords  and 
on„  th^  equality  of  central  angles  subtende'd  by  equal  arcs-.  \ 
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With  this  we  shall  cpnclud4  the  list  of  prpblems  solved  "once 

-  /  '  *  V 

and  for  all"   with  compasses/4nd-5traight-edge.    The  list  could, 

of  course,  be  extended,  and'^in  secondary  school  geometry,  for 
example,  under  the  ,hea<lir^  of  basic  constructions,  we  have  a  •  '  " 
rather  large  list  of  prjtiblems.  ^  • 

It  should  be  not^  that  in  solving  any  particular  construction 
problem  with  the  us^'of  compasses  and  straight-edge  the  problems 
I  through  V  Just  solved  are  made  use  of  in  the  same  way  as  the 
basic  (simplest)  problems  1  through  5.    For  example,  it  is  imma- 
terial Whether  lie  draw  a  perpendicular  to  a  given  line  by  repeating 
the  entire  construction  given  in  ^btiem  III  or  by  making  use  of  a 
draftsman's  triangle.  "  giicB  use.of  'bhe  triangle 'does  not.  constitute 
the  ini:rod/|t>ion  of  a  rjew.  geometrical  instrument,  but  sipiply  re- 
places a  'chain  of  construction  steps  carri^  out 'With  compasses  aijd 
StraiW-edge.  .  ,  '  / 


./ 


Remark.'  Under  part  a)  of  problem  V  the^angle ^was 
*    bisected,  but  ijjot  d^ided  inte-anTlJSmH^        cJf  .  equal 
parts -lijce  th^e^ent  in  foart  b)  oT  problem  11, 

This  brings  us  to  the  f^ct  that  not  all  geometric  '  " 
.cpnst^ctions  can  lie  executeli  wi'th  compasses  and'' 
sttaight-edge,  or,  more  ex^Jtly,  on- the.  basis' ^of  prob- 
lems 1  through  5  ahd  stipulations  A  and  B  ^et-»forth 


J 


above. 

Thus,  for  exainple,  it  is  impossible  With  aompas/es**' 
and  stralghtledge  jto  divide  arbitrary,  angled  into  piree 
equal  parts.    Thid  means*  th^t  fche  draWing  of  only/ifn'tes 


and  circles  is  ,not  sufficient  for  obtaining  the  rays  . 
which  woul^  divide  an  arbitrary  angje .  int?p  three  equal 
parts.    It  ra\^t^  be  eraphaslzeJJ  tl\at  an  angle  equal  to 
one- third  of. any  given  angle  exists.    Likewise, .rays^ 
exist  'which  divide  any  giveri  angle  into  .amy  ^iven  ^  . 
number  pf  equal  parts,  but  for  some  numbers  of  .parts 
(e^g.,  n  is  3)  it  is  not  possible  to  bring  th^e  rays 
from  tM  class  of  - things  Sought  into  the  .class  of  things 
given,  by.  means  oqly  of  basic  problems  1  through  5  and 

»stipuaat.ions    A    and    B,  that  is,  Vith  the  aid  of  '  ' 

/compasses  and  straight-edge       Th^se  instruments  ar^ 
"not  powerful  enough"  fpr  such"^ problems.-   *       J         ^  ,  • 
3y  means  of  certain  other  instruments,  that  is,  " 
with  the  aid  of  other  basic  problems  .tfie  division  of 

*  any  arigle^  intJo  three  .equal  parts       the  tri^ection  of 
the  angle  —  can  be  carried  oi^t  without  difficulty  and 
with  unimpeachable  3^ogic.    Purtl\ermore>- the  praclM.cal  ' 
accur^y  of  such  constructions  oftjen  considerably  ex-  ; 
ceeds  the  accuracy  of  constructions  *^with  compasges  siid 

ss^traight^'edge.  ^       *       .*  ,  .1 

^-    It  should  be  noted  that  it 'is  possibaer'JJo  divide  * 
some  specifit  ^gles  into  three  equal  pj^-rts  by  mjsansC 
bic jtjompasses  and  straight-edge.    Among -sach  ahglejsi,.  . 
fbr  example,  ^S'^the  right  arffele.  .  The' problem  arises 
of  precisely  determining  the  entire  set  of  -  ^gles 
, admitting  of  trisect ion  with  compassed  and  straig^t- 
.edge.,  antl- of  jiroving^  that  the-  r^naining  angles  - .   .  -  , 


(including  in  particular,  the.  angie  6o^)  cannot  be 
divided  into  three  equal  parts  with  these  ^instrumdnts, 
that  is,  orv  the  basis  of  these  •basic  problanis.     '  I 
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Proofs  of  impossibility  of  this  Jcind  •form  soipe 
of Hh.e.  most  dif f iqul't  problems  of.  mathematics  and  ,  .  ^ 
for  thVmopt  part^are  beyond  the  scope  <5f  elementary 
methpds.    At  the  end  of  thfe  nineteenth  century "the* 
question  of  jbhe  solvability  of  construction  problems  * 
by  rdeans  of  ^com|)ass^  ahd  s,traight-e(ige  w^s  fnvesti-. 
gated  cjpujpletely.    The  classes 'of  problems  solva^ble  and 
nQt' solvable  by  thes'd  means  .we^e  prgcis'ely  specified. 


^"complete  solution  of  the  question  is  taken  up  in 

higher 'algebra  and  mathematical  toalysis.   .  * 

.    'In  12.  we  shall  become  acquainted  w.ith  one  elSt^ 

mentai^T^Qof  of  impossibility,  * 
'  ;A  ^  ^  ^       ^mt     ;  ... 


0 


^  .    OM.  MEANS  OF  SOLVING  GONSTRUCTICJN  PROBLEMS  OTHER  THAN^  THE 
FREE  USE  pF- COMPASSES- AND  STRAIGHT-EDGE 

•*    <>       ^   *  .  *^ 

The  free  use  of  compasses  and  straight-edge  is  mathematically 

expre'ssed  by  means' of  .simplest  j^roblems  1  through  5' and  the  stipu- 
lations *A,  and  ^  ^  This  rfleans  that  a  geometrical  object  may  be  ' 
considered  *tD  jiave  teen  traaf erred/from  the  class  of  things  sought 
to  thp  class  of  things  given^Qnly  if  the  procedure  .involved  may  be 
reduced  to  the  above  mentioned  basic. problems  and  stipulation^. 

These  latter 'mky  be  regarded  ^s  the  logical  or  Jbheoretical  instru- 
•        J  >     ^     -      •        •  ■   .  - 

ments  for  solving  problems, 

To  other  combinations  of  geometrical  instruments  there  will 

porresponOvother  logical  means. of  solution,  formulated  in  the 

shape  of  basj^  problems.    We  shall  consider  some  examples. 

"Let^s  ta!ke  as  the  only  allowable  geometrical  instrument  a  - 

'^alr  j^f  ,f  ree  compasses,  that  is,  compasses  by  meams  of  which  we 

can.  draw'circles  of  any  radius.    This  is  the  case  of  ^construction 

.with  compasses  only.*    Mathematically  this  means  that  only  basic 

•(simplest)  prpblems  1,^.2  aind  5  may  be  used. 

The  apJ)lication  of  probleV  1  Jaas  now  to  be  .und^erstood  only 

in  the  sense 'that  a  strai^t  line  is  determined  by  two  pointsj 
•  **  \  •  ♦ 

but  we  ^an  not,  for  -example,  select  an  arbitrary  point  o'xv-  that 
line.  A  point  on  a  given  line*<)fchrer^  thap  the  two  points,  which 
determine  it  must  be  obtained  as  the^intersection  of  two  circles. 

The  exclusive  use, of  problems  1,  2  amd»  5  does  not  prohiljit 
the  physical  drawing  of  a  line  in  a  diagram- y/ith  a  stralgbt-edge; 
it  simply  prohibits  finding  a  point  as 'the  intersection  of  two 


lines  x>v  of  aK^ne  and  a  circle.  ^  It  "lines  are  actually  drawn 
rather  than  jsimplyHnjagined^  problenis  1^  2  and  5  do  not  petmlt  us 
to  consider  ^e  poinjis  'of  their  intersection  in  the  diagram  as 
*   trimsf erred  from, the  clasg  of  things  sought,  to  th^  class  of  things 
given.    A  point  of  intersection*  of  dravm  lines  continues  to  belonjg 
'to  the  class*  of  things  sought.    Su^h  a  p^int  does,  however,  ente^ 
the, class, of  things,  given  if  it  may  ,be  obtained  as  the  point  of^ 
intersection  of  constructed  or  given  circles. 


For' construction  with  compasses  alone,  stipulation  A  is  not 
needed,,  since  there  are  in  this  case\always  two  points  on  ^^'line, 
which  determine  it  and  \ihich  Jbelprfg  to  the  class  o'f  thin^p  given. 

Having  thepe  two  points,,  we  can  construct  with  the  aid,  of  the  com^ 

<? 

passes  -as  many  points  exterior  tp  the  Tine  as  desired". 

•  '      *  '  ^  - 

The  use  of  compasses  only*  change^  the  way  in  which  a  strai^ 
liq|  is'^given.    Previously  a  line  could  be  given  (*by  drawing  it 
with  a  straight-edge)  wl^thout  any  points  upon  it  being  identified. 

,  A  circle,  as  before,  i^  considered  given  i'f  "it  and  its  center 
are  drawn",  although  it  may  be  that  on  the  circle  itself  there  are 
6o  Identified  points.    In  other  words,  the  cifcle  together  with 
"Its  center  belongs  to  the  Aass  of  things  given,  but  the  points  ^ 
on  the  circle  do  not  belong  to  th§  class  of  things  given.    'Phis  is 
analogous  tq  the  situation  with  regard^ to  the-'straight  line*^ 
constructions  with  ^he  ruler  and  compass.  ^  '         _  _  \ 
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We  shall  'ripw  add  to  problems  1,  2^ and  5  the  following  stipu- 


•V      •      '  •  ^        '  .  .       '  ' 

*  Stipulation  B»:    It  Is  possible  to  construct  an  arblfcraty 
point  on'  a  given  circle  not  coinciding  with  any  previously  bon-' 
•  structecL  point  on'  the  circle  > 

There  is  no  need  for  an  analogue  to  stipulation  A  since  there' 
is  always  given  a  poirtt  not  lying  on  the"  constructed  circle 
namely  the  center  of  this  circle,  *      .  . 

,  .    ,The  necessity  pf  introducing  stipulat^op  B»  will  be  evident 
/from  the  following  problem. 

To  inscribes  in  a  given  circle  (the- center  oT  which  iS.^lso 
'given j)  a  regular  hexago;^;  using' only  basic  problems  1^  2  and  5. 

Since  we  have  hereCio  two  identified  points,  but  only  one  — 
the  center  of  the  given  dircle  —  we  can  not' set  upH'he  radius  of 
the  given  circle,  we  "canW  /open  the  compasses^,  arid  are  conse- 

fcecuting  any  constructioh 


queotly  deprived  of  the  pc}ssibili1 
w|tatever. 


point 
radius 


M^ing  use,  "^lien,  'Ofl stipulation  B»,  w^  selectman  arbitrary 
bn^  the  cir$le^  which  together  with  fche\c^^     determines  a 


and  will  itself  be  the  center  o/ the  circle  with  whicSfi  the 
u^al':constru'ction  of  an  insc3Mbed  Dfegular  hexagon  fegina.-  1 

As  we  can  riot  consider  in  detail  ^11  the  constructiobfCper- 
formed^With  a  sJ^gJe_£aiiL-o£  comj^a^se?,  we  shall  solve  only  a  f^w- 
selected  problems^ 


V-' 


a)  -Given  segfaent"  AB,  '  Required:  *to  construct  a  second  Beg- 

1 ^  J  I   

ment  which  will  A?e  a  given  multiply  of -the  first  (ftg.  83')^ 


k  i 


ERiC 


/ 


Fig.  83f.  _ 
Solution^    With        W^center  we  describe  a  circle,  of  radlu9 

BA    (problem  2).    By  mear^  of  •d^ircle^  with  the  same  radius  bS^ 


but  wiih  centers  at    /yA^  and         {pxj'oblems  S  and  5)  we  Ifind  poaimt 
B^*!    Segment  'AB^    (^obiem  1)  is  tvljice  the  gfVen  .segment.  Con-* 
^  tlnuing,  with  B^    a^,,agiter  and  thej!  same  radiu/&    AB    We  fle^c^ibe 

a  circle  (problem  2),  and  ^rom  the  point    A^   we  again  qescribe  a 

'    '  '         '  *  //  ^ 

circle  of  the  same  radius  (problem  2).    Ttie  oirql^e  next  described 

i«^.pjpoblem  2)  from  point    A«    (problem  5)  yields  point    Bo   as  ari  ' 

Intersection  of  circles  (problen:|,  5).    The  segment    ABg  (problem 

1)  is  equar  to  three  times  segment    AB.    Continuing,  in  the^same  , 


inanner^  we  c6i\struct  a  segment ,  which  is  th^e  reijuired  multiple  of  * 

the  given  segment,  *     //      '  ' 

The  9orrectness  of  the  construction^  Is  readily  a§i)^ren€t  * 
iPurtherraore,  it  is  evi<5ent  f r/om  this  coxjstructlon  'that  when'  tl^ 

Instruments- allowed,  are  other  \han  the  .compasses  and  straight-edge 
^dlf ferment  procedures  and.  devices,  are  rt^qulred  .f or  the  soltjtlpn  of 

^problems.'        ^  •     //•         '  ^   A'/':-  ' 

b)  To  divide  a  given /jbegment  into  agy  given  nunj^efeof 

equal  parts  .(fig.  84)/ 


^    Solution.    We  coiltlply  aegsicnt    AB    a  mmber'of  t^lfeea  equal 
to  fch^  nunber  of  parts  into  which  kc  require  to  divide  It  (probleia 
a)  above )t    We  ^taln  the  segxisent    AC  «  n  .  AB    (in  Wie  dl^grasi  ♦ 
n  «  3).    Prom   C    ao  center  with  radius    CA    we  describe  a  circle 
(pFoblom  2)^  and  detertalne  .Itn  poirjts  of  Intpraectlon   '0  and 
(problem  5)  with  the  circle  having  e'entcr  at    A   and  radius  AB. 
Thin  latter  ^circle  was  constructed  In  connection  with  finding  the 
segment  AC.    Prom  centers   D   and,  h,  '  we  describe  circles  ot  ^ 
radius  VoA  «  p^A  (problem  5).  an^  find  their  point  of  intersection 
B    (problem  5>.    Segmjent   AE«.is  then  the  required  part  of  seg«  ^ 
ment   iB.  *  ^  "  ,  ^ 

Proof.    By  vi^ue  of  the"  synsnetry  of.  tKe  construction^  point? 


E   is  colllnear  with  points        B  and  C.  '  The  Isosceles  triangles 


DAC  and  .A£D  are  similar^  since  base  angle  A  is  comt:K)n  to  bo 
'    -  *  '  \        «      \  ^ 

Rrom  the  similarity  of.  ^hese  triangles  it  follows  tha't 

'^AE     AD"  ' 

JbUt   AD  a  AB"  and  consequently 
.      '  .  AE  •  AB  1 


<^eno/  AE,«  ^.A!f^.  !;  . 

/  th^ particular,  we  nay  take    n  a  2,  *l.,e,,  we  can  bl^sect  a 
•d^gs^nt  usl?i£  n*ly  a  Jingle  pair  of  compasses^    The  set  of,  opera- 
Jtions  with^  *s  alone  constitutes  only  a  part  of  the  set^  of 

opejbati*^:*^  with  vorcpasaed  and  strai^t-edge;  nonetheless  the  ^ 
'fori>jwir*5  th^Ori*r.  holds  good:    Every  problefa  861\rable:  with  the  ^e 
:>£  CMj>a,Q:,^':x  and  3tTaight>>edge  can  be  solved  uaing  only  a  single 
pair  (gf  ♦compasses,  ; 
\'  We  shall  not  stop  to  prove  this  (see  Chapter 

\  At  the  end  of  the  eighteenth  century  the  mathentaticicin^  v 
^Masqueroni  degtlt  systematically  with  constructions  using  only  a 
5ingle  pair  of  compasses.    It  was  he  v;ho  established  .the  theorem 
Just  cit;ed  [13]  f,2)  [3].        ^  •     ,  .'^-^ 

.  ^In  his  .cdnstzructions  Masqueroni  had,  for  example,  to  solve 
"the  it>ldow±ng  prbbl^ms*  *  ^ 

1)  To /find  the  point  of  intersection  of  a  given  line  and, a 
^given  clifcle,         *  ?  ' 

2)  .To  findithe  point  of  intersection  of  two  given  lin^s. 
These  ha<J  to  be  found*  by  drawing  circles  only;, "     '  , 

The  straight-edge  alone  is  a  "geometrical'  instrument  "less 

j5^erful"  than^the  Compasses.    M£Lny  problems  ^ofvable  with  com- 

^       ■  .      -  •■  ^  ^ 

passes  and  straight-edge  or  —  what  i&  the  same  thing. ^ —  Vith  a    ^  ' 

pair  of  compasses  alone,  are  unsolvable  with  the  aid  of  a 

straight-edge  only,  .that*is,  iv^g  only  basic  problems  1  and  3  and  ^ 

stipuletions  A  and  B.    In  the  next  section  we  shall  meet  one  of    '  ^ 

these  constructions^     -  . 
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Without  lessening  pur  ability  to  so^v^  all  .consti^uction  prob- 
lems whi^h  can  be -solved  by  the  free  use  of  compasses  ahd  straight- 
edge,  we  can  11:6^1  tjie  freedom  of*use  of  the  compasses  by  .giving 
them  a  colnpletely  determined,  setting/,  that 'is,  iliniting  ourselves 
to  the  drawing' of  circles  pf,a  single  fixed' radiua.  -  More  than 
this/  th€f  uae  of  the  eompasses  6an^be, limited  to  the  drawing, of  a  ^ 
single  circle  together,  wi^h  it^s  center,  then. laying  aside  the  ^ 
compasses '  performing  the  remaining  construction,  with  the  strai^t-.. 
edge  [53]  •         .  ^  -  ^  '         ^  ' 

.  ClearlyJ*  these  constructions  are.  chai^^cterlzed  by  basic  ifrob- 
lems  rand  \3,  stipulations  A,  B  and  B»  together,  and  the  following: 

4«.    It  is  considered  possible  to  construct  one  circle 

'  \  \      *  — \  ~^  ^         ^  *  * 

together  with  its  ^cehtir^  '  ^         '  \  . 

.5*.    It  is  considered  posslble>ifco  construct  the  points  of 

intersection  of^given  oi^  constructed  lines  with  the  circle  men^ 

tlfoned  lYi  stipulation  - '  ^  ' 

this  single  circle  were%o  be  given  without  its,  center, 

circle  together  with  the  straight  edge  would  not  be  adequate 

[  ' 

to  enable  the  solyjjion  of  all  problems  which  can  be  sblved  with  the 
free  use  of  ccimpasses  and  straight-edge^.  ^Th4s  assertion  will  be  ^  ^ 
proved  in  th^  next  section.  .         ^  ,  '  .        .  '.-i^  '  ^< 

We  sh^ll  turn  novuto  consti;*ucti6ns  executed  w^th  the  double- 
edged  jTUler,  that  is,,  with  the  aid  of  two  parallel  lines  separated 
by  a  fixed  distance    a.    Such  constructions  are  based  on  basic 

-       '  ■  ^      :  -^^^ 

p^roblemls  1,  2  and>  3  and  stipulations  A  and  B.    In  plape  of  prob- 

^  If  -         •  • 

lems  .4i5|^d  5  we  introduce  the  following: 
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It  Is  cpnsldered  possible -to  congtru6t  two  lines  para^' 
llel  to  a  given  or  constructed  line  and -separated  froa  Itj  by  the 
distance   a.    -  ,  ^  v      j     .  . 

this  permits^  us  to  place  one  edge  of  the  ruler  uponJa  line 
ahd  use  the  other  edge  to  draw  another  line,  >  * 

5".    It  is  possible  tq  construct  two  parallel  lines  separated^ 
by  the  distance  '  a  .  and  ^sslng  respectively  through  two^ given 
polntSj  thQ;^  distance  between  which  Is  not  less  than  a. 

This,  permits  us  to  place  the  sttal^t-edge^  so-that^one  of  its 
edges  passes  through  pne  given  point  dnd  the  other  edg§  throu^'  * 
the "other  given  point.  -    "  \ 

^      With  respect '.to  basic  problem  2  it  ls:^ned^ary  to  make  the 
same  observatJ.on  as  was  made  regarding  llne£(  when  we  considered, 
const^ructlons  using  only  a  single  pair  gf  compasses.    It  is  peiv 
mitted  tg^^aw  any  circles., -.but  ^t  is  not  permitted  to  use  their 
pplnt/5  for  gonstructions .unless  these  points  are  also  obtained  a#  * 
Intersections  of  given  or  aonstructed- lines. 

.     Before  adducing  examples:  of  .constructions^  using  the  .double- 
edged  yuler,  we  shall  prove  the  foll9Wing  lemma  on  the  trapezoid > 

vThe  lljie  Joining^  the  point  of  intersection  of  the  diagonals 
of  a  trapezoid  with  the  point  of  intersection  of  its  non->parallel 
sides  bisects  th^\base  of  the  trapezoid  (fig>  85). 
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Pig-.  85.,     ^:  ■ 

Proof.    Let    ABCD   be  the  trapezoid,.  E    the  point  of'inter- 
section  of  the  diagonals    AC    and   BD,  and    P,  >he  point  of  inter- 
,sectlon  of  its  non-parallel,  isides    AD   and   BC .    We  shall  denote 
>y  *G    and    H  ^ the  points  of  intersection  of  the  line  ^  EF   with  the 
vparallel  sides    AB   and    DC    of  the  ti^apezoid,    i?rQm  the  similarity 
of  triangles^  AGP   ^nd  '  DHP    we ^have *        "        '        *  *  *  -  '  ^  ^ ' 

•       AG      DH'  ,  . 

and  fl?om  the  similarity  ojT  triangl^s    BGF  "and  .  CHF    we  have: 


GF  HP 
(SB  -  * 


Multiplying  the  corresponding  sides  of  these  equalities,  -we 


.   '  obtain 


.    ...       In  exact 


AG  CH- 


L^e        It-  follows  from  the  similarity  of 
^^^^^-l-e^-H^^"*^  an4' of  triangles   BQE   and   EHE  Matr 


1 


■^■^.rt^^T-  i  -      -1  *7j:r"   .     —  p^** 

or,  after  multiplying  togetheaj'^tlje^corresppnding  sides  of  the  last 
two  equations,  .  ; 
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It- follows  tAat  ^AG  «  QB    and,  consequently,    DH  =  HC. 

'    Problerii    To  ^Is^ect^  a  given  segnehtj  ^--AS'   (fig.  85Y        '  ^ 

Solution.    We  draw  a  line'  parallel^  to  line    AB    and  separated  - 
frpm  it  by  |the  distance    a    (problem  if").    We  ^select  two  arbitrary^  ^ 
;;poiiits        .and    C    on  the  cionstiTUcted  line*  (stipulation  B)  and^ 
construct  the  trapezoid    ABCD,  drawing  th.e  lines    AD    and    BC  •  ' 
(problem  1).    .Constructing  the  diagonals' of; the  tjpapezium  ^AC  and- 
(FfPQblem'l),  we  find  point    E    of  their  intersection  (problem  3).; 
'd^^ioting  by   P  ,  the  intersection  of  the  norypar^lel  sides  (prob- 
lenr-^,  we 'draw  a  line  Joining  pointy''  E    and    P.  (problem  1). 
The  point  of  intersection    G    of  lines    EP    and    Ab'   (problem  3) 
is  the  required  midpoint  of  segment    AB.  ' 

The  proof  follows  directly  from  the^emma  on  the  trapeztJid. 

Problem.*  Throupdi  an  arbitrary  point    A^  ^exterior  to  line  a 
to  draw  a  line  parallel  to  line  a. 

We  have  solved  this  problem  using /compasses  and  straight- 
•       -  #  •  -  ,  '  ' 

edgp.    We  shall  now  give' the  soittion  using  the  double-edged  ruler-. 


J 


•Fig.  86'. 


■  /• 


/ 


Solution,    On  line    a    (fig.  €6)  we  select  two  arbitrary 
.points    P   and    Q  (stipulation    B)  and  constmict  the  midpoint  R 
of  segment    PQ^^Jby^the  preceding  problem). 

Selecting  an  arbitrary  point         on  line    AP    (problem  1;  \^ 
stipAilation  B)  outside         segment    PA,  we  Join  point    Q  with 
pbints    A    and    F    by  the  lines    QA    and    QP    (problem, L).  Point 
E,  ^he  intersection  of  lines    QA    and  ^RF    (problems  1  and  3)  is 
Joined  to  P    (problem  1)  ,and  the  intersection  of    PE    with~^QP  is 
<Jeno%^d  by    B    (pro>(l^  3),    The  line    AB    (problem  1)  is  the  ,  * 
/required  .parallel. ¥ 

The  proof,  using  the  lemma  on  the  trapezoid  J.S  left  to  th^ 
student,  . 

•  Problem,-  To  draw  through  point  A  of  line  b  a  line  per>«  ^ 
pendlculdr  to  line    b    (fig.  87), 


H 


\ 


Fig.  87. 
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Solution.    Selecting  an  arbitrary  f)oint    M    in  the  plane  of  ' 

'  if  ' 

the  drawing  (stipul,ation|  A),  we  draw  M  line    AM  (problem  1),    We  ' 
draw  lines    p.  and    q    one  on  eac^n  .fidi  of  line    AM,,  pkrallel  to ; 
AM    and  separated  fronT'it  by  the  dpt.^c^  a    (problem  k'').  Let 


B    be  the  point  of  intersection 


liifes    p    and    b    (problem  3) 


^(the  construction  being  so  perf  ormed  ihat    AB  >  a).    We  next  draw  ' 

a  pair  of  parallels    r,,  and    s  '  s^pa*ted  by  the  distance    a  and 

I  f 

such  that  line    r    passes  tfirouto  '-AI  and  line    S'   through  B 
(problem  5").    Joirilng  point    (bL'thel intersection  of  lines  *q  and 
s    (problem  3),  with  point    A    by  11%^    AC,   (problem.  1)  we  obtain 
the  required  perpendicular    AC    |;o  Une    b»    The  proof  ^sults  from 
the  consideration  of  the  rhombuses  < 
and  the  properties  of  their  diagonal]  s 


btained  during  the  construction 

S.  •      *  ^  'ix 


Being  able  tft.draw  parallels,  jt  is  easy  to  drop  a  perpendicu-. 
lar  from  a  given  point  to  a  given  line  using  only  the  double-edged 


ruler.*  It  would  be  useful  actually 
this  kind. 

Problem,    a)  TNy';|)d:sect  a  given 


t>)-  to  find  Lan-  arbitrary  multipl 


to  execute  a  construction  of 


angle; 


of,-  a  given  angler-  ^  - 


•r    '    -  > 


Pig.  88. 
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Solution,    a)  Let.  bAc    be  the  glv'en  ^ngle  (fig.  88),  We 
draw 'lines    p    and/  q  -^respectively  parallel  to  sides  \„^^nd  i  c 

.of  thran^e-aild  separa^t:ed  byHhe" distance    a    from  these  sidei^ 
(problem;  V*)*'^  We  then  drav^  the^  diagonal    AB    of  the  rhombus  thus 
formed  (problems  3  and  1)^    T\\e  pj?oaf' of  the  correctness  of  the 

"construction  fol3,ows  from  the  properties  of  the  diagonal  of  a 
rhombUs/;*  t  T         ,  ^  - 

b')^  It  is  sufAcient  to  be  able  to  double  the  given  angle. 

* 

, tet  bAc  be  the  given  angle  (fig,  89).  We  draw  a  parallel  p  to 
the  line    bi* '-separated  frogi  it  by  the^^stanc^'  a    (problem  4''') 

-and  denote  by    C    the  point  of^^rffCersection  of    p    and  c 

*  P\  ' 

(problem  3)^  We  t^<£Sst«vct  a  pair  of  parallels  r  and  s  ait 
distance  a    frMi  eac 


ler  and  passing  respectively  through  points 
A    and    C.    (p^^lem  5")»  ^The  angle    rAb    is  twice  the  angle  bAc. 
^ThjB  proof  follows  from  the  properties  of  the  rhombus. 


.Pig.  89.  .  '  ' 

The  aMlity  to  ^iraw  ps^r^llels  also  permits  the  solution  of  ^ 

the  following^ '  *  ?  -  ^  -  ,  ^ 

Problem.    To  Idraw^  throu^  a  glv^n  point  ar^lj.ne  f  orming  with  a 

given  line  an;angle  equal  to  a^given  angle,        ,  \         ^  ^ 
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^  *  The  carrying  out  of  this  construction  is  suggested  as  an*  T 


'-'^s  a  final  example  of  the  emplbyment  of  the  double-edged  ^iniler^ 
we  .present  the  solutioYi  of  a  problem  which  is  highly  typical  of  ' 
constructions  performed  by  means  of  ins^truments  with  which  it  is 
impossible  a&tually  to  draw  a  circle,  that  is,  to  'make  u«^of  the' 
points  of  a  circle^.-,     .  ' 

Problem.    To  construct  the  pointis  of  intersection  of  a  given 


Xlne    b    with»a  circle  of  which  the  center    C    and,  radius    CM'  are 


-'given  (fig.  90). 


Fig.  90. 


Solution.    Let  us  suppose  that  the  radius  ^  CM  \  is  parallels  to 
^;  ^    the  line    b.    If;it  Is  not,  it  c^  readily  be  reproduced  in  €Sls. 

position  by  means  of  the  foregoing  Qonstructlons.    (This  should  be 
^1  ; /done  .aitf:a^  exercise:)  ,  ' 
^^4-^-^^^^-^^        ^    parallel^^  to  line    dM   and  separated  from  . 
£^-^-1^^  ^"r.  [selecting  an  arbitrary  point    B  ibn,. 

;   the  given  line  -br^i^rp^ula'tloH  b);  fwfe  draw  the  line    CB  .  (probldin 
1)  and  mark  th£  poiot  --B  • -^^IWllftersectibn  wi{th  line  c 


-  •  XproW.em-,3>,-^-«e-3olyi"^fi    tV  -M    (problem  1)  and^draw  through  B» 


106.  .  .  ;         •  *  .    ^  "     \t,         .  . 

.   the  line    B?M^^'  pai^allel  to    BM    (a  previously  solved' probiem) 
.    Tnrough  points    C    and    M  >    we  draw  a  pair  of  parallel  lines 

and  •  q  >  at  distance    a    f  rpm  each  other,  which,  in  gene^alj^,  can  be 
done  in  .two  ways  (problem  5").       ^  ^ ,  ^. 

Points    P   ^nd    Q    of  the  intersection  of  lines,  .p   -^nd"^  p» 
with  line    b    (problem  3)  are  the  required  points  of  inters ectidrt 
of  the  given  line    b    with  the  given  circle*.  ^     '  " 

Proof.    By  Inspection  of  the  rhombuses    CM«EI)   and  CM«Efb»'^^"' 
(fig.  90)  we  finfe'^    '  \  \^      ^   '  •  ^  ^ 

/r^  i.      ,  CD  =  CD*  =1  CM«  .  ^ 

By  the  theorem  on  the  segments  cut  hff  by  parallel  lintes'on* 
tAe  sidea  of  an  a^igle,  V4e  obtain:  '  ' 

'     '         CP      CQ     \  CB     *  CM      •  ^  '  ^ 

Prom ^ this  by  virtufe  of  the  pii^vious  equation  we  find: 
^  -  ^  ^  CP'=n  CQ  a  CM  ,  '         .      V  ^ 

that  is,  point^s    P  Ji&id    Q    belong  to  the  given  circle^  radius* 
CM  ,  q.e.d.     rt       .  ^f;       >  — ^^^^^^  \^       ,  , 

\)n  the  basis  of  th^  foregoing  we  maby-eong^der  the  points  ^f 
'Intersection  of  a  given  or  constructed  line  with  a  given  or  cbn- 
{     gtructed  circle  as  already  consfeinicted.  .  . 

'  '  •  '  \  -We  performed  this  operation  earlier  with  the  aid  of  the  i!:r^e 
usejof  compasses  and  straight-edge,  namely  on  the  basis  of  basilc 


j  '    problem  4.    We  now  see  that^  the  same  thing  can -be  done  with  the 

^      double-edged  straight-edg6.  Jtflth  the  same  "means  of  <>onstructit>n  ^ 

^^~^:^trts-posslble.  to  find  the  points  of  intersection  of  two  given 

]       '  V  '         ~  *  '  ' 

>  circles.   ►(Bind  this  Construction  as  an  exercise.)    Now  this  means 

*'T  f'   .  ^  '  '    ,  (  '^'^  T     ^  , 

■  .'  '      i        . .  /   '        :       -  I        .    '      ■  ' 

1 
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that  a  point  is  consid^'eiijt^  be/constructed  -lt/lt  is  a  point  ^  ^  

common  to  two  given  or  constructed  circles,   -iiv^ther  words,  using 
-  t]he  dguble^edged  ruler  f^e  can  also*  solve  basic  problem  5«  Thus^ 
basic  problpms  1  throug^i  5  are  solved. by  constructions  using^the 
double-edged  rrfl'er,  ,         '  ^  ^ 

We  conclude  j^rom  this:    all  constructions  possible  with 
compasses 'and  straightedge  may  ai^so  be  carried  out  with^a  double* 
edged  ruler  only.  .     .  * 

_  In  orcl^r  to.  acquire  skill  in  these  plastically  very  important^ 

*  constructions,  the*  stuglent  should  fipd  the*%center  of  a  circle  irtiich 

I  has  been  drawn  but  whose  center  is^^not  given  ,in  advance,  using  orily 
'  *  -         •  •»        ■  . 

the  double-edged  ruler  and  without  using  the  points  of  the  drawn/' 

*  ^circle.    It  is  also  suggested  as  sin  exercise  that  the* .student 

elucidate''  the  question:    is  it  possible,  conversely,  to  solve  with  . 

the  free  use  of  compasses  and  straight-edge  every,  problem  >rtiich  gan 

"         •  /  *  \ 

be  solved  with  the  double-adged  riaer. 

mayVcLeal  analogously  with*conatiwtions  dorie  with  the  aid 

^  6f  a  right  angle,  f  ormulatir^  basic  problems  ^^ropriate  to  this 

instrument.    This  yields'  results  analogous  to  the\f oregoing,  ,  . 

Every  construction  possible  with  compasses  and  straight-edge 

\:  I         ^    ^    '         ~\  \  ^, 

\   can  b^  exeiguted  with  a  movable  right  angle  alone,      ,  x 

Two  movable  right  angles  are  more  powerful  than  the  compassed  . 
;an<J  straight-edge.    With  two.rijght  angles  it  is  possible  to  solve 
not  only  the  problems  solyed  with  compasses  and  st«&ight-edge. 


'  but  also  problems  which  the  latter  instruments  ceinnot  solve 


108.  .  "      ;        .  '  '  . 

fj        '         ^M<^^  Strongly  recommended  that,  having -acquired  skill  in  * 

solving 'the  basio  problems  with  various  instrumentations,  such  as  '* 
the  double-edged  ruler,  the  right  angle  and  so  on, ,  the  student 
,    *  so'lve  with  each  of  "these  instrumentations  all  the  construction  prob- 
lems appearing  in  the  basic  secondary  school  geometry  textbook. 
'  '  .    '^'^  examples  of  geometrical  instrumentation  considered  in  this 

section  enable  us' to  draw  certain^ general  conclusions. 

The  choice  of  geometrical  instrumentation  ban  be  made  in 
:    various  w^ys.  •   " 

The  mathematical  equivalent  of  an  instrumentation  for  geo- 
metrical ^construction  is  \  system  of  Basic  (simplest)  problems. 
Each  geometrical  instrumentation  has  its  owh  system  of  basic  prob- 
lems; ^hese  hayiftg  been/discoverecj^nd  the  list  of  them  established, 
ail  constructions  may /be  performed  merely  in  the  -mind  «s  eye*. 

Whatever  the  instrument  (or  system  of  instruments)  chosen, 

constructions  perfc/rmed  with  it  will  be  mathematically  rigorous- 

providing  only  th^t  the  appropriate  set  "of  ba$ic  problems  has  been 

established  and^  that  all  constructionii  ai^e  rec^uced  with  logical 

cdl?rectness  to^hese  .basic  problems.  v  ^ 

-  /  * 

It  must  once  more  be  remarket? ' that  the  concept  of  a  problem 

includes  the  conditions^ which  must* be  fulfilled  in  order  that  an 

object  may  be  considered  as  transferred  from  the  class  of  tKings 

sought  «to  the  tjlass  of^things  given.    Consequently,  if  we  phange 

thes^&^onditions,  we  pass  to  a  different  pt»ofeiem. 
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12l    EXAMPLES  OP  PROBLEMS  NOT  SOLVABLE  vAtH  COMPASSES,  AND  STRAIGHT- 
EDGE  '  ^ 

*  'Let  us  f^if sV  consiSer  the  concept  of  the  unsolvability  of  a 

ft 

pfiurticular  construction  problem  using  a  particuleu?  set  of  Instru- 

ments.    As  already  noted^  the^proof  of  impossibility  of  the  solutjipn 

of  a  problem  by  a  particular  means  .is  by  no  means  ea,sy^  / 

JEhe  whole  complex  of  questions  relating  to  geometric  construe- 

t 

tions  was  finally  solved  onljr  in  the  second  half  of  the  nineteenth 
century,  and' only  with, the  help  of  far  ^i^m  elementary  parts  of 
^highfer  algeb3;'a  and  mathematical  Smaiysis;    ^  .  ' 

^All  the  more  instructive,  then,  is  the  study  of  som6  elemen- 
tary' f^oof  of  itopossibili^ty  presenting  itself  in  a  striking  example, 
Sucl>  an  example,  unquestionably,  is  (the  following  theorem,  ' 

Theorem,  ^t  is  impossi^ble  to  find  the  center  of  a  given 
circle  using  only  a  3ingler>edged  rUler.       •  '  '       ^  , 

^  It  is  understood,  of  course,  that  the  center  of^^e  circle  is 

not>  given.  ,      /  ^ 

Proof. ,  Before  setting  forth  the  proof  Itself,  let  us  note 
those  properties  of  central  projection,  which  we  shall  need  in  our 

IJnder  central  projection  (fig.  125)  straight  lines  in  plans  ir 
a^  projected,  into  ^traigWt  lines  in  plane  tt*.  There  is,  however, 
in  plar|e    t,  a  special  llhe*'^  wjiich  ha^  no  projection  in  pleme 

Orf  planej^^j)»^n  turn,  ,there       a  line    c  <  ^wKich  i^s'nqt/  the 

1)  Th^  concept  of  central^^xrj-^^rtjjpn^&hd  atf^lementary  proof  of 
these  properties  willH5e  introdWed  in'^€he  next  ^chapter, 

uc   ~  ^    <    +  .... 


UO.       «  ' 

projection  ofj  any' line  of  plane    ir.^The  lines    a\         c«  'aye 
^  parallel  to  the  line  of  intersection    p    of  planes  v   afld    ir^.  " 

every  line  in  either  plane  which  is  not  parallel  to  line 
p   there  is  likewise  a^?peclai  point;  these  points  ar\  the  inter- ^ 
^ctlons  of  the  .lines^in  ques\ion^with  the  special  lines,  that  is^ 
with  line    a  ;  in  plane    ir   or  line    c»    In  plane    ir«.      *  ' 
^    Furthermore  —  and  this  is  essential  for  our  problem,—  it 
1    turns  out  that  the  center  of  projection    S    and  the -plar^   ir»    can  ♦ 
be^ so  chosen  that  a  given  circle    a    (fig.  124)  of  plane    ir  can 
be  projected  from    S    onto  a  circle    a«    in  plane    ir«.    Moreover,  ' 
tile  center    S    and  plan^e    Tr\  caii  be  chosen  in  an  infinity  of  ways, 
*         so  that  uhd^  this  xfrojection  the  center    K    of  circle    a    is  not 
projected  into  the  center  of  circle    a«.    This  is  the  basic  pro- 
position  which  \^e  need  for  the  proof  of  the  theorem. 
.  The  proof  is  by  contradiction.  .  • 

Let  up  Suppose  that  the  center'  k    of. the  given  circle    a  has 
^    ,     ;^ieen  found  with  the  aid  of  thp  .single-edged  ruler.  "^'"v, 

111  "ok.  ,  ^  •  . 

r„  ^    ^ij^ls  ig       gj^y  ^Yiat  merely  by  drawing  a  finite  number  of  single 
\  J.      H'^®^  through  certain  points  constructed,  in  their  turn^^s  the 

^ijtersectlons  of  some  constructed  lines  with^each  other  or'wit^h  the 
A-    ^    JEP.ven  :circle  ^a,  we  have  obtained;  finally,  ^wo  lines  *,  p.  and  qj^ 
.f^  ^^^S  ttjelr  i£^sectlon    K    determines  the' centei^of  circle  a. 

The  construction  Ij^s  thus  involved  a  finite  number,  of  p^^fnts  ■ 
■  vdilch  have  served  us  for, drawing  lines,  arid *a  finite  number  of 
^'   llhe&i  the  intersections  of  whicli  have  given  ujs -points,      "  * 

'     '       t  '  ^   '  '    '  ^ 

-  -  »  *     .  ^      •  ■  Jt 

-  ■  ;      ■  ■   .        ■■•  ;  u  • 

ERIC.  122     ■  ■  . 


We  select  a  center  'of  projection    S    and  a  pleme  of  projection 
Tr»    such  that  the  gi^^en  circle    a    will  be  projected  ifjto  a  circle 


at    of- pleme    ir*    and  'such  that  none  of  the  lines  which  We  have 
,  constructed  will  be  special  lines  nor  will  ^ny  of  the  constructed 
po±n;ts;:be  special;    ■  \        .  ' 

,Since  we  have^,a^t.  our  disposal  an  infinite  number  of  „  choices 
1:h^^  center  of  projection    S    and  the  plane'  ir*,  while  the  con-  ; 
stru^cyed  lines  and  points  are  finite  in  number,  this  seledtlon  of 
S    ana    Tr>  ,  which  we  need,  can  ^always  be  accomplished.    Wfe  can 


4'  -'  i 


intuitively  think  of  such  a  central  projection  as  one  In  w] 
^special  line  in  plane    ir    is  located  sufficiently  far  from 


^         , circle  and* construe ted  "points. 


ich  the 
oui* 


Projecting  our  circle  together  with  thf  <5,onstruc ted 'network 
of  lines  and  points  from  cent^    S    onto  plane    ir',  we  obtain  on 

plane'  !ir^    the  circle^  a*    and  an  analogous  network  of  lines  and 

^       .  •         *      «     %*  • 

Ijoints.    We  shall  now  trace  *step-by-step  the  construction  which 

if. .       >^     *  '  .    -  ^ 

gSVTe-3i9  lines,   p  .^and    q    and, their  }.nterse*cti'on  •  K,*  the  required 

cejite?*^of  the 'given  circle    a.  -       ^  ^\ 


Each  point  and  each  line  which  we  constructed  has  its  jjnage 
in  plane    ir*.    The  entire  construction  on  plane    tt   is  copied  on 

1;^*-^-  ^-pl^ine  'ir>.-'   a"      ^       .       ^  ^    '  -^'^   

Finally,  there  were  constructed  the  last  two  'lines    p    and  q 
in  plane    ir   and,  consequently,  their  images    pt    and    q*  in 
plane    ir*.    The  logical  basis  and  all  the  steps  of  the .construe- 
tions  in  pl^e    ir'  are  identjfcally  repeated  in  plane    tt^  Lines 
p  ;^nd    q  'intersect  at  the  center        9f  circle -'^a;  consequently,' 
their  images    p«    and    q«    intersect  In  tY^  center    K»    (the  image  . 
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>         .  ■  ■  . 

'  «■  -  "if* 

of  K)  of  circle  aj.  But  this  is -not  true,  since  we  know  that  K> 
-  #  'I 

is  not  the  center  of  circle    a«;  ^  ' 

Thfe  assumption  that  there  is  a. constinactionf  using  .a  single 
stralghtnedge^  which  will  give  the  center  of  ci^^cle    a    has  led  to 
a  contradiction.    Consequently,  Such  a  constr;liction  does  "not  exist. 
Remar^,  >S^udents» often  confuse  the  question  of^ 
the  existence  of  a  mathematical  object  with  the  quesl 
tion  of  actually  .finding  it,  discovering  or  constructing 
it^  by  a  particular*  jneans^    It  musti  not  be  forgotten 
that  these  are  two  entirely  different  questions, ^  The 
foregoing  theorem  serves  , to  illustrate  this,  ' 

As  an  exercise^  the  student  should  prove  that  it 
is  impo3sible  ,to  draw' through  a  given  point  .A^  exter- 
ior to  a  given'  line    a,  a  lin^  parallel  tp    a,  using 
only  a  single-edged  ruler,  ^ 
From  the  proof  of  impossibility. Just  given  there  may  be  drawi 
In  particular  another  important  conclusion:    It  is  not  possible  to^ 
solve  by-  means  of  one  fi»ed  circlV  without  its  center  and  a  single- 
edged  rdler  all  construction  problems  solvable  with'  compasses  and 
-«traighi:-^edge,-  This-  is^prove^  by  the  fact,  for  example/ that  it  is 
impossible^  as  we  have  Just^een,  to  construct  the' center,  of  a 
given,/  fixed  c^i^le  with, the  s'traight-edge  alone.    But  with  com-  . 
passei  and  straight-edge  this  center  can  easily, be  found.  As 
already  pointed  out,  all  problems  solvable  with  compasses  and 


straight-edge  can  also,  be  solved  b'y  means  of  one.  fixed  circle  wit 

'     •  '  '  .     *  — 7 

its  center  and  a, single-edged  ruler,  i.e.,  by  means  of ^ the  so-  / 

called  Steiner  constructions  [53 J  [2]..  .  '         *  / 
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We  shall  consider  briefly  some  general  questions  ^ 
relating       the  possibility  or  impossibility  of  solving  . 
/    a  particulate  construction  problem  by  means  of  compasses 

and  straight-edge.    Such  problems,^as  geometrically      — - 
forraulalted,  are -?'mapped"  Into  algebra,  and  only  there 
•  do  they  receive  their  proper  solijtion.  " 
The  fundamentals  of  the  algebraic  method  of  solution'  of  con- 
St ruction  problems  are  .familiar  from  secondary  school  geometry  [17] • 
^We  know  how  to  construct  with  compasses  and  straight-edge,  from 
given  segments    a,  b,  c,  certain  required,  segments  such  as 

a  +  b;  a  -  b  (a  >  b');  ^  ;  YaT  ;  ^[sfiVh^ ; 

 .  ^  (*) 

i     ^         '       ,    •  Va^  -  b^  ,  (a  >  b)  . 

Mso  faimiliar  are  various  ways  of  constructing  the  roots  of 

quadj?atic  equations  with  ther  use  of  compasses  and  straight-edge; 

tj>e  coefficients  of  the  quadratic  equation  in  such  cases  are 

^usually  given* in  terms  of  segments  instead,  of  numbers,  and  the 

equations  are  written  In  the  homogeneous  form  •    .  '  • 

'   .  '         +  px  +  q^  =  0;        +  px  ^  q^  «  0    ,    ^    -  -  - 

Where    p  ^  and  /-q^    are  the  given  segments^  >     '  , 

Of,  c^xfoe  the  roots  of  suck  quadratic  equations  can  also  be 
J*6und  by  applying  the  constructions  of  the  above-mentioned  ex- 

jiressions  (*).    It  follows  already  from  this  that  if  a  construction 

]  ^,  . 

problem  can  be  reduced  to  the  construction  of  a  segment  and  if  this 
segment  can  be  given  as  a  root  of  an  equation  of  degree  not^^.eater 
iliat  two,  th^n  such  a  problem  can  be  solved  with  compasses  ahd 
straight-edge.    BUt  this  is  still  a  quite  trivial  result;  we  have 


here  as  ;^et  no -indication  oT"a  class,  Tipwever  narrow,  of  probiems 
.whlcn  It  wottld  .be-  Impossible  to  solve  with  compasses  arid' straight-  ' 

Before-  "mapping"  the  whole  question  from  the  "world  of  figures" 
'*^into  the  "world  of: numbers",  -let  us  make  the  following  obsej^vitlon. 
■  -  Every  problem  in  cor^struction  can  be  reduced  to  this". pattern;' 

given  s6me  finite  number  of  segments"  a/ b,  c,  ~  it  is  required 

V  to  •construct  one  or  More  se©nents   -xTyT  zV  ....    The  given  seg-' 
ments  are  specified- as  th~e  sides  of  triangles  and  polygons,  the  . 
radii  of  ;circjes  and  so  6ni.,the  required  figures  also  consist  of 
such  elements.  ^'  \    '  • 

We  can  most  easily  convince  ourselves  of  the  truth  of  this 
assertion  by  straightway  mapping  the  whole  plane  upon  which  the  r  - 
construction  is  carried  out  into  the  field  of  all  complex  numbers, 
usin§  t?he  familiar  "geometrical  representation  of  complex  number^":  . 
,       ^       ,  w  =  u  +  IV  .  '■■  _ 

H^re  we  have  an  example  of  a-mapping  —  which  is  in  fact  one-to-one. 
^-  of  one  set  onto  a  second.  One  set  consists  of  points,  the  other 
of  numbers..  -       -    -  -  •       .    .  . 

In  this  way,  upon  the, introduction  tot  a  grid  of  ^artesian 
coordinate^  all  the  given  figures  can  be  represented  J^iththe  aid 
of  numbers-.    For 'example  a  circle  is  given  by  its  cfenter 
.  ^o  "  ^o  **■  [P,r -simply  by  the  coordiriates  ]  "and  hi  its  ^  ' 

radius'  r;  a  line  is  glv^n  by 'two  points    r£=  x,  +  iy,    and      ^>■  ■ 
^2  "  ^2  ^^^2  *  alternatively  expressed" Ss  the  two  pairs  of 'co- 
ordinates .  (xj^,  y^)    and    (xg,  yg)  •  and  SO  on.  :  *  • 


^  J^^^^.u^^.^rs    z  a  X  +  iy    are  determined,  '  in  turn,  by  segments 
-of.  length    X   and!  y^  oh  the  coordinate  axes,  , 
\     ,  Thus,  actuaxiyeevery  construction  problem  reduces  to  the 
constructien-.  ^startirtj  With^  give  of  certain  ne^  segments. 

'  Let  th,e  segments    a,       c>^^,^,,  ^as  well  as  6c)  •y,  z,  V,*  ,  be 
laid  off  f^rom^Qo^e-^j^girttS^ Inline    a.    Then  to  e^ity  point  A 
of  line    A    ther^,  will -correspond  a  segment    OA,  and^*vice  versa. 
^Segments  laid  oft  in  one  direction  we  shall  consider  positive; 
'  those  laid' off  in  the  other  direction,  negative.    If  one  of  .the  > 

segments  is  taken  as  unity,  we  obtain  the  familiar  "real  number^ 
,line". 

Let  us  take  first  of  all  a"  single  segment  .e    and  .con^i^er  it 

as  given.  i  '        ^     '  ^ 

'*  *     *  .  I, 

We  shall  consider  "  e    as  >the  unit  segment  of  the  numerical 
"*    "         ^     '  ♦  "  ^ 

axis  and  ask  ourselves:    what  points  of  the  numerical  axis  can  be 

Aoristructed  with  compswases*  and  stf^aight^edge,  starting  frimi;he 
unit  aegment    e  ?  .       •    .  *  ^ 

,   Since  we  have  agreed  that' all  se^ents  are  to  belaid  off 
jtai^ting^from  |)oint    0,Vit  will  ^be  suff;icle;nt' tp 'de^teipi^ne  ,th$ir 
^ndpoln^s,  i.e.,  tp  determine^ ertain  points.    If  we  succeed  in 
finding  all' those,  and '^ly  those,  points"  which  it  is  possible^ 
given  segment    e  ^,  to  construct  with  compasses  and  st^ight'^edgex 
(f^6»  91),  then  the  problem  will  have  been^solved  fo^'-the  indicated 
special  case,  namely,  where  there  is  only  one  given  segment  ^e  . 
Instead  of  segments  we  may  speak  as, is  customary  of  numbers,^. 
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'  n.>-- 


/I 
91. 


Arbitrary  elements  introduced  4n  the  course  of  conSj£rt^£lons 
can  alvfays  be  considered  rational >  ^precisely  by  virtue  of  their 
arbitrary  charactel*,  ^ 

.  Starting  f rcjm  the  unit    Oe  ,  we  can  construct  any  integer  h 
as  tfie  segment  ^      '  *     ,         '     ^  ' 

>  n  .  oe  =1  Oe  +  Oe  +  , , ,  +.0e  , 

3hus,  every  element^  of  the  rlrig  of  integers  can  be  constructed 


with  compasses  and  straight-ed, 


It  ^is  eaay  to  construct  the  number  (or  seX/nt)  x  =»     .  on.  the 
basis  of  the.' j)ropoi:tion       =        Where    e  =  irttherhit  .segment). 

Tms,  it  is  possible  to  construct  every  rational  number^  that 
ls>  any^ elementg- of  the  field    Rg  -  of  rational  numbersTfor  Segments), 
with,  compaases  and  straight-edge^'  -  " 


The  everywhere  dense  set  R 


O 

sequentlx  it  "floes  /hot  exhaust  the  set . 
r^;;3)i|L^a^.  redl  numbers.  (jo^^>e©nents ) 


know  ^ho],  countable,  ahd 


of -rational  nujn6erS  is,  as  we 
It^q 


Storting  from  any  rational  number  a,  we  can  construct/ the^^4- 
number   x^^J  a     or  the  segment   'kNs^"ae%as  the  mean  proppr-  1 


tional  between^segments    a    and*  e  ;  that  is, 


/  r 
;    Let  us 


now  select  some  rational  humber  such  that 


k^N^is  irrational. 


k^    can  be  constructed. 


By  the  foregoing,  the  number 

We  can  easily,  in  this  instance,  construct  any  number  ,pf  the 
foirm  ,  |  <  . 

•  >  +  ^oATIJ"*,  "here  "      6^       and  b^^ 
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IJaving  taken  note  that  is  a  .fixed  rational\umber,  we 

'pj^.)  j tfel ni^bers  and,  ..b^    to  tnin,  through  the  entire  sqt,  Tft 

%       '(?f '^tlOQal  numbers.    The  sum,  difference, "^product  and  quotient"  of 
S1  such^umbers  v^^ll  again  be  numbers  belonging  to  tfie  same  /systems 
''^^-'^vT'^PN^^  ^^^^       note:    if        =  a^  ,+       Vlc^  and  : 

T^'''''''^'^^^  then  ' 


=  (a.a''  +  bib^V^)  +  (aX  +  a'-b^.)  Yk^     ;  . 

fl  .  ^o'  ^l^o'V^  .  (a,'  ^  b  .Vi^)  (a;-  -  b;-VT^)  ^  ^  '^^'^ 

^2  a"2  .  k  b"2  ~       °  ■    °     °  ^ 

o  o 

-  ^o^o    ^  ^'  since  if  the  contrary,  were  true  V  k     would  be , 
^  -  ♦  o 

.  rational.    It  is,  of  course,  assumed  that    b^'  /  0. 

The  system  of  numbers  under  consideration  is  closed  with 
respect  to  the  rational  operations,  and  therefore  constitutes  a 
field    Rj^.  '  Furthermore, 


The  field  is  obtained  by  "joining"  the  numbei?  'Yk^   to  - 

the^fdelcj''  R^.  is  art  intermediate  field.    The  numbers  in  ph.e 

field  can^also  be  constructed  wi^^h  compasses  and  straight-edge. 

:        Let  us  next  select^^om  field    R^    a  numbers k^    such  that 
does  not  belon^to  the  field    R^  ,  that  is,  the  radical 
is  irreducible  in    R^.    Upon  "joining"  to  field    R^  '  ■ 

we  obtain  a  new  intermediate  field    R^  ^of  numbers  of  the  form 


a: 
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where  and  run  through  the  entire  set  and  is  a 

fixed  element  of  field    R^.  .    ^  ^  . 

The  'prodf  is  seen  to  be  a  repetition  of  the  previous  compu- 
tations» 

We  note  that 

.   ^1  ^  ^2  > 

since  for    b^  =  0    we  have    a^  +  0*^      6  R^.  .    The  numbers  be* 
longifig  to  field    Rg    can  a'lso  be  constructed  with  compasses  aind 
straight-edge. 

This  pr^ocess  of  "extension"  >of  a  field  by  the  "joining"  or\  '  f 
new  elements  can  be  indefinitely  continued.    Each  new  field  will  >, 
consist  of  elements  which  can  be  constructed  with  compasses  and  *  ^ 
straight-.edg%.  -   ^  / 

Ifi  the, number  of  given  segments  a,- b,  c,  ...  is  more  than 
we  cap  cons^^ruct  by  means  of  the' rational  operations  the  minimal 
field  cQjitaining  these  segments  and  then  by  the  "joining"  of  a 

new  number     k^.,  not  belonging  to  field  (whereas    k^€  K^), 

oWjaijz  a  new'    "extension"  of  the  field,    ^e^  shall  now  give^  t1ie~~^- 
pattern  of -such  extensions: 

1.  To  the  rational  field ^  R  .  we^  "join"  all  tl:ie  given  segments 
a,  b,  .c,  ...    ai^d  thus  obtain  the  field         •  . 

2.  •  To  the  field'         we  "join"  the  radical  Af^  irreqlucible- 
in    K^,  where    k^6^  K^,  -thus  obtaining  field  K^. 

3.  To  the  field  we  Join  the  radical      k^  ,  irreducible  In 
,  where    kj  €  K^%,  thus  obtaining  field  K^. 
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^\  n  •+  1,-^  .'To  field  "Kj^J^        "jolrl"  jthe  -raidical  ^0^^  irre- 
ducible  in    K^^^.*  wh^re'  '^^^^  obtaining  the  field    K^^  . 

Starting  from  the  ^iven  .segments    a,  b,  <5,  "J,.,  it  will  be  \ 
possible  to  construct  any  se^ent  belonging  to  any  such  "extended" 

The  question  naturally  arises:    do  there-  ex?{#t  an^^^gments 
which  ccin  be  constructed  with'  compasses  and  straight-edge'  starting 
^..Xrom  the  given  segments    a,  b,  c,  but  which  nevertljeless'  are 

not  elements  of  any  "extension"  of  the  type  we  have  described? 

It  turfts  oiit  that  every  segment  which  can  be  constructed  with 
compasses  and' straight-edge  starting  from  the  given  segments 
a,  "b,  c,  belongs  'Without  exception  to  one  of  the  indicated 

"extensions",  '  »  - 

In  order  to  verify  this  we^ shall  show  that  •there  is  no^  appli- 
^  csltion  of  the  compasses  and  straight-edge  which  is  capable  of 
^taking  us  outside  these  "extension" .fields.    Suppose  We  are  abl6 
to  construct  every  number  of  some  f ield  .K,  'Let' us  ^examine  the 
aLp^iica^Jiori'  of  the  straight-^ge;.i,  I    .  i   ^  Li  x,.*        i    l     .     .  ^  jij 

If  (^2*^2^  coordinates, of  two  points 

and*if  these  coordinates  belong  to  field    K,  the  line  drawn  through 
th^ese  points  will  have  the  equation:  . 


kK  -c.-f   

a:      *  x^w  X 

The- coefficients  of  this  equation  belong  to  field  .K, 


2^  ^1  ^1  ' 

(72-         ^  +  (^1-  ^2^  ^  t  ^2^1  -Xs^2)  "-^  • 


fet<  V     !'  I  '    If  jwe 'seek,  how  the  point  of  intersection  of  two  such  Xines 


'  .   '         ,  Ax  +  By  +  C      0, .  A  »x  +  B     +  C  t      0  ,  .  -  •  . 


I" 


_  ^|here  ijhe  cbeffjlcjLents  of  the  e<ii|iations  belong  to  field    K,  we 
||.'-         *^hall  ijave  for  Ithe  coprdS^nates  of  this  point  ; 

'  '/  /      V      C«B  -  B'C    ....    „      A  «C  -  AC  «  "  L 

:  •       '      »       ■      X  =  AB«  -  feA*  ,  and    y  =  ^fe*  -  A«B«  »  ' 

•  ' 

that  ^iis,  numbers  belonging  to  the  same  field  ^  K.  ^  ' 

•^e  distance  between  such  points,  that  is,  the,  length  of  the 
segmeiit  determined^ by  these  points  lis  expressed  by  the  quadratic 
radical 


1  . 


'2  --^l)    +  (^2  -  ^1^  ■»  '  *    =  • 

■    !  .  -    .  .    •  ■'  >. 

where  the  expression  under  the  radical  sign  is  a  number  belonging 

to  field    K.    The  construction  of  segment    ^  requires  the  use  pf 

the  jijompasses,  *  ^"^^^  ,  /         ^  ' 

Each  segment  (number)  which ^  can  be  constructed,  with  thev^ 

straight-edge,  starting  from  the  field        il  in  one  of  the  pre- 

\   '   — 

W  ^  •   '  viously  indicated  extensions  of /field    Kv  ^     '     •  ■     *  - 

E^^:''  ^    ^~      '  '    ^  :  '  .  . 

ItL.- .  i,-,    ,^k^^       e:?camlne^  ftie  appiicationjof  the  ppmpa^se^^.   „■  ^' 
^C^^^^v^  '  '    ♦  ^  ■  r 

(xT^yn)    are  the  coordinates  of  the  center  of  a  circlip  and      «  > 

fl^c        '         ^  ,  '       "  '-''^^ 

,     (^p*yp).  the„  coordinates*  of  one ''of  its  points  and  all  these  cobr^ 

M>l-<^^     dinates  belong  to  field    K,  the  equation  of  the  circle  will  be: 

^/Jj,^  •  X    +  y  ^  -  -ax^x  -  2y^y  -"^^^  +  Sx^Xg  .  y|  +  ^y^y^  =  0  , 

ifSv:J   ^^Mt  is,  .an  equation  with  coefficients  dn'^ie  field)  K.' 

\  ,  ,  ^  •    /  Ir 
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)  IjP  we  ^eek  the  point  of  Intersection  of  the'icircles 


2  "2 
X   +  y  -ax 


by  +  c  =»  0 


and 


x!^  +      -  a  «x  -  b  «y  +  c  • 


0  , 


y.  - 
li 


then  *£(ubtracting  the  second  equation  from  the  first  we  obtain  the 

/    ^     *         /  ^  '      ,  -- 

equivalent  system  ,  " 


2    '  2 

X    +  y  -  by  +  c  =^0  ,      ^  > 

(a»  -  a)  X  +  (b»  -  b)  y  +  (c  -  c =.p  , 


Thesevare  the  equations  of  a  circle  and  a  line. 


Solving  these  equations,*  we  obtain- ' a  numljer  of  the  form 


■"where*"  p,  ]q  and  s    belong  to  the  field   K,  ^Consequently,  the  do- 
ordinates  of  the, points. of  intersection  belong  to  an  extension  o^ 
field'  K,  , 

The  distance  between  points  having  coordinates  of  this  kind, 
even  if  they  have  different  values  of    s  ,/ln  turn,  yields  a'seg- 
men]b  belonging  to  some  "extension"  of  field    K,  an  assertion  which 
it  JLs  not,  difficult  to.  verify,  .  j 

•  .  '  We  have  at  the  sam^^  time  also  examined  the  Intersection  of  a 

# 

circle  with  a  line.      '  "  ^ 

Thus^  c obstructions  with  compasses  and  straight-»edge  cahnbit 
yield  a  segment  which  does  not  belong  to  one  of  the  "extension" 
fields  which  csin  be  obtained  ♦proceeding  from  the  originally  given 
'segments^  in  accordance  with  the  procedure  specified* above. 

We  %ali  now  proVe  a  theorem  concerning  the  roots  of  a  cubic 

equation  '  *  ' 

«j  .  , 

x''  +  ax    +  bx  +  6  =  0 
with  rational  coefficients    a,  b,.  c.  .     .  / 
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Thfeorem.    If  a  cuby^  equation  with  rational  coefficients  does 
not  have,  rational  roots,  then  none  of  Its  roots  can  be  constructed 
with  compass es^^^^d  straight-edge  starting  with  the  field    R  of 
rational  numbers. 

The  prQof  Is  by  contradiction.    Let  us  assume*  that  the  root 
X    of  ihe  indicated  equation  admits  of  -construction  wljth  compasses 
and,  strai^t-edge.    Then>  as  has  been  shown,         belongs  to*  some 
field    R,  the  last  in  a  chain  of  "extensions"  according-  to  the 
above-mentioned  pattern  *  •  ^  ► 

^1'  ^2'  •  •      ^n-1'  ^n 

i/e  assume  that  .xgR^,  but    x^R^^^(l)  "and  that  none  of  the 

^r^tJts  belongs  to  since  if         of  the 'roots  belonged  to^  R^  ^ 

we  would  turn  our  attention  to  precisely  that  root  and  wpuld  shorten 
the  chain  of  extensljDns,    Furthermore,  this  chain  of  fields  can  not 
ctosist  simply  of  the  one  field    R    since  by  ^issuipptian  none  of  the 
roots  is  rational. 

Thus,  n  2  1    is  th6  least  integer  such  that    x^R^  . 

We  may  represent^    x    in  the  fom  ' 


X  =  p  +  q^kj^^i  >^ 


where    k    i  6  R    n    and    p    and    q  likewise  belong-i^aj^leld  R 
^"^^         n— X    ^  s  n—x  .  ^*  n— X , 

but'-^k^^j^    does  not  belong  to  field  Rj^^^* 

Wje^shall  nov/  show  that  if    x  =  p  +  q  >^k^^j^    is  a  root  of  the 

'  '  <* 

cubic  equation  under  Consideration,  then- the  number  ^ 

'  y.  =  p  -  ql/k^^i  ,  • 

belonging  to  field    R^,  is  likewise  a  root  of  this equation. 

n'^  **  '* "  \  - 


(l)  Footnote:  The  symbol  €  denotes  ."is  not  an  eiement  of "  . 
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•       ;       Since.  x^R*,  and   x.^'  IlIso  belong  to  this'fiel 
 ntly  1 


,lso  belong  to  this  field;  emd 

'f^         consequently^  the  number  ' 
^r"^     *  •  '  x^  +  ax^  +'bx  4-  c 

t?*        .belongs  to  tliis  same  field   R^.    But  this  means  that 

f/'      -  ,       n  ^      .  ■      ^  .V.  ^ 

.      1,       -    :  +".0x2 J.     ^  0  =  r  +  ^flTT",- 

^  ^  t;where^  r   slnd    s    belong  tQ  field*  Rj^^i'  ^^^^^  *  ^n-1  ^^s> 
'0epse  as  before, 

■  r     .  .     •    .     .  . 

It  is  easily  calculated  that  ,  ^ 

» 

y   +'ay    +  by  +  c  =  r  -  s'V  k^^^^  . 


SlAce   X,  by  assvunption,  is  a  root  of  the  cubic  equation,  we 

have. 

«   t  * 

r  +  s^flcTT      0.  .  -     .  ° 

.    '         ■    0.  ^  « 

If    s    were  not  equal  to  zero.  It  would  follow  that 

aH^^i"         7  '  radical 'fl^^  woua,d  belong  to  field  ^gR^^^f 

but 'this  is  not  toue,  whence    s  ==0y  which  means  that  r  =  0  also. 

Thus,  if    X  =  p  ^^q'V^n  1         ^  "^^^^  cubic  equation, 

y  -  p  -  qfV  k^^i    also  is  seen  to  be  a  root. 

These  roits  are  distinct  since  if  they  were  equal  it  would 

follow  that  s.  .       ,  .s 

X  2q^kj^^^    ^  0  '  ,pr.  q  ^  0       r  , 

\^  ^ 

and  then   x   would  be  equal  to    p^'R^^^^  which  is  not.  true**  ^\ 


.  But"* the  property  of  the  roots  of  cubic  equations 
fev    .  '  ^1     Xg  +  Xg  =:  -a 


^ji^'     '         Thusj  the  third  root 


or   ^  .  • 

F  - ■  -.  -     .  ^   .    X3  =  -a  -  2p  , 


that  is-  ^CggR^^^;  but  this  contradicts  the  assumption  we  have  made 


that?    n    is  the  lea6t  number  such  that  a  field    R     of  our  chain 
4s  '  /       '  ♦  in 


V'' 


corftains  a  root  6f%the  cubic  equation  in  question* 

-  '  *' '  .  ♦  .  *  . 

The  conts*adiction  thus  reached  proves  the  theorem^  . 

we>ftare  now  able  to  consider  some  famous  problems  of  antiquity 
•-  '  ' 

[22],  [50].         ,  \  ,  •      ,         .  - 

"  -  *  » 

\     The-  tplsection^'of  the  angle.    To  divide  ahy  arbitrary  angle 
Into  three  equal  parts. 


We  shall  show  that  the  problem  can*  not  be  solved  with  com- 


passes  and'straight-^dge.    We  t^e'note  beforehand  that  given  an 
angle ^it  is  easy  to  construct  ita  cosine  as  a' leg  of  ^  right  tri«. ^ 


/     anglff  wJiose  hypotenuse  is  equal  to  the  unit  length    e.  and  ^ 
^S-     r'^^^^versely,  given  the  cosine^  w;e  can  construct  the  angle. 
.  '  ^  Let  (x:  be  the  given  angle  and    a    its  cdsine. 

.It  is  required  to' corist3?uct  x     cos       .  ^  ^  , 

W&S<     Ac<5ording  to-  the  familiar  f qiroula  " 

feSl^'       '    "  COS  oC  =  It- cos^  £C      3  fiC    ^.'.gp''  •.(Pfv;^^"'  -^l^ 

^^/r^  ,  a  ==  4x3  .  3x  • 

which  will  be  satisfied  by  the  cosine  of  the  angle  ^ 

l^t^iv-  -'-.1^ .  '       •  °  3 


^  The  trisec1?ion  of  the  angle  will  be  equivalent  to  constructing- 
a. root  of  the  cubic  equation  (♦).    For  which  values  W       (laj^  l) 


1?^ 


J^ave  no  ^^tlona;  roots,  is  a  questfon  belonging 
fe*t'.*°.^^e^?^%  "For  our  purpbses-  If  Is  suffJLclenf  to  Indicate  even  one 
S;1;i^-c:''?^J?^®      ^-  ^"Sle  whlch^lt  is.  not  possible  t\  divide  Into  three 

V^ta  with  compasses^ and  straight-edge.    This  example  will 
^--^    be  enough  to  show  that  in  the  p;eneral  case  the  tr'isectlon  of  the  "S' 
^v-":/ "^^'^  °°'"P^^®®        stralght-ed^e  .is  i^^ 

W?'  •       .  1*^^  C)C=  60°'.    Then  cos  C3C  =  ^  ,  and  the.  cubic  equation  of  the 
1%!;.     problem  will  take  the  form 

ft-,    -    '   ,        ^  Jex  =  1  ■  '  • 

We  simplify  the  equation  by  the  substitution  of    z  =  2x  : 


2^  ^  3z  =  1.       "  , (*♦) 


If  it'  turns  out  that  this  equation  has*  no  rational  root^, 
then  it  "will  not  be  possible  to* construct  its  roots,  ^th  compasses 
aiid^  straight-edge,^^d'it  will  therefore  be  irtpodsibie  to  construct 

Let.  us^ assume  that  equation  (*♦)  has  a  rational  root   \  =  £  , 
where   p    and.  q   are  integers  aitci  prime  to  each  other. 
•  From  this^ assumption  it  would  follow  that  " 

■  /        .    ;3«s^     P^' -  3pq^,=- q^  ,     '       •  ?  ^ 


p?^^'  ^  that  is,  that    q^    i?  divisible  by^        But  this  Would  mean  that 


"p   and'  q   have- a  coiranon  factor,  providing  only  that    p  ^  +  1.  In 
Id  <^.ac^ly'*he  same  way  the  number   p^  =  3pq   +  q^    would  be  divisible  - 
l$r  !"  M>y        and  consequently    p    and    q   would  have 'a  common  factor 
f&-    provided  only  that    q  ^  +  1.      ^       ,  .     \  .  > 

f^'^-^^.  \/      •  '       •    '  *       -  ' 

.      '"^^  Since    p   and    q   are  prime  to  each  other  they  can  have 


1^.*' >  common  divisor  other  than  +  1^  and  Ij:  must  be  concluded 
^fc^\:f^ BXid.  q   are  equal  to    +  r,  that  is-;  that    z'a  +  if^    "  » 


that 
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But    z  =  1  '  and    z  are  not  roots  of  equktiori  (**). 

Equation  (■»♦)  has  no  rational  ^oots,  whence  it  follows  that 

an  angle  of  6q^  can  not  be  divided  -into  three  equal  parts  with 

compasses  and  straight-edge^  that  is,  with^hee^  instruments  it  is* 

hot;  po^tple^j&b,  cons't37Uct>  an  angle  of  20^, 

there  follows  the  important  proposition: 

regular  nine^^sideci  polygons,  eighteen-sided  polygons  and  so  on  can 

'  '  '  

not  be  <^onst37Uc.t^d^"w3.th  compasses  an^  straight-^edpe. 

There  exist,  of  course,  ^gles  wh^-ch  can  be  trisected  with 
compasses  an^  straight-edge,  for  example,  the  "angles  of  90^,  120^ 
and  so  on.    These  are  the  angles  for  wMch  equatioh.,(*)  has  rational 
-roots.  ^ 

If,  in  addition  to  compasses,  we  U3e  a  single-edged  ruler 
iipon  which  are  marked  two  points  *A    and    B    representing  the  length 
of  a  given  segment    AB,  or  a  scale  of  length,  then  the  trisection 
of.  an-y  angle  Is  possible  with  absolute  theoretical  precision.  The. 
^ules  for  the  use  of  such  instxToments  must,  of  course,  be  formu- 
lated  in  the  shape *of  appropriate  bas^ic  problems.    One  of  these, 
for  example,  is  as  follows:    a  line  is  considered  constructed  if  it 
passes  through  a  given  or  constructed  point  and  if  any  two  of  its 
points    A    and    B    separated  by  the  given  distance  lie  on  given  or 

' const37ucted  lines.  ^  '  ^ 
 : — '  '          '                ♦                           ,  • 

We  shall  show  how  to  trisect  an.  arbitrary  angle  with  compasses 
and  a  gtraight-edge  with  the  ^intervdi    AB   marked. upon! it.    Let  ^• 
bOc  =  CC  be  an  arbitrary  angle  (fig.  92).    With  a  radius  equal  to 
the  distance  '  AB   we  describe  a  circle  with  center  at  ^,  01    We  mark 
the  point    C    of  intersection  of  the  circle  with  side    c    of  the 
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given  angle  and  construct  a  line  gassing  through  point    C    in  such 
a  way  that  its  points    A    and-'B    lie  respectively  on  the  prolon- 
gation  of  side    b    of  the  angle  and  on  the  cons trnac ted  circle. 

M  * 

Angle-^BAO    is  then  the  required  one- third  of  the  given  angle  bOc 


>Fig.  92, 


Pro6f .    Joining    B    with    0,  we  have    AB  =  OB  =  OC  =  a  / 
Prom  the-  isosceles  triemgles  and  by  the  theorem  on  the^exterior 
angle  we  obtain  cC=^  +  x;.  /5  =  23c;  and  cons^equently    x.=  ^  , 

Archimedes  is^'considered  Co  >e~-^he  author  pf 'this  solution*  [50] 


Let  us  turn  to  a 'second  famous  prdt^lem  of -antiquity: 
DuplicatiNon  of  the  cube.    Given  a^cu^  with  edge  a. 


To 


construct  the  eage  of  the  cube  whose  volume  Vill  be  twice  that  of 

 — — —   \^  ^ 

the  given  cube.  We  shall  show  that  the  problem  cannot  be  solved  j 
with  compasses  and  straight-edge.  '  The  solution  reduces  to  that  of 
the  equation 


x^  r=  2a^, 


wfiere  'x  '  is  the  edge  of  the  require'd  cube, 
i  .  Taking  the  side^  of  the  given  cube  as  unity  we  arrive  at,  the 

cubic  -equation  '    .  .  . 

..3      „  „ 
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.  having  rational  coefficients.  This " equation,  as  can  readily  be 
, shown,  has  no  rational  roots;  consequently,  it  i/  impossible  to 

construct  its  roots  with  compass  and  straight-edge"  starting  from 

the  segment    a  =.  1  ,  q.e.d.  ,  , 

Let  us  examine  a  mathematically  rigorou^'' solution  of  the      ^  . 
•  problem  with  the  use^of  two  movable  right  angles.    As  a  ^preliminary 

step  we  Shall  prove  a  lemha  on  the  rectangula* trapezoid^  with  per-  . 
•pendicular  diagonals  (fig.  93):  in  every  rectangular  trapezoid  wihh 

perpendicular  diagonals  the  segments  of  the  diagonals  form  a  geo- 


metric progression; 


a  _  _  X 
y     X  ~  F 


Fig.  93. 


Tn.the  ter&pezoid^  ABCD    let  the  diagonals    IB'  and    AC-^  be^  . 

"^perpendicular  -to  each,  other  and  let  the  angles    A    and    i  be  vl  - 

right 'angles.    The  remaining  designations  are  shown  in  fig.  93.- 

Prom  th^  right  triangle    ABD   with  altitude    AO    we  have  •S.^Z 

-y   X  » 

-.4"^  ^"  ^"^^^        ^iS^^  triangle    ABC    with  altitude  x 


IJi^oportions;  f  =  '^,=.  |   we;-  obtain: 


.,Vfe  have   f  =  f.',  q.e.d, 


2  2 
^  y   «  ax  and  x"^ 


by.. 


kmc. 


-"^i^*  iw*^  i<n»nff»»'  it  «!. > 


5J 
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X  =  -3  ab^  arid  y  =     a^b  .    .  - 
«  2;'  b  ='1   we  find   x  =  ^  2,  that  is,  a  solution  of 


:^^^-S?.,^tiie  .'equation 


-    -  X"  -  2  =  0  .    .  ^ 

Prom  the  lemma  we  obtain  a  method  for  constructing  the.  segment 


^;^&:^^x/  with  the  aid  of  two  right  angles,  *    •  , 

^  .       On  two  mutually  perpendicular  lines    r    and    s    we  lay.  off 
from  their  point  of  intersection    0    the  segments    OC  =  b.  =  1  ^^id 
OD  =  a  a  2    (fig.  9^).    We  place  the  movable  right  ^gles  so  that 
l^^^r  f  ^^^^  fork  a  reptangulap  trapezoid    ABCD   with  lines    r  .  and    s  as 
M^iUrJ  'Its' diagonals.    IRien'the  segment    OB  =2  x    is  the  required  segment. 


*^  1 

^^^^^^^^^ 

1 

} 

0 

Pig.  9^. 


Pig. ^95. 


The  solution  of  the  problem  is  ascribed  to  Plato  [50]. 
The  equations  (*)  show  also  that  the  requi^ed  segment  5pcurs 
ap,  th^abi^cissa  of^the  point  of  intei^^ection   A    of  two  parabolas 
liM''  (^^^S. :  95)  jhaving  the  equations  ,        ,    .  \  - 


2x    ah^'  yr^  ^  y 


0^  'Lli  ^^-"-r 


S  S  y 


;  •  ^     With  the  aidofvtwb  movable  right  angles  it  is  possible  to 
i  construct  the  roots  of  any  equations  of  the  third  or  fourth  degree 
with  rational  coefficients  [2].    With  this^e  end  our  study  of  thfe 
>  problem  of  duplicating  the  cube. 

The  regular  geven-sided  polygon.    To  construct  a  regular 
j  seven-sided  polyc;on.      ^'         '  •  '  ] 

This  problem  is  also  not  scklvable  with  compasses  and  straight- 
'  edge.  .     '     *  c  ^ 

4      We  shall  prove  this,    The  problem  of  constructing  ^  regular 
polygon  is,  as  we  know,  equivalent  to  the  problem  of  extracting  the  ♦ 
i; corresponding  root  of  unity,  or  -  what  is  the  same  thing.--  solving. 
\  the  binomial  .equation 


-  1  =  0. 


^l/  .  In  the  present  cdse  n  =  7  ♦  One  root  is  equal  to  unity-  L33]; 
f  the  remaining  roots  satisfy  the  equation 


z 


r 


(This  is  an  equation  with  reciprocal  roots.    Dividing  both 
sides  of  the  equation  by  "z^,  wq  obtain:  •   ^  V 

'\  •  +  §  +  2^  +  I  +  z  +  I  +  1  =  b  . 

X  «'    *  ^  z       •  z 

'  Setting    z  +  i  =  y    we  ijeduce  «he  equation  to  the  form 

+  y"^  ^  -1  =  6.  (oc  )  , 

-  ^    The  seventh  rodt  of  unity  is  given,  by  the  formula  i 
'  '  .  '        ^  -  ^os  j6  4.  i  sin  56  , 

where    ^  =  with    k  =  0,  1,  2,  .< . 6.    For       the  important 


.  value  Is  ,  k  =  1 .    We  have  f urSjhT^rmbre 


0^;^--   ■  ■  ■  <  , 

.  ^-i-  .  •  .  I    -      ,      ■  •  *-  131. 

.  -  .        ~-  =  COS  ^  -  1  Sin  p 

m'i--'        '         .  y  -  z  2  cos»fi.  .   ■  •  ..^ 

Finding*  the  cosine  of  the  required  aijgledias  been  reduced  to 
p*'!/^  tJ'^®  finding  of  the  roots  of  the  cubic  equation  (oC  )  with  rational 
coefficients. 


/         We  Shall  show  thafe- equation,  (cC )  does  not  have  rational  roots. 
'  L~  '  -    '    ■  ■ 

^"PPO'se  the  contrary,  that  is,  that  equation  (flC ,),.  has  the. 

'^^^'^ixxnax  root   y  =  f  ,  where   p   and    q   are  lnte|ers..*(q-  /  o)  "and 

.prime  to  each  other.    Setting   y«£   inequation    (oC  )    we  obtain: 

J£. .p3-+p2q:'2pq3.q3^«^7/'  ■  , 

Ul^'^.pia^^hi^  it  . follows  that         is  ^divisible  by   q,  and    q^   by   p.  / 


§l:^lBy  -Virtue      the  fact  that   'p   and^  q  ^  are  prime  to  each  other,  we     '  ?3 


ifll'/^^.And   p  a  +  1    and    q  =  +  1,  that  is,  the  supposed  .ro6t  >  y  is 

±        Substiliutiqn  in  e^Wtion  (oC)    shows  that   +  1  are 


v\notsamo]Tg  its  roots\  .     •  -  <    ^*  :  v^-^^ 

fer^r  'EquatJ.on  ^a^^  \has  no  rational  roots;  consequently- it  is  *^  /.^ 

ivZ.r.  ^Ppssible  to  (ifens'tiruct  a  regular  seven-sided  polygbn  with  conw  ^  v.  V 
^||^^>lsasBes^:a^^  3  '     .  ^^^^^^ 

^5/-         We  have  also^^?eir^a4;J:ti   impossible  to  construct  with 
^^C-J^^^^^^?^        straight-edge  a  reguH^^jiine^  nor, 
course,  any'ofi  the  polygons  Slaving.  2".  ,  times  th^is  numberHo 

M^^i^y-    sides,*  ^  ^.f  '     .  '  , 

.       Gauss  proved  the  theorem  that  with  compasses  and  st^aight^ 
edge  it  ij^possible  to  construct  those  and  only  those,  regular 

^1^--;   polygons  the  number  of  whose  sides  has  thej  form 

p^' '    *  '      '  ^  •    ,         ./    '  ^  - 

pi--,;  •:.  ,-.  .  ,         t  ;  .■ 


•     n  =  2^  .p^Pg  .  .  .   Pg  , 

wlier^^he  distinct  odd  prime  numbers  •••^'^s 

factprs  in  the  first  degree  and  each  of  them  has  the  form      '  ^ 

The  values  A.=s  0,  1,  2,  3,  4  actually  yield  prime 

numbers  fo2>   p^  ,  name-ly  3,  5*  17>  257  and  65,537. 

But  2^5  ^  1  has  the  divisor  64l'  (discovered  by 

*  Euler)  and  is,^  thereford(,  composite. 

The  well-known  Russian  mathematician  Pervushin     '  * 

.   '  •      discovered  that  for'   7V.=  12    114,689  is  a  divisor  and 

* 

for  23^  167,772,161  is  a  divisor. 

^The  divisors  were  found  with. the  aid  of  extremely 
^         subtle  theoretical  Reasoning.    In  view  of  the  immensity 

of  th^  numbers  , 

2I2  •  2^3  '        "  ^  X 

-    -         2'^     -f  1  and  2^^     +  1 

the  mere  writing  out  in  i^ull'  of  these  numbers  demands 

a  colossal  amount  of  time.    In  the  well-known  problem 

of  grains  on  a  chessboard  ,we  have  pnly  to;.deal  with  ^ 

^  '  '       64  * 

the  number    2     -  1. 

"  For  which'  sufficiently  large  values  of  X  ad-  ^  / 

ditional  odmposite  numbers  are*  obtained,  and'^whether 

or,  not  among  tKe  numbed  of  the  form  2^^+  i  there 

exists  an  infinite  set  of  pyimes,  is  hot  known;. 


"  ^Vo'ti  these  remarks  we  conclude  our  survey  of  famous  problems 

^  •  '  .     %  > 

H^-.^  .  -  antiquity,  to  which  belongs  also  the  problem  of  squaring  the 

^'^C^,  jciycle^  that  is^  the  problem  of  constructing  with  compass-  and 
^js.*:  '^/^      -  >^     ^ .  . 

i&traightnedjBe  the  side  ^  of  a  square  equivalent  to^  circle  of 


given  radius    r.    The  ppoblem:  reduces  to  the  solution  of  the  eqiia- 
tion  X   il^TTT    , -  or.  If  we  set    r  =  1,  to  the  construction  of  the 
«  segraesnt 

"  .         •       -      '  .     X  =  fT-,.  -g 

yrtilch  is  equivalent  to  the  construction  of  the  number  jr   with  >^ 
compasses  and  stralght-«dge .    This  construction  Is  impossible,  but 
§1.  proof  of  that  fact  belongs  to  mathematical  analysis  [27], 


ft'"  • ' 
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In  Chapter  III ''we  examine'  the  idea  of  func- 
tional dependence  in  geometry  and  sttidy  the  ele-  ' 
mentary  properties  of  mappings  and  transformations 
of  figures;  ,in  particular,  we  encounter  the/con- 
/cept  of  transformations  of  a  pletne  into  itself"  and 
of  space  into  itself •    We  consider  some  special 
transformations  t>f  a  plane  into  a  sphere  and  of  a 
plane  into  a  plane.    Ihe  properties' of  these  spe- 
ial  transformations  find  their  application  in  the 
theory  of  geometrical  constructions,  and  also  in  . 
the  study  of  the  geometry  of  Lobachevskii,    At  the 
end  of  the  chapter  we  present  the  concept  of  a* 
group  of  tpansf ormationsi«aiid  the  general  definition 
'  of  a  group/ 


13.    THE  MAPPING  OF  ONE  FIGURE  IN»0  ANOl^JER 


^'  ikl.         ^®  totality       of  all  image  points  which  are  assigned  l)y 
^'     the  mapping-       to  the  points  of  thfe  figure  ^  is  called  the  ^  ~ 

Image  'pg  ttfe  f  igilre  p.  under  the  mapping  7^  •  ^ 

^      *  I     W    :  ■        '     ^  ■ 


>  '     If  to  each  point    A    of  a  f ij^e  ^  we  assign  by  means  at 
some  rule  or  law*a  definite  point  .  B    in  some  figure       ,  WjS 
then  say  that  the  .figure  ^  ts  mapped  into  the  figure  ^ ,  ^nd  < 
wfe  write    B  »  f(A).         ^.    ^  ^       *  ^     '  k        <»'     '  ' 

Point    B*  is  called  the  image  of  pbint    A^   urider  the  given, 


mapping.    We  commonly  spea^k  iff  1^  value         pf  the  funcmo|i 


t 


coriresponding  to  ^the^value    A    of  the^  argument, o*the  argum0(||t* 
being  understood,,  to  run  through  all  point*  of  th^g  ,f  igiire 
Bils  i^  in  accord  with^Jie  genea^al  definition  of  fimction)  giveri". 
firstly  Lpbachevskii  (l83^X  and  Subsequently  by  fiirichlet 


!Ihls  Image  of  the  figure  Is  denoted  by  -f  (  ^. ),  that  Is, 
'      .  ^    ^'^t^«  f(j^'). 

^  •    An,,imp6rt<ant  special  case  of  the  mapping  of  a  figure  S  into 
a-  figure  ^  is  that  in  which  eVery  point  in  figure  'Y  is  the  '  ^ 
Image  of  at- least  one  point v^n  figure    ^  • 

When  this  is  the  case       say  -fchat  figure  d  is  mapped  onto 
figure  y      A  figure  ^  is  thws  always  mapped  onto  its  ^ own.  image 
if).        '  ^ 


f 


Let  us  consider  sdme  examples  in  order  to  familiarize  v. 


ourselves  with  these  sl^le  but  extremely  important  concepts*. 
"  Let  there  be  given  two  segments,    PQ   and    KL    (fig*  96). 


We  select  a  point    S  ^s  indicated  in  the  diagram,  and  assign  to 
each  point    A    of  segmeifit    PQ    tha^p-  point    B   of  segment  KL 
which  lie&  on  the  ray    SA.    In  particular,  the  points    P«.*  and 
Q»    will  be  assigned  to  the  end  pointa.   P  and    Q   of  segment  *  PQ. 
In  this 'Wnrier  the  segment    PQ   is  mapped  in1;o  the'  segment    KL.  ' 

Point  .'B   Is  tl>e  image  of  poin$    A;    points    D,  ^PS^  Q* 
are  respectively  th^^iinages  of  points    C,    P  '  and    Q..  . 
.  We  may  express  this  as:    B  «  f(A);    D  »  f  (c);    P«  »  f  (P); 

Q»  «  i^(Q)>  V^ere       is  ;the  symbol  of  the  given  mapping.  ^ 


■ 

I'" " 
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Bie  Irhage  of  the  entlre-^egmenl?  'PQ   is,  the 
~  nainelys:  P'^Q^  -  f(PQ).      ,  ' 
We.  emphasize  once  morer  that^^gment  PQ  is  mapped  In^o  ^ 
segment"  Kll;    we  cannot  say  in  thfs  case  that    PQ  .is  mapped 
onto    KL    i^ince,  for  example',  points  K   aad    L   are  not  the 

w^lm^ges  of  any. points  whatever  of  the  segment    PQ.    It  is,  of 
course,; proper  to  say  that  "  PQ    is  mapped  into    P»Q».  « 


?ig.  98 


In  this  exatople  we  have  encountered  all  the  concepts  whicft 
we  have  introduced  concerning  the  mapping  of  figures;  but  it 
cannot  be  expected  that  a^  single  example  Vill  bring  out'^all  the 
features  of  a  general  <?oncept.    If  instead  of  segment    KL  we 
should  take  the  point    S  ^and  assign  this  point  to  every  point  of 
Spfx    segment    PQ,    we  should  have  a  case  of,  the  mapping  of  one  figure 
||t|:\7.  into  .       .  '  ' 

fex :5  ,        ,;Since  every  point    S    of the  second,  figure  (which  corfdists 
Ilf the  point    S)  is  the  image  of  some  point  cJf  the  first  figure 
1^;^,  :  ^Xge^erit    PQ),  in  this  case*  segment    PQ    is  mapped  not  only  into 
|^f  -:v the' point    S    but  also  onto  the  point    S.^  .  . 


148 


1'38. 


Wl''.'  l^ist„  example  brings  out  the  fact  -that  the  Images  of  • 

dlstjUac.t  points  may  coincide; 'but  it  must  be  emphasized  that  no 
point    A;- may  havf  tinder  a  mapping  more  than  one  image  B, 
'    •  ^  circle  into  its  diameter,^  assigning  to  each 


point    A    of  the  circle  the  point    B   at  the  foot  of  the  perpen-  ^ 
s      ,.dicular  drawn  from  ' A    to  the  diameter  (fig*  97),  '  Here  the  . 

circle  is  mapped  not  only  into  but  also  onto  th^  diameter.  Each 
Interior  point        of  the  diameter  is  the  image  of  two  points: 
B  «  f (A')    and    B  =  f(A«).  *  " ,/ 

If  by  the  same  method  a  sphere  is  mapped  onto  its  diameter 
PQ  (fig;  98),  each  interior  point  of  the  diamgjer  is  the  image 
of  all  the  points  of  a  parallel  (considel'ing    P   and    Q  jbs  noles). 

In  eicactly  the  saine  ^way  the  whole  of  a  solid  sphere  cap  be  -  x 
omapped  onto  its  diameter,  assigning  to  each  point    A'  "of  the  ' 
solid  sphere  the  point    B   at  the  foot  of  the  perpendicular  '  a'B 
upon  its  diameter  PQ;  each  interior  point  of  the  diameter  will  be ' 
t^e  image;  of  an  entire  disic  (fig.  98)  •    Each  point  on  the  diam- 
eter   PQ   kill  be  mapped  into  itself*  '  - 

_    If  to  .every ^p^int    A    of  a  torus  is  assigned  the  point  B 
,  at  the  foot  of  the  perpei?dicular    AB^to  the  axis  of 'revolution; 
*  JL  ,  the  torus  wtir  be  mapped  into  the  lin^  here  we  cannok 

^  say  "onto  Ttie  pdint  jB^'is;  in  general,  the  image  of  a*  . 

<  \  '        i  ""^^  .    .      '  i 

,  pair  of  circles*    The  ^jnage  of  the  whole  torus  is  a  segment,  o^  I 

the  line  -A  «     'Oie  fc^mjrt  1r  tnannert  nnhn  -hh-lji  QAomAn-H  ( *k•r^A  i^^'^l-J 


fe:-.  ^  •  t>rus  is  mapped  onto  thld  segment  (and^l^- 

.     wise  into.  it]t.  .      . ' 


§4  -  *' 
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It 


^5 


Fig.  99 


If  th^  solid* bounded  by  a  torus » is  in  the  same  way  mapped  ♦ 
int^o'the  line\^ ,  the  point    B   will,  in  general,  be  the  image 
,of  an  entire  annulus  (fig.  99) •  ,  ' 

,  The  image  of  the  whole  solid  is  again  the  same  segment  af 
.    The  solid  in  question  is  mapped  onto,  this  segment  (and 
also,  .0^  course,  into  Lt).  "  ^        ^  * 

To  each  point    A    of  the  plane  ,  ir    (fig.  lOO)  let  us  assign 
•that  point    B    of  the  sphere  *2    v^ich  lies  on^  the  line  §A, 


where    S^*  is  the  north  p.ole  of'  the  sphere ;  and  the  plane    ir  is 
tangent  to^  the  sphere    2   at  its' south  pole..    By,  this  corres- 
t;7  '    pohdence,  called  stereographic  projection,  the  plane    ir  is 

/^mapped  Into  the  sjShere    £    .  *       /  .  " '  - 

§%>  .>^  \   •    ^®  cannotf  say  that  the  plane  is  mapped  onto  the  sphe3>e,  ' 
since  the  poir^t    S.  ,  of  the  sphere  is  not  the  image  of  any^tooint 
.  of  the  plane.    The  .image  of  the  plane  is  a.  sphere  perforated" 


.at  the  ^^dint  "IS.  Plane ^  ir  is  mapped  6nto  its  image  the  ; 
sphere  perfora^ted  at  the  point    S.-    Arici.,  of*  course,  into  its 


Ij^^^'     iinage  also. 

flvV'  ^        '        '    '   >      ,  ^ . 


Pig.  100 

.        •  .  t  ^ 

^  If  t<j  every  point    M    of  «lhe parabola  (fig.  33)  Is  assigned 

^that  point  '  A    of  the  circle  which  lies  on  the  generator   ^  of 

the;cone,.we  obtain  a  mapping  of  the  ^rabola  Into  the  circle.  ; 

Here  again  we  cannot  say  that  the^  pai^bol^  Is  mapped  onto  the 

clrcile.    The  point    P    on  the  circle  ls<  not  the  linage  of  any 

I)olnt  on  the  parabola,-  since  the'  generator    SP    is  parallel  to 

the  plane    ir    •    The^image  of  the^paa?abola  is  the  circle  with  .the 

-point    P  ."excluded.  ■  The  parabola  is  mapped  onto  as 'well  as  into 

■  its  own  ittage.  *    -  / 

« Assigning  in  exactly  the  same  way  to  each  point    M   of  the  . 

..-^>^-   .}^. .  J.  .  aJ.^.J    .  '..i^J^.^i^^^  \^  ,  .       .  li.. 

hyperbola  (fig.  31)  the  corresponding. point •       on  the  circle  of 

tangency-  of^  sphere  (^2) ,  we  map  t^he  hyperbdla  into  btit  not  onto 

the  circle. 

^  In  this  case  two  points  or  the  circle,  lying  on  the  two 
generators  of  the  cone  which  are  parallel  to  the  pXane    t    ,  are 
not  Images  of  any  point  of  the  hyperbola.    The  image  of  the  hyper- 
bola  is  the  cir^cle,  with  the  exclusion  of  the  two  points  on  the 
genera tprB  of  the  cone  which  are  parallel  to  the.  plane   r    .  i 
The  hyperbola  is  mapped  onto  Its  own  image. 

f^'o^ :  .151  .  ■  ■  '  ■  "\. 
ft^n  10,., .,  :  V  ■  •         ■  ■  ,:' 


.  ,  Jf  to  eachpolnt  |m    of;  the  ellipse  we  assign  a  poljit  A 
of  the  clrdfe  as  Indicated  In  figures  2?  and  29,  we  obtain  a  ' 
mapping  of  the  ellipse!  onto^  and  of  course  likewise  into>  t^e  ' 
/circle      The  image  of  Ue  ellipse  will  be  the  circle  in  guesti? 

We  shall  use  some  of  these  examples  to  illustrate  ttfe 
following  important  definition: 


,  :5eflnltlon:  Let  there  be  given  a  mapping  ^^f  the  figure  onto" 
the  figure  y  ,  and  let    B.   be  an  arbitr»-ry  pointjof!  the  figiA-e 

Y  .     Th^^t  of  all  those  points  of  thi  figure   S  to'  which 
under  the  mapp^g  ^  theri  Is  assigned  the  Riven  point    B  Is 
called  the  Inverse  Image  of  the<polnt  B.    Ihl's  let, (or  figure) 
13  Aotad 'by  .X^l  (B).  '      ■  ' 


The  inv^>se  im^e  of  the  poiat    B    under  the  mapping  of ,  the 
plane    ir    Into, the  Sphere  puiictured  at  the  point    S    (fig.  lOO)  • 
Is  the  point   .A;  /'-^(B)  =  A. 

^OSie  inverse  Image  of  the  Interior  point    B   of  t!ie  diameter 
of  the  circle^ under  the  ma^lhg  of  the  circle  onto  its 'dlanietejr  " 

•  (f'l^  97)  Is  the -a'ero-diihfenslonal -se©hen^  AA  •  /  Ihe  Invirse'Jjnkge 
of  either  end-point  of  the"41ameter  Is  that  i^olnt  Itself.  "  We  may 

•  write  /;-l(B)  ='(AA«)^  where  thf-slgn    °\  Indicates  .the  dlmen-  ' 
sipn  of  the  segment  .AA».'  ,  * 

-ynhdev  the  mapplngrof-a  sphere  onto  its  diameter  'PQ  -^^i^-^  . 
•previously,  discuss^  (fig. '98),  the  Inverse  Image  of  an  Interior, 
poini    B;  of'  the  'diameter   ^PQ    Is  the  clrctunf erSnce  of  the  paral* 
lei  whose  plane  pas'ses  through  point  B.  •  Ihe  Inverse  Images  of    *  ' 
,*    tha  poles  are  the  poles  themselves.  .        -       ,         ■  -> 


Ur^der  the  mapping  of '  a  solid  sphere  onto  its  .diameter 


(Ijig,  98),  the  4nyerse  image  of  each  interior  ppint  of  the 
diameter  i^  the  disk  bounded  by  the  parallel  whose  plane ^^ses 
through  that  point  of  the  diameter*  *       .  '  - 

In  the  case  of  the  mapping  of  the  torus  onto  its  image 
(fig*  99)  the  inverse  image  of  the  point  ,  ^^  is  the  pair  of 
citcles  .of  the  ".torus,  the  plane  of  whicih  passes  through  the  . 
point  .  •  . 

In  the  mapping  of  the  solid,  bounded  by  a  torus  into  ^ts  ^  * 
axi^J^,the  inverse  image  o^he  point  B  will  be^he  closed,  ^ 
anjjulus  .which  is  shaded  in  fi^giire  95,  \  '  ^ 


k: 


,  v^.':-z'^J  ■ . 


r'. 


14.    THE  ONE-TO-ONE  MAPPING  OP  FIGURES 


~0 


,  j    If  under  a  mapping  ^  of  the  figure       onto  the  figure  ' 
the  inverse  image  -^"-^(B)  of  each  point    B   in  figure  consists 
of  j  only*  one  poin\    A    in  figure    ^  ,  ^then  the  mapping  of  figure  * 
^  ^  9^^o  figure^  y/'  is  one-^to-one  •  *  • 

,    *     We  shall  consider  soine  examples  illustrating  this  definition. 

The  mapping  of  the  plane  onto,  the  sphere  perforated  at;.  -  S 
is  a  one-to-one  mapping  (fig.  lOO) .    But  the  mapping 'of  the -plane 
into  the,  enti^^ie-sphere  is  not  one-to-one.    One  of  the  prere- 
quisites of  a  one-to-one  mapping  is  that  one  figure  mapped 
onto  the  other. 

r     ,  ■*   .  i 

!Ihe  mapping  of  a  sojid  sphere  onto  its  diameter  (fig.  98) 
is  not  one-to-one  because  the  inverse  image  of  an  interior  point 
of*  the  diameterjis  not  a  single  point  of  the  soli<i  sphere  i'  blit  '  ' 


/ 


consists  of  an  entire  disk.    *        «  .  ' 

,    !Ihe  mappings -6f  an  ellipse  on  a  circle  in  the  manne/  de- 

.  •  ,  '        •  '  *  7 

scribed  ln,  connection.  ]with  figures.  27  and  29  aife  one-tpi^-one 


mappings.     .  ^  .   ^  - 

-   !Ihe  previously  discussed  mappings  of  the  hypafbola  onto  its 
image       the  circle-with  the  excl^^iomof  ^o  Mints  -(fig.  31)  ' 
r^:''     —  and  of- the  parabola  onto  *  its*  image  —  the>bircle  with  the 
exclxrsron  or  pne  p'oln1r<fig;  33)       aire  :y4:emse"  6rie-:t0^iDW 
k  mappings,    Ihe  mappings  »of  tlt^  hyperb9a&  and^  parabola  into  the 
full  circle  are  not  one-to-one.' 

Cdrresponding  to  the  ma^p;}^  of  the  ellipse  onto,  the .  circle 
(fig.  29),  the  points  int^^or  to  the > ellipse  »<5an  be  mapged' one- 
to-one  pntb  ^he  point§*^terior  to  tfte  circle.**  !fo*each  point  L. 


^khljerlor  to  the  ellipse  we  can  assign  ^ that  Interior  point  N 
pf  the  disk  which  lies  on  the  ray    SL.    !Ihe  analogous  procedure 
may  bQ'ca??rled  out  ±n  the  cases  of.  the  parabola  and  hyperbola 
•(figs,.  33-and'3l).;  •  , 

Before  ts>^^Z  on  to  other  examples,  let  us  note  the  following 
general  conclusion: 

A  one-^to-^one  mapping  ^Qf  figure  <^  onto  fjLgure  auto* 
matlcally  generates  a  one-to-one  mapping j^^'^  of  f±mvi  onto- 
figure   ^  •  V 

IHils  follows  from  .the  fact  that  the  Inverse  lmage^"l(B) 
of *each  point    B   of  figure  ^ 1^  a  single  point    A    of  figure 
f    ,  whence  It  Is  plain  that  Is  a  mapping  and  that  It  IB' 

one-tq-one,  since    A  «:X-1(b),  and  the  Inverse  Image  of  the  point 
A    under,  this  mapping ^-1  of  figure  y  onto  figure  Y  >  namely 
f(A),  consists  of  only  a  single  polnt2 

9  * 

Under  a  one-^o-one  mapping ^of  figure*'^  onto  figure  y  ^^9^ 
point.  A    of;  figure       is,  paired  with  a  definite*  point  ^ 'f(  A)  «3 

of  ^figuref   y  ';  -whence  it  ia^seen  th^t;  eatih  poiVit^  B  -of^  th^"^^-/  

figure  'Y^^  p^^ired  with  a  single  and  completely  deterfcLned  point 
A  ^  of  figuii^j^  r  *?iiis  ^airwise  "association  is'  clearly  evident^ 
in  the  examples  discussedv 

 -The  mapping- ^^i- is  called  the  '-inveysV  mat)plftg\reIatiVe  ^  ' 

to  the  mapping  ^  .    It..ls  evident  that  the  mapping  inverse  to 
^^'"•^  "is  the  mapping  ^  .  '  .  , 

-  In  view  of  the  , symmetrical  nature  of  these  one-to-one. ^ 
maijpings  of  one  figure  onto  *another,  we 'speak,  in^such,  a  case, 
of ^one-to-ooe  correspondence  b^etween  the  two  figures.  / 


*       -^We  shall  consider  some  examples/    '      '  \' 
.  /       Let  us  perform  a  oner to-one  mapping  of  the  one-dimensional- 

triangle    ABC    onto' the  circumscribed  circle  (fig.  Ipl).  >We  ^ 
.  assign  to  each  point    M   of  the  .triangle  the  point-  N   of  the 
Circle  by  drawing  through    M    the  radius    Cm.    Ttie  inverse  • 
ma:pping  of  the  circle  onto  the  one-dimensional  triangle  assigns 
;to  point    N   precisely  th^^^poipt    M    of  the  one-dimensional 
triangle.    Biere  takes  pla6e  an  association^ of  the  points  of  the 
two  figures  into  pairs  (M,N).    dhe  vertices  of  the  triangle 
correspond  to  themselves.    We  have  ob'tained  a  one-to-one  corres- 
pondence between  the  two  figures. 


c 


.     /  Pis.  101.  ^  ^ 

If  one-to-one  correspondence  can  be  established  -in  s6me 
.J^f5^®^^*^?5!^  w^.^^^.X^^^^^^  ffle  sets  are^feaid  Ao^  be  equivalent- <^r 
lequipotent  ^(  [361  and  [kO]).    dhe  greatest  possible  power  of  a 
figure  is,  the  continuum^  ta  it  corresponds  the  transfinlte^  number" 
f^^:$^r  ^^rf^^~'^^  set  cjf  points  of  all  of  space  as  well  as  the  set  of*  ' 
^  '    points  of  a  plane,  or  of  a  line  all  have  one  and  the  same  power.  , 
»    .    «Every  figure  is  e/ther  a  finite  or  covint^ble  set  of  points^. 
.     or  It  possesses^the  power' of  the  continuum.    We  , shall,  no^'  stop'  to 
i.    ' prove*"  this  assertion  here  ([35],,'  [^2]).  .It  Is  for  this  reason 
•   that  the'  niost^eneralaone-to-one  .correspondences  are  of  little 
^%  .^^i^l^^e^est  to  geometry'.^    l4>ortant*  to  geometry  is  a  certain  ' 


/  limited  class  of  one-to-one  correspondences,  j^hic^  will  be 
discussed  in  the  following  section, 

I^et  the  diameter  PQ  of  the  open  semicircle  PMQ 
ibe  parallel  to  the  line  ^  (fig.  102),    5y  means  of 
the  ray  '  OA    let'us  map  the  line  Oy  onto. the  open  .  • 
*  semicircie;  we  have    W  »  fj|^(A).  ^.Further^^  let  us 


'  ^  Fig.  102* 

map  this  se^circle  onto  the  interval    PQ,  drawing 
^from  'each  point    M   a  perpendicular    MB   to    PQ;  we 
have    B  «  f  2(M) .  -  By  thig  method  we  obtain  an  asso- 
elation  of  the  points-  of-J,ine  -ta/  and -those  of ,  .the  in- 
^  tex^X  XQ^/infco  .^pa^Lrs^  Jji-^so  ^dbing-^^er  have  --^^ 


if 


ed  a  one-to-one  cot»'respondenc.e  between  the 


estab 


line  and-tbe  interval  • 


'^y  an  j 


DUs  procedure  a  one-to-one  corres-  , 


pondence  can  be  estabiish'^d  between  a  plane  and /an 
open  hemisphere  and  ^^en  ^a^weea  the  plane  and  a  disk 
^minus  its  boundary  f fig.*  103).^ 

/'       It  is  likewise  easy^  to  establish  a  one-to-one 
correspondence  between  an  open  disk  and  a  perforated 
sphere.    'For  this  purpose  w^^map  the  open  eqjmtorial 
disk  onto  the  plane  tangent  to  the  sphere  a^  the 
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south  pole  (fig.  103)  and  trien,  by  the  method  of 
stereographie  projection,  we  map  the  plane  onto  the 
perforated  sphere. 

Finally,  let  us  establish  a  one-to-one  corres- 
pondence between  one  segment  and  another.    We  shall 
deliberately  do  this  in  a  "complicateci"  and  "unnatural 
way.  '^^le  point,  of  course,  'is  to  show  that  one-to-one 
mappings  are  not  necessarily  simple  or  natural.    If ^we 
wish  to  study  only  simple  and '"reasonable"  mappings, 
we  must  impose. some  further  restrictions  beyond  merely 
one-to-oneness ♦  ,  ^ 

Let  there  be  given  the  segment    PQ    and  the  in- 
t?erval    P«QS    for  simplicity  equal  to    PQ,  parallel 
^to^each  other  and  so  posi'€ioned  that    PP^Q^Q    is  a  ' 
rectangle  (fig.  104).        j  5 

We  take  on  "the  s^gniefil^.   PQ   a  sequence  ^f  points  ' 
1,2,3,4,...  such  that  each* successive  point  shall  be 
one-half  as.  far  from  a.feiven  point  O   a?  the  preceding 
one;    In  exactly  the  same  manner  we  choose  a  sequence 
of  points  on  th^;/interval    P^Q«.    In  the  diagram  we 
have  chosen,  for  the  polnt^  the  midppint  df  the  seg-  ' 
ment  PQ. 

'*We  now  construct  'the  mapping    f    of  the^  segment;^ 
PQ    onto  the  interval    P«Q«    as  followe.    Each  point 

A    of  the  segment    PQ  s  (different  from  the  ^points  of 

/\  ^        '  ' 

the  chosen  sequence  is  \nlapp^^d  into  a  point    A*  of 
the  interval    P*Q«    by  dropiiing  a  perpendicular  -.  aA* 
^iipon^ the  interval    P^Q';  W  liave: 

.  '  /  .  •  •  -2  58 


'i48i|- : 


f(A),  0«  =  f(o),  etc. 


■  'A, 


(>.    '  Pig. '103.  / 

^         )  \  '  ^ 

.  I'^^e  points  of  the  sequence  1,2,3,..,  of  the 

segments  PQ    are  mapped  into  the  points    3*,  4'', 

5^y*^of  the  other  sequence': 

'        =  f(l),    kJ  =  f(2),....,  n<  «  fCn  -  2),... 
We  complete  the  construction  of  the  mapping by. 
assigning  to  the  points    P    and   -Q    of  -  the 's^^ent 
PQ    the  points    2*    and    1<    of  the  interval  P'Q': 

-    2»  =  f  (P),    1«  =  f(Q)-^  . 

T^e  cpntefc^^u'ction  of  the  one-to-one  mapping  of 

.._J  ,_J..'i..^..a^.^L   /        ^  _._J^J_Ii^ 

the  segment  onto  the  interval,  is  complete.    We  • 

*^  think  the  reader  will  agree  that  this  mapping  is 

'neither  ^simple"  nor  "natural."    It  is,  however, 

^       ~  bne-t"o-"bM7r^'^^"  *       ^"^"^  "^  Ti^-ip-  ^-^j    •  • 

Evidently,  ;One-to-oneness  is.  not'  sufficient 

^        to  guarantee  that  a  mapping  will  be  a  "simple"' or 

'Viatural"  one. 


'■150' 


I  In  exactly  the  same  manner  one  m^y  construct 
a  o^e- to-one  correspondence  between  *a  disk  and  an 
open  disk,  and  between  a  solid  sphere  and  a,n  open 
solid  sphere.    The  establishment  bf  these  corres- 
pondences Is  suggested  as  an  exercise.    It  Is  also 
useful  to  establish  a  one-to-one.  correspondence  be- 
tween a  complete  sphere  and  a. plane;  between  a 
plane  and  a  plane  ^Inus  an  open  or  a  closed  disk;  . 
etc; 

^        It  Is  possible  to  establish  a  one-trp-one^c'lferes- 
pondence  even  between  figures  of  different  dimensions, 
jV^'between  a  segment  and  all  of  spSce'*'> 


— > 


^1 
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15.     CONTINUOUS  MAPPINGS  OP  FIGURES 

.       Me  introduce  the  following  definitions:'  gy  a  neighborhood 
of  a  point    A    relative  to  space,  or  simply  a7  neighborhood  of  a  ^ 
point    A    we  meaA  any  open  solid  sphere  with  Its  center  at  point 
^A.    T^e  radius  *of  this  sphere  is  called  the  radi^us  oT  tloe  neigh- 
borhood »    Accordingly,  the  set  of  all  concentric  open  solid 
spheres  with  center    A    is  tjie  set  of  all  neighborhoods  of  that 
point,  %  " 


Pig.  10^ 


By  a  neighborhood  of  point    A-   of  a  figure   f  relative  to  * 
that  figure  we  mean  the  intersection  of  the  figure  with  any  open 
solid  sphere  having  center    A.    Thus  a  neighborhood  of  point  A 
in  plane    tt    relative  to  the  plane    tt    will  ve  the  intersection 
of  this  plane  jiith  any  open  solid  sph'ere  having  centei:    A, 'i.e. 
any  ^open  disk  of  plane  Tr^having  center    A    (fig.  IO5).  A 
^.n^lgfiborhood  pf  point   A  ^pn  the  line rela^tive'tt)  thls^^ine  ' ' 
will  be  any  interval  with  itsf  midpoint  at    A    (fig.  IO6)/ 


.Pig.  106 


M'61 


0 


f  A/'Beigbborhood  of  point    A    of  a  sphere  relative  to  that  sphere' 
will  beany  open  spherical  disk4flg.M07)-,.^l,e^'  the"  set  of 
polntg^'  on  the^  given  sphere  which  lie'  within  any  open  solid  sphere' 
having  center  A*  ♦  * 


\ 


Fig.  107 

The  sphere  perforated  at  a  point  diametridally, opposite  to,* 
point    A    of  the  said  sphere,  as  well  as-,the  c'bmplete  sphere, 
aTe  spherical  neighborhoods  of  the  point    A*    Ihe  former  lies 
within  the  opdn  soird  sphere  with  center    A    and  radius  .equs^l 
J.    '^^o         diameter  of  ^ the.  given  spherei .while  ^i)e  latter, lies 

^ithin  aJsol/id- spheW  with  radius  greater  than  the  diameter  K)f  " 
the  given  sphere.    The  diagram  al^o  indlc^'tes  spherical  neigh- 
bophoods  of  points    B   and    P.  . 

*- , ^^neighborhood  ^of     point  ,A  ^  ^of ,     cirqle  relative  to^ 
that  circle-is  an  arc  of  the  giyen  circle  *witlxs»  A'  as  its 
midpoint.    Other  neighborhoods,  in  this  .case,  are  constituted 
by  the  circle  minus  a  point  diametrically  dpposite    A,  and  by 
the' entire- given  circle.    In  fig.  108  dashed  lin^s  indicate 
those  open  solid  sjiheres,  the  intei^^ections  with  which  give  the/ 
respective  neighborhoods  of  point    A    5?eJ.ative' to  the  given! 
circle* 
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"'I'll I      I  ^^^w«^!5FSPw^npp 


It^  is  necessa-ry  .tdv  distinguish,  for  example,  a  i^eighborhood 
of  the  point.  A,  an  end-point  of  the\segment    AJB^  relative  to 
this  segment  (fig^  109a) ,  relative  tojthe  line— AB-^lg^^^lS)9b) ,  * 
relative  to  the  plane         containing 'the  line  (fig.  109c),  and  ^ 


relative  to  all  of .  space  (fig.  109d). 


.1^ 


if.. 


Pig,  109 


After  having  elucidated  the  concepts  neighborhood  of a 
point  and  relati^4e  neighborhood,  we  proceed  to  the  definition 


of  ohe  of  the  most  important  concepts  of  geometry,  that  of  cCon-* 
^    j:inuous  mappings    Let         be  a  mapping  of  figure  ^  into^  figure 
y  >  and  let    Aq    be  a  poinlLJ^  figure**  6   .    (Rien  the  mapping  [ 


a 


-  •  r 
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is  called;  contlniiious  at  the  point    Aq    ^Lf  for  every  neigli- 
borhQod  '  e    of^.th^e  p^oint    f(Ao)    of  figure   ^relative  to:  ^ 
there  is  always  to  be^1?ound  a  neighborhood  A  ,of  the  point  Aq 
relative  to  ^  suoh  that  the  entire  neighborhood,  ^*is  mapped 

E,  that  is    .  •  ' 

f(A)a£l  V  ^ 

is  continuous  at  all  points  of  fi^^e  ^  , 
•  ft  is  called  simply  a  continuous  mapping  of  figure  ^(^'  *  ^ 
Let  us  consider  some  illustrative  examples. 
Let  a  plane  be  mapped  onto  the  line  a,  belonging^ to  it  so  • 
that  each  point    A    of  ?he  plane  is  mapped  into  the  foot^  B  of 
"  the  perpendicular    AB    t'p^the  line  a.  (fig...  IIO).  ' 


intb  the  neighborhood 
If  ,the  mapping 


Fig.  110 


4^ 


^  ^Hie  points  of  line  Ol^  arg  mapped  ili|o.  themselves>--ife  shaH  prpve 


that  this  mapping"^  of  the  plane  oato  the  Uine  ^  is  continuous. 
l?^^r  /'Let    TCAq)      Bq.    Wq.  select  an  arbitrary  neighborhooQ-^.CJfL^R.     '  "i^" 
relative  to  the  line  c^j  .  be  some  interval    PQ^  If 

we, select  a  neighborhoSI  of  point,  Aq'   r,elative  to  the  plane,. 


i;e.  an.op^eh  disk,  such  that  its  radius  is  not  greater  tl^ri'  the 
radiua  of  interval    PQ,.  then  the^  whole  of  this  nei/xhborhood  is 
ma:pped  into  the-  interval    PQ.    Since   A    c^n  be  any  .point  of 


the  plane'/'  the  mapping-  is'  continuous,   _  , 

'     .  '      •  '   - 

The  mappings^previously  discHSsegl:         the  segment  PQ  into 

r  \  ^  '  ■   ^''^^       ^  "  

/the  segment    13^  '(fi^.  96),  of  a  circle  onto  its  diameter 
•   *  ■• 

(fig,  97),  or'a- sphere  and  likewise  pf  a  solid, sphete  onto  its 
^ .  »  '  ■■ 

diameter    PQ    (fig,  98 )*  of  a  t©37us  arid  of  the  solid  which  it 

,    .   *     "-'^^  ^  ^ 

bounds  onto  its  image,  a  segment  of  Its  axis (fig,  99),  —  are 

all  continuous  mappings,  "  In  exactly  the  same  way  the  stereo- 

graphic  mapp-ing  of  a  plane  into  a  sphere  -  (fig,  loo)  is  a  con^ 

tinuous  mapping, 

.'In' all  tb^se  caaes,  for  an  arbitrary  relative  neighborhood 

E  'vof  emy  point*  f^)    we  can  readily  find  a*  relative  neighbor- 

^hood  Z\  of  point    A    such  that  ^     /-  • 

f(A)C:E.       -  , 

It  is  suggested  that  the  student  verify  .this  for  himself,  "* 

,  ^  .  ' 

,By  w^y  of  ,a  model,  we  shall  consider  the  case  of  the  mapping 

tff .  a  one-dimensional  triangle    ABC  .  onto  the  circumscribed  circle 

(fig,  101),    Let' us  find'for  any  given  neighborhood*  E   a  neighy 

borhOQd  A  such  that    f  E.* 

Let    M    be  art  arbitrary  point  of  the  triangle  and  le^t 

N  f  f  <M) ,    We'  select  an  arbitrary  neighborhood    E    of  the*  point; 

relative  to  the  circle  (fig,  lll)>    This  will^be  an  open  arc  . 

^PQ,T^j[^  us^.Join  the  points    P    and    Q    with  the  center  0\eind*- 
(  '  ,  \  ' 

maBl^^^^^oin^s    P'    and    Q*-  where  the  segments    OP    and  OQ 

intersepS  the  triangle,        '  .  ^  >    '       ^  - 

Any  interval  of  the.  segijient    P«Q«    with  its  midpoint  at-  M 

m^y  bet  taken  as  the  2l\-nelghborhood;' then  ^  .  v 
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If  the  neigliborhpod^  E    of  the  point    N   is  the  circle  with  . 
,    the  point  diametrically  opposite    N   excluded,  or  if  it  is  the 
entire  circle  |,  then  any  neighborhood  of  the  point    M  -relative 
to  the  triangle  which  does  not  contain  the  point  diametrically 
^  opposite  to    M        in  the^  second  case  even  the  entJjpe  one-dimen- 
sional triangle  ~  may       taken  as  aZ\-neighborhood  of  point  I4. 
^    If  the  mapped  point  be  a  vertex    A    and  the  radius  of  the 
E-neighborhood  is  sufficiently  small  we  may.  take  as  theZ\-rieigh- 
borhpod  relative  to  the  triangle  the  intersection  of  the  triangle 
with  the  same  open  solid  sphere  which  generated  the  E-neighbor- 
.  hood  relative  to  the  circle;    in  the  given  case  (fig., Ill) 

asks  one-to-one  mapping  of  a  triangle  onto  a  c}.rcle  is  also 

continuous  in  the  inverse  direction,  i.e.,  the  mapping    f--l  is 

^        '         '     ,  .        ;  . 

also  corf.tinuous 

^^^^  ^ 

-We  can  readily  convince  ourselves  of  this  since  with  ref- 

erei^ce  to. the  mapping    f-1,  we  can  find  far  every  given  neigh- 
^  borhood  of  the  triangle  a  neighborhood  bf  the  circle  which  is  ^ 
mapped  completely  into  the  given  neighborhood  of  the  triangle. 
We  give  thq;^ following  general  definition: 
Definition;    If  the  mapping  ^  is  one-to-one,  continuous 
and  such  that  the  mapping  'f-i    inverse  to  it  Is'  also  continuous, 
t.hen  ^  Is  called  a  topological  mapping.    We  .might  also,  express 
this  by  sayljjg:*  a  mapping ^Is  topological  if  it  is  one-to-one  ' 


and  bicontinuous. 


^■.A  •  .  V. 

.  •  tee 


Fig.  Ill 


In  the  foregoing  example  we  were  dealing  with  a  topological.' 
of  a  one-dimensional  triangle  onto  a  circle  and,  in- 
yersely,  the*  tfopological  mapping  of  the  circ3^  onto  fche  one- 


-/dimensional  triangle. 


Bie  stereographic  mapping  of  a  plane  onto  a- perforated 
^sphet^e  {fig.  100)  (and  vice-versa)  is  a^  topological  mapi^ng.- 

.  mapping  of  a  sphere  onto  its  diameter  (f  ig.  980  \s  not 
one-to-one,  and  (jonsequently  not  topoiogical.  , 

The  "unnatural"  mapping  of  the  segment    PQ    onto  the  in- 


W^V.'  terval  P«Q«  (fig;  10^^)/ although  one-to-one,  is  not  continuous,, 
mt??^---::^^'  -    ,    /  -  ?  - 

W^ven^in  one  direction,    iiiis  is  true  because  if  we  take,  for 

example,  a  sufficiently  smll  neighborhood    E   of  the  point  '1«, 

"then^ln  any  neighborhood  A the  .point    Q  =  f-l(l.«)    we  obtain 

points  which 'are  ndt^napped  into  the  E-neighborhood. 

A  sphere  may  be  mapped  onto  a  planer  one-to-one  but  not  top- 

ologicalliy,  similarly  a  segment  cannot  be  mapped  onto  an  inl^erval 

.     tdpologically,  i.e.  one-to-on^  and  continuously  in  both  direc- 

tioris.    This  assertion  we  shall  leave  without  probf .    We  Shall 

'  ' '    ■-•^  '  - 

^tir"^    .  point  out  .also  without  proof  .that  it  is  impossible  to  establish' 
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j 


a^ttopofoglcal  .correspb^idence  between  figures  of  different 


^Jraenslonallty,  for  example  between  a  segment  and  a  cube  or 

^'^^^'f  '       (        -     ^  "  ■       '  '  ' 

\-befewe.en^ai  plane  and  a  circle,  ; 

ISfO  figures  whi0h  can  be  topologically  mapped  one  upon' the 
otheS^re'  bailed  topbloglcally  equivalent^  or  homeomorphlc,'^ 

Thus,- it  will  easily  be  seen  that  all  circles  are  homeo-  '  ^ 
morphic  with  each  other  and  topologically  equivalent  to  any  bn^- 
dlmensionffl  triangle,    ISie*- torus  and  the  sph^rS  are  topologically 
different,  i.e.  not  homQomorphic,  a  fact  whose  joroof  we  omit. 

Topological  prope]^.ties  are  those  properties  of  f igures""-^^hich 

al&?e  preserved,  or  as  we  sa.y  are  invariant,  under  all  topological 

^    ■      -  ^    V*  ^ — ^  ^ 

mappings;  in  other  words,  th't^^topological  properties  of  a  figure 

^\ 

^   are^  those  .propertl-€S 'Whictf  belong  not  onl^^to  figure  j>  but 

"to  every  topologically  equivalent  figure   ?^  •   ^Por  example,  the 

proi^rty  of  a  figure  of  being  a  curve,  of  being  a  surface,  of 
k  ' 

being  a  solid,  or  of  being  a  closed  curve  —  such  as^a  circle  or 
a  OTie-dimensional  triangle  —  all  ,these  are  topological'  propel- 
ties*    ,  '  ^    .  ' 

r^.       If  a  figure  (f>  is  mapped  onto  a  figure  ^  ,  we  stlso  say 
that  the  figure  f    is  transformed  into  the  figure  If  the 

figure  (ji  is  topologically  mapped  onto  .the  figure  ^  ,  \ie  say  ' 
that  J&4^^e       is  obtained  from  figure  ^  by  a  topological  trans-- 
formation ♦ 


With 


fche  aid  of  the'concepta  Ju^t~studie;d,  it  is  possible  to 


define  rigorously*  such  concepts  .as  an  arc  of  a  'curve,  a  closed 

curve,  etc.  '  j  \ 

^    *  .      ,    .  '  • 

A  '-simple  arc  is  a  topological  image  of  a  segment,  a  closed       ,  \ 
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simple  arc  is  a-  topological  image  of  a  one*^4^ensional  triangle. 


etc. 


/ 


The  majority  of  mappings  encountered  in  geometry  are  ^topo- 


7/ 


J-  logical  mappings,  '  . 

"Bie  spedtfieglly topological  properties  of  flgures^*.and,,the..' 
properties  pf ' topological  transformations  as  such  are  the  sub3ect 
^  matter  of  '"the  geometry  of  the  continuous"  --i-  topology  . 

(ref,  t7]).  \  /  f  ,  -  ^  , 

^  For  elementary  geometry  we  require  only, the  very  simple 

topological  concepts. which  have  been  set  forth  above.  .     .  ' 


.  ..  .w. 


*    ^     .  .  159. 

16./  THE  CONCEPT  OP  THE  TRANSFORMATION  OP  A  PLANE 
INTO  ITSELF -AND  OP  ^ACE  INTO  ITSELF 

Irv  mapping  a  figure  ^   onto  a  figure  ^  It  is  not  neces3at.ry 
;that  figure  y  be  distinct  from  figure  ^   .     If  figure  TT  coln- 
'"^tjides 'with  figure  f  we  have  the  mapping  of  figSre  ^   into  itself 
or,  in  particular,  the  mapping  of  flgure^  ^  onto  itself.  ' 

In  the  case  of  a  mapping  of  a  figure  jzJ*  into  Itself  ojp  i^ni^o 
fbself  we  often  speak  of  the  transformation  of  figure ^  ^  into 
itself  making  no  distinction  between  into  and  onto;    the  meaning 
Is  always  clear  frcin  the  context.  ^  ^  '  -  * 

In  particular,  we  speak  of  the  transformation  of  a  plane 
Intio  l.t/self  and  of  the  transformation  of  space  into  Itself. 

following  exampl^  illustrate  this  general  de'flnltion^ 

The  mapping  of  a  solid  sphere  upon  its  diameter  (fig.  9^)  - 
Is  at  the'^sama  time  also  a  mapping  of  the  solid  sphere  into 

Itself.,  'me  diameter    PQ    will  iDe  the  complete  image  of  the 

f  /  ' 

solid  Sphere.    Jfiils  mapping  of  the  solid  sphere  l^toilJ;self  is 
one  of  the  transformations "^of  tjhe  solid  sphere  into  l\^lf . 


Fig.  112    -  * 


*  If  we  map  the  line'  cu  onto  an  open  semicircle,  and  t>ieh  by 
peipendicular  projection  m§p  this  semicircle  back  into  the  line 
^      we  obtain'  the*  transformation    f    of  lirfe  cu  into  itself 


c 
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(fi§.  112),  under  wMch    f(A)  =  A»;    f(A«)^  =  A",...  and    f(P).=  P 

The  point    P    is  a  fixed  point  of  this  transformation.  '  Ohe  com- 

plete' iniage  of  the  line  ^  will  be  the  interval    KL.    This  trans-. 

forraationis  topological^.as  can  easily  be  verified.  ,  ^ 

Proceeding  analogously  we  can  construct  a  transformation  of 

a^  plane,  ir.  Into  Itgelf  Cfig,.  .113).  Jlhe  complete  image  of  the 

plane  will  be  an  open  disk  of  this  plane.   'Such  a  transformation 

of  a  plane  into  itself  is  likewise  toi)ol9gical. 

It  is  necessary  to  keep  in  mind  that  under  -the  indicated 
♦ 

transformation  of  the  plane  into  itself  every  figure  in  plape,  tt 

is  transformed  "into  some  figure  in  that  same -plane  It.ls^sy 

to  see,  for  example/  that  a  circle  with  center  at  P    will  be 

transformed  into  another  circle  with  the  S^ime  center.    Lines  , 

passing  thqjjugh    P   will  be  transfo3^med  into  themselv^s;\  the\ 

complete^  Imajge  of  each  such  line  will  be  an  interval,,  as  JLs  ' 

evidenJi,  f rom  figi  112.    A  line  not  passing^'through    P  .y^ill  be.  .  ' 

transformed  into  an  arc  of  some  curve.    A  circle  having^ Iti^     *'  ' 

center*  not  at  S    will  be  transformed  into  some  clpged  .curve^^. 

the  disk  bounded  by  this  circle,  into  a  region  of  the  ^pl^^  ,  _ 

bounded  by  the  image  of  the  circle.i  etc.  '       '  Z!^'^^^  * 

^        A  transformation  of  d  plane  into  itself  induces  a- trans-  ^ 

-     -     '  '  '  '  7. 

formation  of  every  figure  of  this  plane. 

Let  us  construct  a  transformation -of  tJte^^.plane  •  ir  into 

itself.    We  draw  in  ,the  plane    ir    the  equilateral  on*e-d£mensional 

ti^iangle    ABC    and  its  circumscisLbed  circle  (fig.  101).  .  Let 

•every*  point    M    of  the  one^-dimensionaJL  triangle  be  ^transformed  / 

into  a  point    N    of  the  circle,  and  let  every  point    N    of  the 

circle  be  taken  back  int5o  the  corresponding  point    M'  of  the 


5? 


{<f: 
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trianglei  all  other  points  remain  ^in  their  p-laces,  th^|t;\-s,  are 
mapped  into  themselves.    We^  then  have  a  transformation  of  the 
plane  inta  itself  (and  in  fact  onto  itself ) 'which  is  not  topo- 
loigical.  ♦  ' 


I  ■ 


.*  ^Is.  transformation  of  the  plane  Into,  itself  induces  a 
transformation  of  every  figure  in  the  plane  ,  tt,    Ohus,  triangle 
ABC  "is  topologically  transformed  into  the  circumscribed  cijpcle. 
Tae  circle  also- is  transformed  topologi'cally  into  the  triangle* 
Every  figure  not  containing  points  of  the  triangle  or  circle 
other,  than    A,    B   and    C    remaj.n^  unchanged  and,  consequently, 
its  transformation  is  topological.  '  "  ' 

Analogously  we*  may  construct  a  transformation  of  space  int 
itself  by  cfrcuiascrlbing  a  sphere  about  a  two-dimensional  regu- 
lar  tetrahedron,  transforming  "point§  of  the  tetrahedron  and  sphei^ 


lying  on  the  same  radius  into  each  other,  and  l^^ing  all  other 


points^  in  their,  place's. 


^  Glie  topological  transf onnation  of  the  one-dimensional  tri- 
angle into  the  circumsQri^if^  circle  can  be  extended  continuously 


K/2 


to  the -entire' plane  .with  the  aid  of  the  following  procedure. 
!Ihe:i)6int    0    goe^s  into  itseHfe>  while  to  every  point    S 'distinct 


ffom   0,' in  the  plane    tt  !we  aasign^its  im^ge  such  that  ' 

•lies  on  the  ray    OS,  and  ;  ; 

^     .  0S±  .  ON     .  • 

OS       CM  •  <  ,  -^^J^, 

Ihis  determines  uniquely,  the  point  and  thus*  we  have 

constructed  a- t3?ansf orraatioh  of  the^lane  into  itself  which  is, 
-^moreover,  topological,  as  can  readily  be  demonstrated.    Ohis  * 
mapping  of  the  plane  into  itself  (and  in  fact  onto  itself)  in- 
duces a  topological  t3?arisf ormation  of  .every  figure  of 'this  pjauie. 
A  ray  issuing  from  point    0   undergoes  a  homothetic  trans- 

'  formatien^but  each  ray  has  its  own  coefficient  of  s'imilarit^ 

'  ON  -  *  *'  '  . 

'  ^'^^  M  •    Poihts  .on  the, rays    OA,    OB  and  OC  ^remain  fixed  since 

for  them  k  «.l.    In  figure  ll4;^j^shown  the  transformation  ofc  the 

^  triangle    VqR    into  the  figur.e    E»Q«R»    and  the'  tr^sf ormation  of 

a  circle.  . 


:  ;        ^  *      -  -  163; 

'i  / .    ,  ♦ 

Tt\e  triangle*  ABC    Is  transformed  "into  its  circumscribed  circle . 
%pSs^  suggested  as  an  exercise  thg^t  the  student  dra^the  f;lgure  * 
;lnto  which  this  circle  ItselT  Is  In  turn  transf,ormed. 

I  :^      An  analog  of  this  transformation  \can  be  constructed  In 

I I  r     ^  ^  ,  '  * 

spac^,  with  the  aid  of  £i  regular  tetrahedron  and  Its  circumscribed 

Si 


Jttie  transformation  of  space  Into  itijelf  (and  In  fact  onto 
.^itsel^E;,),  thus  obtained  will  be  a  topological  one,  as  may  be 
readily  verified.  " 

Let^us  recall  once  more  that  properties*  of  figures  which  are 
p|^esexr^^-tihder  all  transfoiinatlons  of  a  given  class  al'e  called 
invariant  properties  of  these  figures  (relative  to  tha^  class  of 
translT ormations)  •    An  invariant  prppei^ty  of  a  circle,  for  example 
^hder  "topologicalT^Eransf ormations '  wfll  be  the  property  of  being 
a  closed  cjirve  without  self -intersection.    A  break  in  the  topo- 
logical  image  is  excluded  by  virtue  of  the  continuity  of  the 
transf ormatiori^^  and  self-intersection  is  excluded  by  virtue  of 
its  one-to-one  character.    If  we  imagine  a  circle  fomed  of  rub-: 
bar  thread  capable  of  ijif Inite  elasticity  and  flexibility,  then 
bV  stretching^and  bending  this  circle  as  we  please  we  obtain  its 
topological  .images. 

Such  tj?ansformations  do  noV preserve",  for  example,  length, 
convexity,  or  the  property  of  being  a  plane  figure. 

Ih .general under  topological  transformations,  lengths  of 
lines  and  angles  between  lines  are  not  preserved.    Nor  -can  we 
speak  of  the  preservatidn  of  area  either,  since  a  plane  figure 
may  be  transfomed  into  a  very  intricate  spatial  one,  and  so  on.. 


1  y 
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It  is  not,  difficult  to  find  any  number  of  examples  of 

^'^ 

transformations  of  the  plane  into  it&elf  and  of  space  into  itself 

'  .  ^]  -  . 

cons  true  ted.  in-  the  manner  Just  examined*    We  can  takfe  any  two 

.  •    '  '  .  >  ^  .  \  ^ 

curves  (1)  and  (2)  (in  spguce,  two  surfaces)  which  intersect  each- 
IW!'':      .  "^y  isfming  from  a  given"point    o    in  only  one  point  (fig.  I15) 


.and  proceed  analogou'sly  with  -the  foregoing, 

'  ffliat  is  to  say,  we  transform  every  point  A 
.A'    such  that    A«    lies  on  the  ray  OA' 


into  a  point 


and 


OA* 

ST 


Where '  M^^    and  are  the  points'  of  intersection  qf  the  ray 

with  the  curves  .(1)  and  (2)  respectively. 
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If  the  curves  (1)  and  (2)  are  concentric  circles  (in  space, 
concentric  spheres)  the  transformation  will  be  the  familiar 
similarity  transf ormation|with  the  center  of  similarity  at  point 
0   (fig,  116).  '     '  '  ' 

J[t  will  be  interesting  to  work  out  the  forms'  taken  by  the 
imaget^of  various  elementally  figures  (triangle,  square,  circle 
etc)  if  a  series  df  simple  Tigures  ^re  successively  phosen  aa 
,  the  curves  (l)  and  (2). 


V 


166.    *         '  '  '   ^  .  ^ 

•    '     '       I  STEREOGRAPHIC  PROJECTION 

Let  us'ccfnsider  still  another  transformation  of  figtfres^— 
central  projection.    In  mapping  conic  sections  into  a  circle  ' 
(but  in  general  not  onto  tVie  circle)  (figs,  29,  31,  33),  as  well 
as  a  plane  into  a  sphere  (but  not  onto  a  sphere) (fig,  100),  we 


were  already  dealing  with  central  projections,  th*e  center  wd.ng 
at  pbint  S.   


Le^s  investigate  the  properties  of  one  central  projection 
of  plane  figures  into  spherical  figures  —  the  properties  b^^. 
stereographiV  projection       which  will  be  ,inc^ispehsable  to  us  - 
later.  "    ^  , 

Stereographic  projection  is  important  not  oniy  in  mathema- 
tics  —  where,  aside  from  geometry,  we  may. point  out  the  possi- 
bility of  the  one-to-one  mapping  of  the  plane  pf  complex  numbers 
onto  a  perforated  sphere,  the  utility  of  which,  is  well  toown  — ' 

but  also,  for  example,  in  cartography.'    In  cartography  we  must 

if       

deal  with  they  mappin^,..of'''the^^  'of  the  sphere  into 

a  plane,  that  Is^^^ith  the  construction  of  plane  maps  of  the 
earth «s  surface  regarded  as  a  sphere.    We  stereo^raphic  pro- 
jection is  one  of  the  most  important  cartographic  proj^e^ctions.-^^ 
In  our  study  of  stereographic  projection  (fig.  100)^we  shall  con- 
sider that  the  sphere  is  perforated  at  the  Center  of  perspective 

1)  See  A.  V.  Gedymln:  Cartography,  textbook  for  teacher  training 
,.lnstItutesT  Uchpedgiz  19^6.    Examining,  the*^ instructive  dia-^ 

"  'grams  and  sketches  of  this^book  one  may  readily  get  an  idea 
of  the  distortions  of  figures  under'  various  kinds  of  trans- 
formations pt  parts  of  adhere  into  a  plane  [1^].  *  *  . 


167. 

Sj  and  that  the  point  belongs  to  spac6  but  not  to  the  sphere  • 
Every  figure  lying  on. the  sphere  JLs  likewise  considered  to  be 


-  perforated  at    S    if  it  passes  through  that  point. 

We  observe,  in  the  first  place,  that  any  line  ^  of  the. 


plane    tt    is  transformed  by  the  sterepgraphic  projection  into  a 
circle  passing  through  the  point    S    (fig*  117).    liii^  follows 
from  the  fact  that  all  rays    SA,    projecting  points    A    of  line' 
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into  points    B    of  the  sphere,  lie  in  one 'plane  which  pro- 
jects the*'line  ex.  and  which  intersects  the  sphere  in  a  circle 
passing  through    S.       -  .  >• 
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,  Tims,  any  line       of  pyne    tt    is  transformed  into  circle 
^  passing  through    S.    -Every  circle  a*    belonging  to  the 
sphere,  and  passing  through    S    goes  over,  under  the  inverse  trans 

formation,  Into  a  line  ^t.  of  th§  plane,    .ihis  is  one  of  the  fi;n- 

^»     •  ^  «    «  . '  ♦ 

damenta'l  properties  of  st'^reographic  projection. 

All  meridians,  in  particular,  are  transformed  into  straiglit. 
lines  passing. through  th^  sbyth'-^ole  (fig.  II8),  and 'vice  versa: 
every  line  belonging  to  the  pencil  whose  center  is  at  the  south- 
pole  is  tiansfoimed  into  a, meridian  (fig.  llB).^ 

\%  virtue  of  the  one-to-one  nature  of  the  transformation^  we 
shall  speaR:^  sometimes*  of  the  trajpsf  ormation  of  the"  perforated 
sphere  onto  the  pl^e    tt    and  sometimes  of  the  inverse  trans- 
formation  of  the  plane    f    intoXthe^  sph^e,  (or  onto  the  per- 
f Grafted  sphere).    Which  of  ^he^  transf oaTmatibns  we^  have  in  mind 
will  be  evident -from  the  :coi>Cext.        "  .  "^"^ 

M  is  easily  se^n  that  all  the  parallels  of  the  sphere, 
includi-ng  the  equator,  are  transformed  into  concentric  circles 
in'  the  plane  having  their  center  at  the  south  pole  of  the  sphere 
ffdg..  118).    In  proof  we  note  that  the""  right  circulaiv  cone  which 
projects  any  parallel  intersects  the  plane    tt    in  a  circle.  -  This 


,ng  maps  of  jcircumpolar  regions 


Is  the^  method  jjlsed  in  construct 

exarapl'es  of  such  maps  raay.befbuhd  in'any  geogjraphical  atlasi 
I      .  Let^us  now  inquire  what  are  the  images  of  ^circles  on  the 
sphere  other  ttian  thos^t^e  have  Just  considered  (figs.  IItJ  II8). 


-V 
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.    We  find  that  the  liiiage  of.  any  -circle  on  the  sphere  not 
passing  thyough  the -center    S  "bf  the  stereographlc  projection 


will  be  a.  circle  lit  the  plane    tt   of  that  projection  > 


,       ^  THIS  IS  THE  FIRST  PUNDAME^JTAL  THEOREM  OP  SWREOGRAPHIC 
"  '  '      '.PflGJECTI0N,\  \  -  \  , 

♦Before,  proceeding  to  prove  ll^  let  us  point  but  the  following- 


Firstly/  In  order  to,  find  We'  yertex    T   of  the,  cone  tangent  -r 


10/^^  t'^'^'^  ^P^^^  In  a  given  circle  ^bf  the  sphere,  we  may  proceed  as 
^follows:    We  draw  from  the«^center    0   of  the  sphere  (fig'«  119)  * 


^^^^  i 

gl^t  r   the  perpend  i^lar   OC    to  the  plane  of  *  the  .»given  cir 
Sl^^  .  _  any.  plane  passlJig  through  this  pferpendicUalar  (shaded  in  .the  dia- 


and  in'- 


§3lk:v_.  ,gtam)Jwe  cp'nstrucit  the  tanjisnt    GT    to  the  great  circle  oE  the  ^ 
mvf;^^py^^^^  at  the 'point*  of  its  intersectiqil .  G*  witK  the  given  circle 

y\  ^®  point  'T   of  <tl:e  Intersection  of  this  tangent  with  ' 
fc^:'Viine    6c.  will  also  be  the  d&sirea  vertex*  T^  of  the  bone.    If  , 
I^Ww '^^^        -A  is  k  great  circie,  thb  ^ta^feent    GT   Will  be  parallel 
^^4;  *;,j,tt>\  :0a   ahd  the  tangent  cone  degenerates  into  a.cyiinder.'* 


^^^^^ 


170. 


'  ^Returning  to  the  s^reographic  projection,  we  note, 

secondly,  that  the  vertices  ^  T    of  the  cones  tangent  to  the 
V.  '      sphere  in  ari^  circre    a*  "^passing  through  the  center    S    of  the 
projection  (fig,  117)  lie  in  a  plftne.<3C  tangent  at    S    to  the 
sphere  and  consequently  parallel  to  plane,  ir.    In  figure.  120  is 
^  shown  the  sfec'f  ion  of  t^ie  sphere  by  a  plane  passing,  thrqilgh    S  and 
.containing ''the  eeo^pendicular    00    to  the  plane  of  the  ci^»cle  a' 
(see  fig.  117).         .  V  , 

Thirdly,  every  line  tangent  to  the'  sphere  is'  tangent 'to  any 
circle  of  the  sphejre  the  plane  of  ' which  contains  this  tangent. 
■   Woof;    Let  ct  be  a  line  tangent  to  the  spherie  at  M 

(fig.  121;,  which  is  to  say,  let  ^  be  perpendicular 'to  ;^dius. 

•  \  '  -      ■  \ 

OM.  of  the  sphere.    If  through  line'  ^  .we  pass  a  plane  inter- 

secting  the  sphere  in  the  circle  Jk^  (we  suppose  here  that  >e  is 

not  a  great  circl-e^^JaiTwhich  case  the  assertion  would  be  obvious), 

and.  if  we  drop/the  perpendipular  OC    to  this  plane,  then    00    '  \ 

*••               /  *  *^  ,            .  ^ 

will  also  be  perpendicular  to  the  line  of  this  plane. 

^  i        ^        .  ^ 

[Here,  of  course,  the  two  perpendicular  liries  are  skew.  % 

*  '      /  — Translators.] 

Thus,  line  a.  ;Ls  perpendicula/ to    OM   and  .00,  and  hence* 


perpendicular  to  the'  plane  of  these  lines,  whereby  it  is  also 
■  pe^erdicular  to  the  line    CM    of  thijs  plane.    Thus,  ijine  co  is 
tangent  to  circle  . 


I  ) 


f 


171. 


Pig.  121 


Keeping  these  facts  In  ^Ind,  we  *shair  prove  one  more  lemma  f  .| 
liemraa:  ,  '  ' 


Pig.  122'  ^ 


enote 


a  line  tangent  tq^  ttie  sphere  at/  point 


(rig^  .122)  •    We  pass,  a  plane  through  the  line  ^  and  the  pcJle  t 
of  the  dtereographlc  projection.    This  plane  Intersects  the  , 
1^/?  '  sp^jere.ln  the  circle  and  Intersects  the  plane'  .ir   In  ^^he  ' 

I^Cf  '  image'  of  this  circle,  the  line  cL'  t    (Plg.  123  shows- this  plane 


together  with  circle  and  lines  ^  and 


be  verified  that  line  SC 


»       It  can  easilw" 
(figsl.  122,  123),  where  .C    is  IthL 


172;" 


center  of  cirale  a} 9  1^  perpendicular  to  line    cu.    We  shall 
prove  that  lines  Jt^  and   CL  l^ntersect  line  SM  at.  the  same  aigle 


»  Proof :  . 
/and'  since 

and 

we  get 


^aMM»  -  ^SN  +  J 

'  •  .  q.e.d. 


We  now  turn  to  the  proof  of  .theTirst  fundamental  theorem 


of  stereograRhic  projection,.      -     *      ^  . 

I^t  ^*Abe  a  circle  of  the  sphere  not  passing  through  porint 
S    and  not  a-  parallel  of  the*  spheri  (fig.  124).    Further?^  let  ^ 

.  n  •  *         *  r 

T    be  the  vertex 'of  a  cone  tangent  tb  the  sphere  in  the^icircle  . 

a.^,  so  that  if    M«  ^is  an  arbl^trary  point  of  circle'  a.^y 

I  ♦  .  *  *       i\  ,      'fc  '  i      \  " 

is f tangent  to'  the -sphere.  •  Drawing  the  line    SM*.  we  dendte  the - 

.  linage*  of  poiht    M«    in  the  plane    ir   by    M.    We  also  denote  by  * 

;  K    the  intei>pe|btion  of  the  line"   ST   ar\d  the  plane  "ir:    We  know 

that  'T,  doe$  hot  lie  in  the  plane  tangent-  to  the  sphere  at  S 

,  and  parallel  to    ir;  consequently    ST   is  riot  parallel  to  the 


plane 


IT. 


/ 


18: 
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We  'shall  now  show  that  the  Image  ^of  .circle  .cV    Is  a 
circle  having  center   K.  --.  ••      •  ' 


Pig, ,124 


Ear  the  lemma,  ^TM'M     ^KMMS  since    TO«  '  is  tanj^ent  to  the 
sphere  and    KM    is  its  central  projection  on  plane    it.  ^ 

'  We  draw    TM"    parallel  to    KM;    Hien  either  points  .  M"  •  an^ 
M"*    coincide,  or  triangle    M'M"T    has  eqtal  angles  at  the  ver- 
.  ,tlces    M'    and  '  M",  and  consequently  w  ' 


but 


or 


M  T 


SK 


_Bat  -  M,«T  tias  the  ^s'ame  length  for  alDL,  points-.  JW«  '  on  the 
/-(^Ircle    ^z*.    Corfsefquently:,    MK^  has  the  same  length  fqr  all 


'      "  points    M    on  the  6UrvB'"""Srana^^e  curve       £s  a  circj.-e,  q.e.d 


1'^..      ^       ^^^^  again  We  drnT^-^tteni^lon  to^aa  |mport^£^t^fajCt*.of  which' 

the  ' 


'-^^  ifl^;"^^  pre^ediri^/'^iia  ardeiuto  obtain 

^/l     .  g|rherical  ce^t^/df— di-i^le-  i^.^rpcessa^  rir.nn/a'- 


pehdlcular  from  the  vertex    T    (fig.  224)-  to  the  plane  of 

-     ( .  ; 

circle  aJ^^    Ihe  points  of  intersection  of  thi^  perpendicXilar 
: with  the  sphere  Vlll  be  the  two  spherical  center^  of' the  circle 
^^«*    ait  by  virtue*  of  our  assumption  Jbhat  the  circle   a}    Is  ' 
not  a  parallel  of  the  sphefre  rela1;lve  to  the  pole    S,    ST   is  riot 
perpendicular  to  the.plsme  of  the^'clrclfev    c^S  and  consequently 
the  center-  of  9annot  lie  on    ST.    Therefore,  the  spherical 

center  of  a  circle  a,\,  the  plane  of  which  does  not  pa>ss  through 
the"  center  of  the  stereographic  projection  and  is  not  parallel  to 
4 .the  plane    tt    of.  the  projection,  does  not  have  as  its  imaite  the 

r  '  '  : — '  ^  ^ 

center    K  . of  the  transformed  circle  a. 

_  —  '  ~  -  -      '  r  \ 

^  [.  ^  Similarly  it  may  be  shown  that  any  circle  jui  ^iane    V  whose 
ceriter    K    is  not  the  point  gj  tangency  of  the  sphere  has  as  its 
Imjjge  on  the  sphere  a  "circle  which  does  ndk  pass  through    S  and 
Whose,  center  does  not  lie  on  >bhe^-proJectlng  ray  ^  SK> 

WE  SHALL  NOW  PROVE  THE  ^SECOND  FUNDAMENTAL,  THEOREM  OP  '  . 
STEJrEOGRAPHIC  PROJECTION:       '  ,  1  . 

Under  stereographic  projection '''t)ie  angl.es  betweHScurves  on  the 

—   1     "  I  .  — n  

sphere  ar^  equal  to  the '"angles  between  their  images 

Let  ^ere  be  given  th^ 
(fig.  124)  intersecting  at 
betwee/n  the  curves  is  the 
to  these'  ciirves,- where 

the  sphere  at    P'f^'^.v  The  Im^ge^  of.  the  curves  i»  and  2*  are 
the  'Curves.  1  an^*2^in  the  )lane  -,7r.  '.Curves  1»  and  1    lie  on  the  ' 
surface  of  a  projecting  cjo^ie  with  vertex  at  ^  S.    Curyes  2«  and  2 


curves  1*  and^  2«  on  I  the,  sphere* 
angle  oC  in  the'j^pint    P«.    ilhe  angle 
rigle  betweeA  th6,  tangents  .U^  and  J^:^ 
and  a' -plane  tangent**  to 


-     .  ■  '  ,  17-5. 

similarly  lie  on  a  conic  surface  with  vertex  at*   Si    SP«P«    is  a 

■*  /  '  .  '  - 

comnron  generator  of  these  conic  surface s»  * 

Bie -plane  tangent  to  the  first  conic  surface  along  its 
-SSJQLtkf tor    SP*P=  f>  ^on tains  the  tangents  and    c^    to  the 

^  curves  "1*  and  1,  •  ' 

By  virtue  of  the  lemma/ [page  171)  We  have: 

Thus,  in  the  trihedral  angles  P'pb^.bg    and   .Ppc-j^c^    we  have 
a  common  dihedral  angle  (between  the  planes  tangent  to  the  cones) 
and  two  pairs  of  corresponding  equal  face  angles ♦    Such  trihedral 
angles  are  equal  or  symmetrical^  and  consequently  theii*  third 
race  angl^es  are  equal,  that  ls,o(         ♦  q»e,d; 

Stereographio  projection  is  a  transf ormatfon  which  preserves 
angles,  *  •    '        ;  "  -      -  -  .  ^      ,       '  ♦ 

Any  transf ormati'On -under  which  angles  between  curves  are  v 
■  *»preservpd  is  called  "conf  ofmal«  f 

*Stereographic  projection  is  a  conformal  pro^Jectloh, 
We  shkll.  utilize  our  knowledge  of*  sterdographic  projection 
I  to  obtain  isome  transf  ormations%f  the  plane  j  ^  - 

*  If  th^^plane    ir  ^/  stereographically  .mapped  into  a  sphere. 


•;he  sphere  then  rc 


bhe 


tated  about  any  diai^eter,  not' necessarily 
Dne  parsing  throuih    S,  and.  the  points  'ot  the  sphere  are,  prof-  * 
lected  ftack  onto  the  plane,  thent w^rpbtain  a  transformation  of,^. 
the  ^planeMnto  itself  ♦  *  -  ^         ♦  .  * 

Initiilljr^  pbint    K    of  plane"  ir    go^-^ov^r  intQ  a  point  '  ^ 
A*^  of  the  spherei/wl^en  the /Sphere , is  rotated,^   AVjgoes  oVer  to  | 


m  176. 


I-  . 


some  poiat    A"    of  the  same  sphere;  and  under  .the  inverse  pro- 
.Jection^  A"  .is  transformed  into  point    A^^    of/'^lahe    tt,  The 
result  is^thajb' poin.t    A    of  the  plane   x  goes  over  i\to, point 


A^"   of  ,the  ^^e'  plane .      ^  ^ 
^     JioweveF;  while  this  is  the  case  generally,  it  is  not  scf 


withoilt  exception.  ^Ihe 'perforation   ^S^  in  the  sphere,  ?or  .^x-^\.  • 
ample,  takes  up  after  the. rotation  some  nevf  position    S»,  tji'e^'-r 
projection  of  which  does  not  give  an  image^  of  a  point        in  the 
plane.'   Furthermore,  th^ point  which  after  the  rotaJtion  assuines 
^fc^highest  position  above  the  jpla^e    tt  ■  will  ncrt  have  an  linage 
^af ter  the  subsequent  projfection.    Ccfnsequentl^,  "that  point  of 
the  plane  which  after*  projection  and  rotation  assumes  this 
highest  position  will  have  no  Image  in  the  plane  Uie  trans- 

formation  of  th4  plane  thus  obtained  will  not  be  a  one-t^o-one 
transformation  of  the  plane  onto  ?tself .  'Under  each  such  trans- 
forma^tion  there  will  exist  on  the  plane  "  ir   a  point  into  w^ich 
no  point  of  the  plane  is  transformed,  as  well  as  a  point  Which-.. ' 
s  no  image. 


What;  is^  iraport€^nt  fcjr  us'is  that  figures  in  £he  polane  tt 


r 


and  ^  fact  whole  regions  of  the  plane,  not  containing 
cce^tional  points,  are  transformed  topologically. 


these 
Under 


two 

•  thiaf  ti^ansf  ormation  ithe  family  consisting,  of  all  linfes  and-circles 

over  into  itself,  that  is,  it  is  invariant  under  the  trans- 
f&i.ation;  furthermore,  this  transformation  is  conformal. 


•  i" 


A 
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18.  'ap  CONCEPT  OP  CENTRAL  PROJECTION 


A  ^tereogx^Rhlc  projeotldn  is  a  special  case  of  central  pro- 
jection pf,  a  sphere  onto  a  plane,  with  a  particular  arrangement 
of  the  cehter     and  the  plane  of  projection   tt.  Sometimes., 
retainlp^  the  cen^ber  at    S,    the  sphere  is  centrally  projected  . 
onto  the  plane  of  the  equator^  and  so  on.    Different  kinds  of 
stereog^l^pJ^c  projections  are  thus  obtained • 

Particular,  importance  attaches  to  the  centreCl  projection  of 
a  plane    r    onto  another  plane    ir.    Here*again  the  one-to-one    ^  , 
onto  property  is* violated— if  we  considea?  the  planes    tt   and  tt^' 
in  .their  entirety' and  if  they  are  not  parallel  (fig.  125)  •  In 


the  plane    tt   there  is 


a  particular  line  ^  lying  in^the  plane 


^  '       V     *  *         -    -  ' 

Which  is  parallel  t^  Tr\  and  passes  through    S,    This  linfe  ^s 

no  image.    Analogously,  there  iS/a  line  on  plane    ir*  which 

Is  not  the  image  of  any  line  whatever  of  plane    tt/.      -  .  . 

N       .If  the  planes  are  cut  through  along  thes.e  lines,  i.e.  if 

these  IJLnes  are  excluded,  the  correspondence  of  points  in  the*  . 

j'lgures  obbairied  preservesj the- cpe- to-one  p]'operty.  ,  Lines  of 


"   ;  -r 

m 


;he  plane 


J   are  projectep  into  lines  of  tjxe  pleme  <        emd  vice 


versa.    On  these  lines |  there  .will  be-  some  exceptional  poin^ 


n^ely  the  points  of  ijitersection  *of  Ijhese  lines  ^with  the  special 


Under  central  "projection  of  one  plane  upon -another  circles 
go  over  into  conic^sectlons^   *We  a5fe  already  acquainted  with - 
particular  cases  of  such  projections.*  i     '  ^ 

:It  is  always  possible'  to*  loca1;e  tl^e  planes    ^^and    tt'  an^ 
select  the  center  of  projection*  S    in  suph  a *marfher  that ^he 


IBS 


How  to- choose  suph  a  central  projection  ig.x^shown-,by,.f Igure 
124.  'The  required  procadure  rsj.^o  select  an:^jn^phei%  t^gent  to 
plane,  t  at  a  po3Drit^|faer  than/the  center*  K-  of'  circle  4L^x\^^ 
tJaking'the  stereograph^^^rojectlo^  th^e  clraie  tp 

consider  the  p^ane  or  clr\le  cl*  as  plane  v^f^*.        >     '  *  M  * 

* .     ^  '  '  \     *         '        '  -^i;  '  ^-       -        j     \v  '  ■ 

^        »^    It*  is  to  be  partlculaiay  noted  that,  :at-  We  a'lready  Imoify  • 

thdScenter    K   of  cli}cle  cu  Is  not  proJectedi;^Ti1:o.^'ye  center  of  ^ 
f-  ♦       '        ;  \  \  -    '  ''  i  -  - 

We  made  use  of  th^.s  observation  in  the  prec^M^g^jr^xhap^  * 
In  general,  all, other  circles  of  plane    r  w^^^jbbt  be^\' 


projected  into  circles  by  rhe  prodectio^^jtfstf  cpjast|^'ctBrd, 


•  179. 

,X9.     THE  CONCEPT  OP  A  GROUP  OF. TRANSFORMATIONS  • 


7- 


\  CeJ 


\  In  gebmd^y  an^  important  role  is  played  not  only  by  Individ-  , 
ual  transformations-  of  figures  hut,  preeminently,  by  set^  clasps 
4r  aggregates  of  transformations  satisfying  presprioed  conditions. 
Central  importance  attaches  to  €he  coyicept  of  a  groyp  of  trans- 
formations  >  '     *        »      "  ' 

To  illuminate  this*  concept  let  us  consider  tJie  following 


If 


Let  a..b^  some  line  in  the  plane    tt    (fig.  1^6)  and  let 
be  a  given  positive  number.    To  the  point    K    we  assign  the  point 
^  M«    such  that:    firstly,  lies  on  the  perpendicular    MA  to 

J.ine       and  on  ,the  same  side  of  a.  as  point    M;  and-seeen^tyr^  

AM/  =  Ji  •AM.  *  r  ^  '  '  ' 

^  1he»  correspondence  thus  established  is  a  one-to-one  trans- 

formation  ^(p  ^  of  plane    tt    into  itself,  which  is  called  a  uniform 
stretching  of  plane    tt    if    k  >  1,    or  ^  uniform  , shrinking  if  , 
k  <  1 . 


Under 


1^;,  fixed. 


this  transformation  the  points  of  li)ie 


remain 


^     Jn  th.e  aiagram  are  sjnov/n  the  transformations  of^  triangle  ' 
PQR    into  triangle  .P«Q»R»    and  of  a  circle  into  an  ellipse  (v/ith 
k  =  3).    It  can  easily  be  shov/n  tnat  under  tnis transformation  a 
'straight  line  goe~s  over  into  a  straight  line  and  tv/o  parallel 
lines       and  ^  go  oyerpinto  two  parallel  lines  p*^and 

'  Taking  thfe'gli^en  line  cl  and  all,  possible  k  >  0  v/e  Mve  a 
set  oV-|transfo^bmtttBns  of  the  plane  ±nto  itself,  Trafi^f ormatioii 
«>  3^  (with  k  =.1)  is  the^^ identity  trapsf omiation;  it  leaves  all 


1^0 


186.  "  :  .  ' 

points  of  plane        ih  their  oJriginal  positions.  . 

Two  transformation^  jZ^^^    and  <f>\Q^    of  the  a^i?  of ^  transf or- 
^  mations  under  consideration,  performed  on^  after  the  q]bher,  will 
be  •  equivalent^*  to  one  transf  ormation' ^l^^^l^^    .  ^%ie  coefficient'' 
of  stretching  ^  of  the  resultant  transformation  is  equal  to  the 
product  of  the ^ coefficients  of  the  comptoent  transformations 


Fig.  126. 


(The  transformation  ^i^^i^^    is  called  the  s 


mations 


and- 


im  of  -  transf 


/kg  •    We  write:  | 


-  Uie  sum  of '  tpansf  ormatlons  dl.    and  ^-i-  Is  equal;  *to  ^ 


f  k  +  ^1 


r 


Tbe  transfonnations    ^      and  '  ^  ^   are  said  to  be  inverse 
to  each  other;  their  sum  Is  equal*  tOj  the>identity  transformation 


,191 


We  sliaii  now  give  a^general  definitrion  of  a  group  of  trans- 

,   _^     '         "         *  •  -  ^ 

formations':.  I     '  . 

♦     '      •  4      ■  ^  '  • 

Definition,    A  set  ♦  G    of  transf ormat^lons  of  a  plane-^'br  of 
*  *  . 

space).  Into  Itself  Is  called  a  group  If:  .  ^.   '  ' 

1 . ^  the  sum  of  two  transformation^  of  ^  set ,  G*  belongs  to    ^ ' 

the  set    G...(c2oBure  under  addition),    *  ^ 

X  ' '  '   —   \ — ^ 

2*    tbe  Identity  transf qr^natlon  biglongs  to  th^  set?--^G,  *  ' 

(exlsten^e^f  a  neutral  element),                /      .  •  -    ^  ' 

'3>    ev^r^  train sformat ion  ^oft'the  set    G^  has  all  Inverse  , 

'transformation  belonging  to  the  set    G-  (existence 

V^^^S*^                of  an  Jmverse  element).  •  \  - 

^-^}''  ^        '  :  ^  rr^  ^  j.  .  •  ,  • 

^  •         .  Bius,  the  set  of  ail  uni^^jrfn' stretchings  <^ofra,  plane    tt  * 
.  consti twites  a  group . 

'         Hereinafter  we  shall  encounter  many  groups  of  transfcjr- 


.  nr. ,'' '  • 


,0  2a.     THE  GENERAL  CONCEPT  QP  A  GROUP 
Pol?  the.  set*  of  uniform  stretchings  there  has  ^been  defined 


one  algebral^.  operation       that* of  addition,    Ihe.  operation  was 

'    ^      .         -  .  J/ 

subject^  to  prescribed  conditions  which  characterize  a  grou^. 

The  general  concept -of  a  group  belongs  to  alcgebrav  [W .  In' 
'     ^  .  /        '    '  .  „       ^  . 

^        ttte  present  section  are  presented  those  elements  of  general  group 

.  / 

theory. indispensable  for  whatsis  to  follow. 

'  •      '     it  is  sometimes  important  to  exhib'it  some  of  the  properties 

of  sets  in  Which  there  is  defined  an  operation  subject  to  c^rtai'n 

cohdi-tions.   «l^iese  properties  will  hold  irrespective  of  the  ele- 

,  ments  of  the  set  and  regardless  'of  the  rfeture  of  the  operation 

^         within  the  set.         .  *  ^       '  ' 

''  To  begin  with  we  shall*-  give  a  general  definition  of  an 

allgebraic  operation-.  *  . 

Given  some\0^  "G    of  elements  of  any  kind,  —  ^ 

In  set    G'  an  algebraic  operation  is  said  to  be,  defined 

'to*any  two  elements  (<iifferent  or  identical)^ of  the  set  G, 

taken  In  a  »definite  ojrd^r,  there  is  assigned  according  to  some 

—       '  '  \  ^"^   

law  a  fully  determined  third  etlement  belonging  to  the  same  set. 

In  our  example  >  to  any  two  elements  in  the  set  of  *  stretching 

transformations  there  is  assigned  a  third  element  in  the  same  set 

-'of  stretching  transf ormationrs^;  ' — ^    '  - 

^  Arithmetic  and  algebVa  yield  other,  examples  of  algebraic  j; 

•  operations.    Such,  for  instance,  are  addition  and  mul-tiplication 

in  number  sets. 

» 

If-  the  operation  is  such  that  for  any  two  elements  of  the 
'  set    G    the  result  of  the  operation  is  independent       the  order 
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In  which  the  elements  are  ^ken,  we  have  a  c-ommutatlv^  opera iion 
But'  if  td  some  two  elemer^t^s  {(Z,^)  taken  in  a  certain  order  t^e 
.operation  assigns  a  -third  element      ,  and  to  the  same  elements 

{^,a^)  but  taken,  in  the  opposite  order  it  assigns  , the  element  . 

t  1  / 

differing  from   O,  the  operation'  is  n6n-- commutative.   *  »/ 

'  .    .       ■  7  • 

It  is  immaterial  what'  sign  W(^\  use  for  tt}e  operation, yDr 
what  we  call  it.    -  '  *  /  • 

We  may  use_phe  signs  of  addition  and  multil:)lication, 
.  c  =  a  +»b,  c  =  a«b>  c  =  ab,  C'  =  a  x  b      ^  ' 
or  any  other  sigfis,  e.g.:  ^  '  • 

c  =  a  o  .b,  ^  c  b,^:  c  ='  fab],  •/  -  ■  >^ 

v  '  "  ^  .    '        ?i/ . '         »  »    '  \ 

We  shall  employ  chiefly  the*  additive  rjota,tlon  ^  a  +  b  and 

"  »       .  "  ' —       ^  7 

shall  call  the  operation  addition.    On  occasion jwe  wil4.  .al^ 
employ  the  multiplicative  notation  jt^and^ calf' the  operation' 
multiplication.  '         j  '  ' 

A  set.  G    with  one  algebraic  operation  is  called  a  group 
±f  it  satisfies  the 'followiang  conditions;     ,  "n" 
'  I.    ^The  condition  ^f  associativity  or  the  Associative  Law. 

 ^ — — '  ~ —  / 

For  any  three/ elements  o  c>f  set    G    wfe  have, 

a  +  (b  +  c)  =  (a.  +  b) 

II.  *  The  condition       the  existence  of  a  neutral  element. 
Among  the  elements  of  set    G  , f here ,mugt' exist  a  unique 

element  called  the  neutral  elenrent  and  den^oted  by    0,    such  that 
a^+  0  =;  (J  +  a     a^       ^  •        .  '  "  V 

for.ev^iTy  element  a.      ^  .  ,  • 

III.  The  condition  of  the  existence  or  an^lnverse* element 
for  any  given  element.  .   *     ,     • '  * 

•     '    •       \      ■  ' 


*   For  ev-ery  given  eleraenjt^  ^a^'of  a  s^t    G    it  must  be  possibJ^  ^ 
tQ  fiind  in  the  same  set    G    an  element  ^  a.  such  that 
\     .  a  +^-a)  +  (-^)  +  a  «  9. 

^        Let  us  consider  some  examp^-es  of  group? 

l9    In  theVet  ,6f  uniform  stretching/  we  had  an  *exampl^  pf 
coramutavtiv)e  group.  , 

The  neutral  selement  was  supplied  by  the  identity  trax/sf  or- 
mation 

2?    The  set  of  all  real  numbers  with  the^^'operatiqn  of 
ordinary  addition  .is  also  a  commutative  group. 

^^-Hie  rj^utral  element  of  this  group  is  the  nvmiber  0. 
3?    Tile  set. of  all  real  numbers  excluding  zero  with,  the 
operation  of  ordinary  multiplication  ^  again  a  commutative 
group.    The  neufral  elem^t  i§  the  nuniber  1.    In  this  case  it  is 
.more  i*6ual  to  write  the  group  operation  "multiplicatively".  Bie 
group 'conditions  will  in  this  notation  have  the  form: 


Here  the  neutral  element  is  denoted ^by  1,  and  the  element 


4?    The  set  of  all  complex  numbers  is,  a  group  with  respect 


I.    a(bc)-=  (ab)cj     II.  a.l  =  l»a  «  a;\    Ill.^a.a-l--  a^-^-a  «  1. 

•  Here  the  neutral  element 
inverse  to  element        T^y*  a*^ 

ex  numbers  ia 
to  addition.  ►  .  \ 

/  5^    The  set  of  integral  complex  numbers,  that  is,  of  number^ 
bf  the  "form    2  =  a  "+  hi,  where       ana  >^  a.re  ^tes^t^^T''^^ 
group  with  respect^  tO'  addition.  > 

6.    ?he  set,of .^complex  numbers  with  zero  excluded  is  a  group 
with  respect  to  multiplication.       .  ^ 
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Ttie  verification  of  this  assertion  is  recommejfidecj  as  an 
^e^Q^rcise,.  '  -  ' 

k  * 

,  7?  Let  us  now  examine  a^t  of  transformations  of  an  equi- 
lateral triangle    ABQ    into  j/tself.  . 


'  The  elements  of » thls^et  may  be  written  down  mos.t^  sijitp^y 
^follows.    If  for  example.a  transformation  c^rries^  over  the  Ver- 

^  /  ^  '  *        *    a  / 

tices  •  A*,        C  respectively  into  the  vertice^sV  B/  €,  A,  this 

y     -     '  /     -       ^  ^  •  / 

element,  is  written      -the  farm  .    '     °'  <^ 

p ' 

^ABC^  V  s  , 

i         /"  ^  y>  >^BCA^*    >  ^  / 

In  all  there 'arer  six  elements:  ^  i  ^  / 


as 


-  -./• 


or 


^  •      .  /  '       -  \     ^:  I 

-•mese^are  the.  elements  of  the  set  of  all;  self -displacements 

c*"s7thme1^ies-of  -the  triangle  ABC,  i.e*^  tn>e  pet  of  all  displace- 

ments  o/ tfie  triangle  ^  ABC    into  itself*    Transformation    a^  ia 

/  ♦  /  ^  -  '    -  *    '  ' 

the  identity  transformation,^  leaving  evef;y  ,Wrtex  of  the  triangle 

in  Ltd  original  position,    'o^^^tisf orn^        ja^    carries  vertex  A 

lnto3vertex    Cj    B/  Into         i.e^,/leay^s /it  in>^£l^ce j  and    A    '  . 

intc/'  C.    Transformation    ac    is  the  ^'turning  over"^  of  triangl^  ^ 

ABC/  about  .the  altitude  dra-wn  from,  vertex'  ^  B.  ^ 

^/''  it  is, evident  that  two  of  thes,q  transformations,  performed  , 


dnfe  after,  the  other  in  a  given  orde^,  can  be  ripIa^ea''"ty''one' 

tl/ansf  orroation  belonging  tp  the  «ame  set.    Such  a  replacement  of 
7 '    •  •  '  ^  * 

ti/o  transformatioiisl  by  oae  ,we  shall-  call  multiplication  and, 

Jpnsequently,  we  shaii^use  the  i>uy>iplicativeri-anguastf*  . 

'4  - 


ISO.  •  ■  ^'  \  : 

We  have  now  deX'ined'Iln  cne»set.an  op^'ration  which  possess.es 
the  property  of  uniqueness  and*  closured 

We  shall  agree  to  place  in  f^ont  that  transf ormatioM  which 


is  to  be  performed  firstj 


For  example 


-2a..  =  e)  (Jfj  =.(ABC).. 


"BAG     'CAB'     •  \AC'S' 
Here  the^firs'c,  transformation  takes  Vertex'  A'    into  vertex 
B;     Che  seconu,  vertex     3    into  vertex    A;  as  a  result,  \^rtex 

^^A    is  taken  by  the  transf ormatiqn    aoa^     into  vertex   .A/  i.e.  / 

*  '     '      '  '  ' ' 

it  remains  in  place.   ,  *  .  •       *  \ 

•    •  •  •■-■'"/ 

In  tne  same  manner  we  find  that  *  B — >-A — >-C;     C — yZ — 
Ue  fina  that.   a2a4  =  a^.     If  we  take  tne,- transf  ormations  ;^n 
the^  opposite  order,  we  shall  nave:  '      ,  ^ 

*  » 

It'ls  sut^^ested  thac  the -stuaent  verify  Wat  the  ass.oclative 

lav/  is  fjujLfillea  nere.     Tn^.  con^AJIiion  of  trfe  existence  bf  a  neu-^"" 
'  tral  ^efnent  is  also  fulfilled.     Tnis  element  is  a^^  since^  for 
e^^mple,  v;e  nav^:  *  ^  '  .  } ,        '  ^ 

and  likewise    a^aj  =  a^. 

4  .       For  every  elerpent \here  exists  an  inverse  elem^rit 
/      A 130  * 


\suon  that  ( ^'^^  ^  or/in^tandara^  noj^^tieri*  (^^)  j>  iCe*^  ec^uar'to" 
a'..  -It  is  eicsily  verif  iea^tha  V   a*  aV  =  (.^^)  T^^)  =  (^BCy .  ^  • 

^   •      .  ^  \  >3  .4     ;bca,^^cab^    *abc^  o 

likewise  .a^^a^.  =  a^.  ^ 


■^7 


Tine  set  of  symmetries  cxf  an  ^equilateral  triangle  Is  a 
*  non-commutative,  group.  \   \       \^  , 


It  is  recommendea  that  the  student  follow  "the  carrying  out 
*of  thy  transformations  just*,  C9nslciered,  not**  &nly  in  symbolic" 


natation,  but  also  graphically  in'' geometric  terrr«S. 

Using  tne  same  example  we  snail  explain  txie  important  con-- 
cept  of  a*  suDgroup .  ^      •  * 

'  Weo  take^  .f  r$m  the  si-x  elements  of  ou/''6et  jTist  two^    a^  and 
a-,  • .  .^Ihis  subset  .of  the  given  set,  with  the  same  operation  as  wa,s 
def4.ned  for  the  entire  set,  v;lll  also  be  a  group/ a  subgroup  of 
tl^^  give:n  group.,  f    ^  ;      ^    ,  .        '  , 

LgjL  US  Verify  ^the  clo^re  of  the  operatioh  (for  the  subset): 


The*'ass*ocia1^ive  la\i  .doj^  not 'ha^e  to  b^  verified^^  since  ^it 
is  £MlfiM^  ^or  the>€^itijfe  set  and  hence  is  Automatically^  ful- 
,  filled  forji  part  of  it.,  ^      *         *       .  « 
.  •       me  condition  of  th^  exi'stence  of  a  neutral  element  is  also 

— '  ] — ^T?7  *  • 

%ulfiiied^  since 'tbs  element    a,,  -belongs  to  the  subset 

\     • Further, , the  condition  of  the 'existence  of  an' inverse  ele^ 
\ent  "is  fulfilled^    The  element  inverse,      the  neutral  element 

is*\the  latter  itself;  the  element  'inverse  to    aj^    is  ^a-j^. 

"  .        '    *    ,  y 

rFurthe^i^more ,    aja^^  =  aj^a^.    Conpequentiy,  this  subgj?te>up  oj 

*  the- given 'group  is  ^^ommutAtive.    ^  ■  '     ^  \^  , 

It  .is  easy  ^to  verify^  that  ^ub^sets  [9.^,  ag]    ancj    [Iq,  a^] 

^re  also  subgroups  of  the, given^  group.  Other  subset s\oX-4;wo-  ^ 

elements  of;  the 'given  group  yill  not  be  subgroups.,     'Die  subset 


188.-  .  •     .        .     ,       '  . 

consisting  of  only  the 'neutral  element    a^^    also  constitutes  a 


♦subgroup/  the  identity  subgroup,     m*  '  ^'  - 

>Jow  let  us  take  the  ^ubs'et    [a  ,  a|f*  arrT"  cx^nsisting  of 
three  felement^  of "tlr^'given  set.    The  opera'tTion  in  this  subset 
Is  that  defined  for  t^  given  group.    Let  ,us  verify  closure : 
aoa3  =  a3aQ  =       ,  aoa^.'s=  ^4&o'     ^4  ' 


5es;J.*des  this,^.there  exists  a-  neutral  element    a^;  ^guid-,the3re- 
^   exists  an  inverse  el^ement^  for  everj^  element:    a3    -  =*  ai^; 


\      -1      '  -1  .    '  ' .  '  /  * 

'    ail     =,a3r  =  ao.-'  ,    '   I     >       ^  • 

Verify  that  the  ^oup.  of  symmetries  of  triangle    ABC    has  x\o. 
'  subgTOups  uf •  f our*^r  five  elements,  *       •  v 

Let  us  write\out  all  the  subgroups  of  the  given  group:  — 

'[a^],  [ao^*ai>  [a^,  a^],.  [a^,  aj]  '  *  •  * 

[ao^  a3,^^4j,  tao*  a^^,  a^,  ^3, 'a^,  a^.j  •      •  ^  ^  ' 

1^4  fir&Vand  last  of  these  Subgroups  of, the  given  group  are 

'*       >  ^ ' 

called  its  improper 'subgroups,    tn  general,  .the  identity  subgroup 
of  aqy  groi^p    G    and  the  group    G    itself  are  called  improper 
subgroups-  or  the  group    G,  ^  ;  *  ' 

*  We  shall  next  establish  theXimpor.tant  concept  of  isofnorphisrii 
in  the;. sense  in  which  it  is  applied*  to  gi^oups.    This  concept  is 
familiar  from  algeb3;*a . .  where/,  it  was  studied  In  connection  with  ; 


♦  thfe  concepts  of  r^g  and  fields 


Between  the^  set  of  all  elements  of  group    G    and  the  set  of  al3, 


L^t*  Ulcere       ^vei\  a  one-to-one  correspondence 

a  V 
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elements  of  group    GK    The  aorrespondencis  is  an  iSoiflorphlBm  (oi» 
an  isomorphic  coi;»respondence)  provided  the  operation  is  preserved; 
'that  is,  whatever  rejLation^hip^  of  the  form    a  +  b  =  c    exists'  ' 
among*  three  element's  of  one  group,  for  example   'G,  upon  replacing 
elements    a,  b,  c    of  group  *G    with^the  corresponding  elements 
aS  ,of  gr<^up    G[    the  relationship  obtained  remains  valid: 

^      *  \  *  '  .       s         ^  ^ 

a'+b«  =  c». 

r 

Two  groupa  are  called  isomorphic  if  an  Isomorphic  corres^ 
pondenx;e  can  be  established  between  them,  . 

l^ie 'three  subgroups    [a^a^^],     [a^agl^     [a©*  a^]  /  of  the 
''group' of  symmetries  of  the  triangle  .are  isomorphic  by  virtue  of  / 


the  following  isomorphic 'correspondences : 

/a-,,  aiA  /a^,  a 


^ao>  ag 

In  general,  all  groups  consisting  of  two  elements  are  always 

isomorphic,  •  .      '  ^ 

*  From  the  point  of  view  of  group  theory,  isoiriorphic  groiaps 

do  ript  differ  from  each  other,  whatever,  may  be  the  nature  of 

•  •  '  ^        *     ,  ''  ' 

their  elements  and  operations.,,  '  . 

'      Let  us  examine  another-^'uch 4 example.    We  separate  all  the 

real  non-negaiive  numbers  '0,  1,  ^,,^3,  k,  5>...    into  two  ^ 

classes:    *the  clciss  of  even  numbers  , 

>     >■  •  bo  ^  [0,  2,3>  6,* 

and  the  class  of  odd  numbers* 

b.Q^  =  [1,  3,  5>  7>  .  •  •  ] 
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and  conGiaef-  the  set-  of  two  elements        "  ang 

»of  tnis'^  set  are  classes.     '      *  '     [  a 

Let  us  establish  in  this  set  of  two  elements  the  operation  of 

addition,  based  on  the  following  rule;    to  add  two  classes  mean§ 

to  take  one  arbitrary* number  from  each*  class  and       add  them  in 

uie  'oWinary  way.     The  class  to  which  the  sum  b^long^  .we  assign 

to  the  t\;o  given  classes^  and  call  it  the  sun;i  of  the  given  classes. 

,     .  '      ^  •  y    '  ^ 

Ihis  operation  uniquely 'assigns  to  the  two  classes,  a  tl>ird  one, 

and  is  closed.  -  »  '  ,  • 

'  From  this  rule  it  follows  that; 

^o  =  ^^o>  ^  +  ^1  =  V  ^o  =  ^1      ^1 '""^V-   ^    '  ^ 

The  isomorpjaism  between  group  [b^^  b-j^  ]    and  the.  group 

[a^a^^j    will  have  the  form:        *  >  /'       '  * 

*   a^>  a-i  , 


bo>  A. 


That  the  operat'i'on  is  preserved'  may  be  perceived  from  the 
table       ,    *  .  '  ."^ 

^0^0  =  ^0'  ^0^1  =•  ^1^0  ='^1'  ^1^1=^0'    ■  .', 

.       +  bo  =  bo,    bo  '+  bi-  =-03^  +  bg  =  bj^,  b^  +  b^^  =  bo  . 

/•Q     Hieorem.^  Unaer  the  isomorphic  mapping 

.   .     }  •       ,  .  . 

^   a      ^a  * 

of  a  group  .G    onto  a  group  the^eutral  element  of  -the 

second  group  eorresponds  to  the  neuti4'l  element  of  the  first, 

group,  and  to  every  pair  of  "^elements*  inverse  to.  each  other  in  t{ie 

first  group  there  corresponds  a  pair  of  elements  inverse  .to  each 
 ^—^  ;  ji  X  ;  ■ 

other,  irr  the  second  group. 
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-      To- the  neutral  e^emen^    a., of  group    G  "let  there  corVes- 

pond  under  the  giv.en  isomorpnism  the  element    a'^9i'  group    G  : 
•»  .■<.'' 


G'. 


We  snail  proVe-wiat    a  \    is  the  neutral  element  of  group 

"  /  ' 
For  any  arbitrary  element ^of  group    G  /je  have: 


/ 


^   a  +  a  ..=  a,    a^+  a  = 

o  '  li 

■and  by  vii^e  of  the  isomorpnism, 

•  a'  +  a'    =  a»,    a.'    +  /'  =  a', 


/ 


J 


whence  it  follows'  thaV   a       .is  i:he  neutral' «le^nt  of  group  ^5'. 

Let    a    and    d'    be  a  pair  of  ^ver,se  elements. of  feroup  G, 

//  ^ 

'     a  +  -to  =  a^,        +  a  ^        .  * 

Then/  by  virtue  of  the  iso/or{^ism,  •  , 

a'  -i-b"  =  a<^y  b«  Va"  =  a'^  .    ^      "  "^^x,^ 

Since' a'      is  the  neutral  eZitient,    a  '.*  and    b«    are  inverse  to 
I-    ^   '  ,  /  '  i- 

each  other,  q.e/d. 


J.. 
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ELEMElrffiRY  GEOMETRICAL  TR'AIJSPORMATIONS 
Chapter  IV  , 

PARALLEL  TRANSLATIONS  ( TRANSLATIONS >  '  ♦ 

J  /     :  ■        ^  ■      ^    "   ♦  . 

In -chapter  IV  translatioi;i&  in  .the .'pUne  .and  in  -   •  ; 
^  space  are  investigated.    In  connection  with  parallel 
.  translations  we  shall  study  ^e  properties  of  parallel 
lines.  "  ■ 

The  theory  of  parallel  lines  will  serve  latef  as 
an  introduction  to  the  geometry  of  Lobachev,skli*    .  , 

In  26.^  we  shall  cohsiden  the  application  of  the     •  ; 
method  of  parallel  translation  to^  the  solution  of  parol)- 
'  ■  lems  In  construction,  \ 

s    '      ^  .  -      *  ,  '    .       ^  , 

■   .  ,  21.'^  PARALLEL  LINES  . 

Two  di^Wnct  s*--raight  lines  cannot  intersect,  in  more  than  ' 

on«  point,  since  if  two  lines  had  more  than  one  common  point  they 

would  coincldeTi.e.  they  would  have  all  their"  points  in  common. 

■     kftey  the  proo'f  of  the  existence  of,  nori-intetsecting  lines 

in  a  plane  thej-e  is  introduced  the  axiom  of  parallels.  ,^ 

,  .IV '(Euclid's  axiom).  '  jJet       be  an  arbitragy>  line,  and'  A  a^ 

'^bolnt  lying  oistslde  Wi.t;  then  there' exists  in  the  plane  dfeten-^^ 

mined^  by  the  line  ^  and  the  point    A    not  more  than  one  .line 

 :  ■  -a*  '  ,  . 

passinK  through  the 'point'  A    and  not  intersectlnj^j  the  line         .  ^ 

"it  should  be  emphasize^  that  the  assertion  ."not  more  than. 

''^e"  forms  the  coriteht  o^ie  a;^lom  wuile  fchg  tfqoei'tion  ''one  and 

.  only  one"  is  tfie  co'ntent  oV  a  tBorem  (See  ^.).  .  We  shall  call, 

this  theorem  the  tf irst  cor^ollary  of  -EucTlid's  axiom\ 

It  ^should  'be  noted  that  in  thp  f  ormulatiori  of -Euclitft^  • 

axiom-,  as  well  as'in  the- def iijition 'of 'a  iJaral^el,  the  parallel 
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O  is  determi-nea  by  the  line  a.  and  a  point    A    exterior  to/^. 
H9.wever  the  line  o  contains  still  other  points.'    Suppose  ^^B*  is' 
"■^uch'anQther  point,    l^a  first^  corollary  tells  us  tnat  there 
exists?  a  line   a  parallel  to  line         passing  tnrough    B^.  But 
it  doe&  not  tell  us  wetner  line  o  Is  the  same  as  line   b  . 

ObseiVing,  however,  tnarc<^ne    ^"'lies  4a  the  plane  deCer- 
mined  by  line-^  and  point    B,  and  rtm^iermore,  passes  through 
.the  point     B    and  does  not  Intexjsect  line         we  may  utilize  • 
Euclid's  axiom,  which  states  that  there' is  not  mgre  than  one  such 
line*,  to  snow  that  line  d  coincides  with  line  b  .  n^  mat- 

ter  what*  point    B    we  cnoose        line   i^^.the  parallel' determined 
l^y,  lin'e  Ct  and/point    B    turns  out  the  same  ^line   k>  .    Itii^  Is 
•the  second  corollary  of  Euclid's  axiom. 

Only ter  establishing  this  second  c^rolla^  may  we  speak, 
about  line       'being  parallel  ,to  line  a,  without^  .JbrrdXcating  any 
point"    A    on  line  h  with  respect  to  which'this  parallelism 
holds.         ^  *  •  ^  .        ■  ^  . 

Only  now  does  it  mal^e*  sense  to  say:     the  line   b  l^^^arallel  ^ 

t  :       ^  •  ^ 

to  the  line    ^.  ^  *  , 

Whether  the  line  «•  ,is,  in  turn,  parallel'  to  the  line   c>  .  .  » 
has  yet  to  be  proved.     Ihis  fact  constitutes  the  thjrd^ corollary 
^of  Euclid's  axiom.        ,  '  ,  '   "  / 

 if  a^ine  6   is  parallel  to  a  iine    ^  ^  then  line^'^^  is  also 

parajlel  to  line   '6  i    .In  fact,  let  us  take  a  point/  C    on  the       '  ^ 
line  ^2.,(fig.^l27) .    The  p^lnt  "  C    and  the  line  h  detenalni^a< 
plane  in  which  the  line        lies.'   But  ttie  lihe  Ou  does  not  hefv^  ^ 
any  common  points  with  the  line  6*;  consequently,  ^a^^s  pai*allel ' 
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I     jto  '^3.  ,  jq.e.*, 
0 


\ 
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•Only  af^er  the  deduction  of  this  third  corollary  is  it  possible 
•    *  to  say :    iflie  lines  ,^and  6^  are  parallel,  to* each^  other >  The 
property  of  parallel  lines  just  established  is  called  the,  ftro^  - 
perty  of  symmetry  for  thf  parallelism  of,  two  straight^  lines. 

Finally  we  shall  prove  the  fourth  corollary  of  Euclid  is 
axiom:: 

if  a  line  ^  is  parallel  to  a  line  i>  and  the  line  is 

I  ^  ^  ~  ^  ' 

parallel  to  a  line  <L  then  the  line  CL  is  also  parall-el  to  the 

line '  (2^  .        .   -     •  .  • 

llie  lines  CL  and.  (L  ^re-  both  pai;*allel  to  the  l?.ne   ^  / 

:       ■  '  .  .  .  >  . 

-ponsequently,  the  , lines   ^  and  b  lie  in  one  plane,  and  similarly, 
the  lines  Cj^and  ^  lie*  In  one  plane.    These  planes  are  either 
.  different  or  else  coincide.     If  the  planes  ar^  different,  then 
'^they<-dntersect  in  the  line  i>  .    '  ^  ^        ,  ,       ,  * 

Let  us  assume  that  the  lines  CL  and  C  intersect  in  the  point 
S*    In  suQh  a  case,  "however,  point    S,  being  on  the^  line  a  lies 

^  In  the  plane  of  ffi^fej. ines  ^  and  o   y  lying  on  the  line    C»,  the  « 

point    S'  lies  on  _ the  plane  of  the  ii^es~  C  and   6  .  I'g^.'TollowF 
,   that  the  point    S    lies  on  the  line  of  intersectioi\  of  these 
'pla:nes,  i.^.  on  t^e  line   b  .    Thus  tjie  lines       and  L    have  a 
^commpn^point    S,  which  is' impossible,  since  a.  and  ib  are  parallel. 


:Er|c    ;  *    '  • 


The  cQntradl6tion  thufs  obtained  shows  that  the  lines  ^  and  CV 

hav.e  no  common  point.  '     •  ,  ^ 

But  a.  and       bould  be  skew  lines.    We  shall  show  that  this 
,  .  ^       .  .  .     .  ^ 

cannot  take  place. 

I    .  ^     ^  '         ,  -      ^  •  .  . 

*     •  Let  us^  take  a  point    C    on  the  line   d  and  'l^t.us  consider 

the  lipe  of  intersection  d  of  the  planes  determined,  on  the  one 

'  hanci  by  the'  lines  c  ^afnd  6   ,  and  on  the^  other  by  the  line  <^ 

•  •  "  ^  '    *  ^    '        *  /  I 

and  the  point    C.  '  ^         ,  ^  ^ 

The  line  of  intersection  c/  "is  parallel  to  the  line  ^  . 

To  i>rove  this  assertion :  IMe  line  d  lies  in  the  plane  of 
the  lines  .C-  and  6  .  Now,  if  the  line  c/  were  to  intersect-  the 
lioe  i>  in  a  point  2,  then,  the  jpolnt  2,  belonging  to  the  line 
^  ,  would  lie' in  the  plane  of  the  lines  a.  and  h  and  at  the 
same  time,  being" on  the' line  d  ,  would  lie  in  the  plane  of  the 
line$  c/  and  .  Bat  this  would  mean  that  the  point  2  Would 
be  on  the  line  of  intersection^-^ of  tihe  indicated  planes.  In 
other  words,  the  lines  a-  and  ^  would  have  ^  common  point  2, 

which  is  impossible.    T^iis  shows  that  the  line   d  iff  psirallel  to  " 

f     •  *    '   .  .    '   :  /i.  J 1, ^  .  -  -    -  ^ ' -  -  -  '  -  '         ^  ^  ^     I   -  >  -  < 
ther  iine         '  ^  -     '  "  ^  ^  " 

V 

'-Itius  the  line   c/  ,  passing' through  the  point    C,' and  the^ 
line  C  also  jJassing  "through,  the  point    C,  are  both  parallel  to* 
the  lihe   b  j  and  conseqjuently  coirjcicie.    But  the  line  a  lies 
in  one  plane  with  the  line  cl  .    Thus ''the  lines       and  cac/  cannot 
be  skew,  arid  corisequelitly-,  fclie'line  <a.' £s" parallel  to  the  line  C. 

»U)  Footnote:    Unles§  lines         and  d  were  all  in  the^saune  blanfi.  , 
But  then,  line  b  ^nd  point    G    would  be  in  this  plane 
passes  through  point    C).    Consequently  line^c,  being  the 
parallel  to  i>*  passing  through  point    C,  would  also  be  in  this* 
plane.    Ihu^'  lihes     and  c  woujd  be  c6plar^,r  an(3>  hot  .&kgw. 
>    \         '     -'^  *        *  ^   ^  — Translators. 


*  pij^  flvsi'  halfV,of  the  fpurth  consequence  is  proved.,  ; 

'  \     '  i       'i  !• 

!  \     Let  us  norw  asisume*  th^t  the  planes  o!f '^^iLlnes    {a.  ,d)  and 

<^  '         '     '  ' 

'  coincide,  i.e^  the  lines     (Z,  6   and   e  ll-e  in  one  * 

^jplane.  '   .  ' 

'  ^     l^ie"^ine*s       and>  C  'do  not  ^Lntersept  the, line  ^  ,  since 
they  are  parallel  to^it.    If^th'4  lines,  ^  and  C  were  to*inter- 
«    sect  each, other  in- a  point    S,  then,  th3?ough  the  point    S;  there 
,'   '  wouid  pass,  two  lines  ^rallfel  ?o  the  line  ^   .  ^  But  in  accordance 
with  Euclid's  axiom  t^is  is  impossible.    Thus  the  lines  d  and  ■ 
»  C   a??e  parallel.    Ihe  fpurth  corollary  is  completely  pro<red. 

llhe  property  of  parallelism,  stated  in  the  fourth  corollary  ^ 
is-  called  the  property  of  transitivity. 
'  ,  Olii^' property  holds  for  the  plane  as  li^ell  as  for  space  ariid 

'  '    *  '  •     ^    r      "  ' 

allows  us  to  introduce  the  notion  of  a  pencil  of  parallel  lines 
'       •  •  .   1  

and  a  bundle  of  parallel  l^nes^  f;.  ^ 

OJie  set  of  lines  in  a  plane  cC  parallel  to  a  . given  line  

is  called  a  pencil  of  parallel  lines.         '     *      "  * 

•  ;         Any  two  lines  b  and  C  *of  the  peAcil  determined  -by  a^ine 

Ct.  are  parallel'  to  each  other.    In  fact,  the  line  i»  is  parallel 
to  the  line  cz  ,  consequently,  by  the  property  of  symmetry,  the 
line  <t  is  parallel  to  the  line  i>  •    Since  the  line   C  is  also  • 
parallel  to  :6he  line    ^  ,  the  transitivity  property  implies  that 
_^J^^p.aralie]L_tjaL-line  C._,_q^.a*jl.  ^  


^us  a  .pencil  of  parallel  lines  can  be  determined  by  anjr 
line  in  It,  i.e.  we  may  speak  of  a  pencil  of  mutually  parallel 
lines.    '  '  *     .  .         .  ♦      '  * 

'        Since  the  properties  of  symme*»y  and  transitivity  for  ' 
parallelism  of  straight  lines  hold  also  in  space,  we  have  an 


to  a 


1^8.    /  •  ^  ' 

ajialogpus  dejf lnit|Lon :     Ih^  set  of  jlines  in  spa'ce  p^raliejl 
given  lirxe   cu  ,  including  the  line       itself  is  called  a  bundle 
ot  parallel  lines,  .  -  '      .      .*  • 

—In  exaqtly  tjhe  same  manner  v/e  show  that  a  bundle  of  pacallel 

lineLS  is  determined^by  any  line  in  it,  l,^.  one  may  speak  of  a 
bundle  of  mutually  parallel  lines,  *       *        /  ' 
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22  •    TRAl^SLATIONS  ( PARALLEL /tRANSLmpNS)  ! 

-     IN  THE  PLANS'/      •     '  ; 


/ 


Let  us  examfnej  a  pencil  of  parallel  lin^s  b^dmgirig  to  a 
plan^    TT    '(fig.  12d).  c. 

We  have  s^n  tna,t  every  line  la.  completely; determines  a 
^,£^11,  namely  the  ^gregate  of  aal  lines  parallel  to  a  together 
with  th^  line  cu  itkelf ♦    As  a  result  of  the  fact  that  parallel- 
ism of  lines  is  sub^fect       the  properties  of  s'ymmetry  and  trans- 
i^vlty,  a^d  that";  the  line   CL  itself  is  in  the  penoil,  the  entire 
'  set  of  straight  lines  ifi  the  plane    tt    is  .subdivided  into  classes 
of  Mutually  par^-llelj  lin^s.  '  Any  line  a.  of  the  plane  represents 
a  class  of  lines  parallel]  to  it*  ,to  which  it  itself  belongs ♦ 
Evei?y  line  o  belonging  tjo  the  class  determined  by  a  line    cl  ^ 
determi-nes  prer^isely  ,^hat  class  to  which  it  belongs..     ,  * 

To  tne  set  of  ]/ines  in/ a  c3^ass  -  the  lines  of  a  pencil  of 
parallels  -  we  ascribe  ox\^ direction/ 


lines  "Of  the  pencil  have 
line  belprigs  .to/oaly  one 


-  / 


shall  say  that  all 
one  and  the  same  direction.     Since, each 
pencil^'  a  line  has  only  •one  direction^ 


Pig,  128.  ,     ■  ^ 

?t  us  take  any  tv/o  points    A    and    B    on  a  line  ' €L  .  Line 
[and,  consequently,  a  direction  also)  are  fi^y  determined 
by /the  two  points    A    and  However,  fo^  the  two  ^points/ 
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besides, a  direction  fL*t       alsp  pos3ible|  to  incicate  ar^^  orientar  , 
.tion  of  fehe  segmfeht    AB/    If    A    is  consider*ea  as  the  first  pointy  ' 
of  the' segment  -  its  or,igin  -  and  the  point,   B    its  second  point, 
or  its  end,  then  we  thej'eby  ascribe  to  the  segment    AB,  besides  , 
a  direction,  also  an  orientation. 

^      One  and  the  same  segment    AB   has  one  direjctiori  but  two 
orientations    A^  and    Ef.  ^  An  oriented  segment    A15    is  called  a 
vector. 

Vectors  are  denoted  by  bold  face  lower  caee^  or  upper  .-case 

.  *  '  ^  "  r 

letters  /        '  - 

or  by  two  upper  case  letters  with  a  line  above  ^ 

aB,^  IM,  * 

'v' 

with  the  first  letter  denoting  the -origin  of  tjie  vector,  and  the  ^ 
second*  denoting  its  end.  '      '  * 

The  line    AB   has  two  orientations,  determined  by  the  vectors 
AB,  and    M.    The  orientations    XB|  and    M   are  called  -opposite. 

"jT  .  -;r5Jie>length  of  the  segment    A^   is  called  the  length  of  the 
Vector    TE.  \ 

A  vector  whose  origin  and  end  coincide^*  is  called  a  null 
vector.    For  such  a  vector  neitheif  the  direction  nor  tffe 
orientation  ±b  determined,  while  t?he  length  Is  equal  to  zero. 

 Veotors  aj?e-consldered  equal^-^tsiL,.  if_they_Jiave^  the  same,  _ .  _ 


dii^ectlSh,  the  same  length  and  'the  same  orientation*  / 

In  .the  drawing  the  orientation  of  a  vector  is  denoted  by  an 
arrow  placed  at  its  end  (fig^  128jV.        '  ^ 
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.  ^  /  jfemapkt  If  we  agree  tjo  bonsi(k^r  as  egua^  only  1  j  i 
such  vectors  as  have  the  sam,e  direction,  the  ,  s^e  <• 

length,  the  same  orientation,  and  in  addition,  lie  on-* 

?  '     >    »  I  If  !  « 

.  the  sq^me  line,  then  such  vectors  are  called  sliding 

vectors,  ^  The  line  on  which  they  lie  will  be  called 

the  line  of  action, of  the  sliding  vector. 

In  mechanics,  the  forces  applied  to  an  absolutely 

rigid  body  are  sliding  vectors.*    A  force  applied  to  ,  ' 

-    such  a  body  may  be  translated  along  its  line  of  action 

^  ,      without  changing  the  condition  of  motion  or  condition 

of  rest  of  the  body.  ^  •  ^ 

t,^   .  A  forces  cannot,  however,  be  displaced  to  a  line 

parallel  to  its  original  line  of  action  Without  * ch^ng- 

ing  the  condition  of  m'otion  or  rest. 

.  ^  i 

If  we  agree  to  consider  as  equal  only  such  vec- 

,         ^tors  as,  in  addition  to  the  same  direction,  leng'th  and 
1  '  *  *■  ' 

'  orientation,  also  have  a  common  origin,  then  we  arrive 
,     a:;t :  the;  so-call,ed  f4x^d  vecl^prs.  j 

The  equality  of  vectors  defined  in  the  main  text 
is  the  definition::  of  eqiiality  of  free  vectors. 
When  we  say  that  a  plane  is  transformed  into  itself  we  mean 
that  each  point    M    of  the  plane  is  mapped  into'a  point  of 
— the- same  plane  i    We  say.  that;^  under  the  given-^napp^ing  -the -points  M 

goes  over  into  the  {>oint    M  V  pr  that,  the  point    M    is  trans-., . 
,   formed  into  the  point    M*,  or  that  the  point    M    is  displadied  ;  • 
into  "the  point    M*.    Tae  position  of  the  image  of  the  point 

M   may  readily,  be  defined  by  means  of  the  veptor   M»    (fig.  129) 
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Let  us  give  the  following  definition/    A  yector  having  Its' 
origin  at  a  point        and  Its  end  at  the '"^ansf prmed  polqt  J*!*, 
Is  called  the  displacement  vector  of  the  point;         under  the 

— ^  '  :  

glvfen  transformation^  of  the  plane  into  Itself.       ...^  ' 
^ .  We  shall  give  an  examp^  '  *  ^ 

•  Earlier  (13,,  14)  we  /la d  a  transformation  of  the  plane  injbo 
itself,  under  which  the  points  of  the  triangle    ABC    inscribed  in 
a  cli»cle  passed  into  the  points  ot  the  circle,  and  vice  versa, 
whll^  the  remaining  points  of  ^e  plane  remained  where  they  w^re^ 
,i;e.  went  over  Irito  themselves  (fig.  3s01,  111).; 

In  fig.  130  certain  displacement  vectors  under  this  trans- 
formation are  drawn,    ^e  points  other  than  those  of  the  linear 
triangle  and- circle  have  null  ^Isp^Lacement  vectors;  the  vertices 
^  blV  the  triangle  also  have  null  dl3placement,  -  -     _  .  i  ^   

Since  the  point    M  ^passesJ  into    N  (tig.  130)/while  '  N, 
in  its  turn  passes  into    M,  eacb  segment    MN    carries  two  dis- 
piacemeht  vectors    MN    and    NM    with  opposite  orientations. 

Let  lis  give  now  a  definition  pf  translation  ;(or  parallel 

translation) .    AT^rallel  translation  (or  translaTTon)  iTT'the 

plane  Is  a  transformation  ,of  tUe^laLne  .i^ito  ,i,tself  unde;?  which  , 

the  displacement  vectors  of  all  points  in  the -plane  are  equal 
^  • 

to  each  other: 
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translation  in  the  plane  possessed  a  whole '  series  of  .  ^ 

properties  wWch  we  shall  examine  and  .formulate  in  the  form  of 

almost  3^1f-evident  theorems.,  '  ^  ' 

Iheorem  1,  ^  A  parallel* translation  in  the  plane  is  a  one-> 

to-one  transf orma'tibri  of^*toe  plane  into  itself^    '  ^ 

±n  fact,  a  parallel  translation  -f  assigns  to  each  point'*  M 
^.  ^  *  t  ,  ,  * 

of  the  plape  the  point       .        •  ' 

.    '  .  Ml-  =x  f  (M) 

of  the  same  plane  where  M'  is  the  of  the  given  vector  ci.  , 
vihose  or,igin  -is  at  the  point  M. 

The  construction  of  the  point    M^,  the  impge  of 

'  c 


Fig.  130. 


Pig.  131. 


^vt;he.  point         may  be  carried  out  as  followS;.^;  Itirough  the  point 

.    r  •    •  .       *  ^ 

M    we* pass  a  line        the  pbncil  determined  by  the  vector  a^, 

and  we  lay  off  on  this  line  an  oriented  se^erit  so  that  the 
*  vector  =       ,  ^ 


-^e  Inverse  image  •f^(M«)  "of  th^e  poinr  Mi  consists  ~ob 
yiously  ot  ^he  po±nt  .       so  that  -  . 

Tne  transformation  is  one-to-one  {1^) ,  q.e.d\ 
Proiff  here  onward  we  shall  not  mention,  explicdy;ly  Jjhat  we 
have  to  do  with  translations  Ih  the  plane.  ^ 
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\  Oheore^^,    A  parallel-  translation  transfiorms  every  line 


^int^-a  J.lfie^  which' Is  parallel  ^  It,  l^e,  ^t  carries  all  points 
'   oj^*  th.e  f^yst  line  Into  p£>lnts  all  lying  on  a  'line  panaJLlel  to 

the  first  one.   ^*  ^  r    '  r 

/  'TO,^;3how  this,  let  us 'draw  firom '-every  point    MS  the  image  of 


a  point    M.  ,qn  the  .liae  a.  ,  a  perpendicular    M«M,    to  the  line 
(fig.  132).^ All  ^hese  perpendiculars  are  equal  to  each 


other  r 


OSiis^'topli^that^  t^^  Images    M«*  'of.the  points        of  th^ 


linq.tl*,  which -bf  course  11^  on  one  s^^de  of  the^line   a:,  are\ 
also  at;  the  same  dijrtance  ^  froii'thq^  line  Hy  i.e.,  they  lle^on 
aline   it'  \yiarallel- "to  .a.,  q.e.d.  /  ,  .  /    O  '  ^ 

'  /  Ihe  property  expressed  by  this  theorem  gave  this  trans- 


f ormation  Mts  nanfe .  ' 


Bieorem  3»    A  parallel  transtlatfori  carries  ^two^  parallel 

'  lines  fegalnr  into  ^parallel  lines/ l,e>  the  image  of  two  parallel  ^ 

lihe3  consists  of  two  parallel/lines*       ,      •  ' 

•    ^  -   ;         ^^'^  ^     ^  ' 

Hie  theorem  is  ah  Immediate  consequence  of  ^  th6  prec.eding 

•*  *  J  '  *  * 

one •  .  ^ 


from  theorem  3,  there  follows  the  following  important,       ,  \ 
J  ^  ■  . 

theorem*     '  n**.     ■  •  ; 

Thdbrem  4>    A  parallel ' translation  carries  every  pencil  of 
parang  lines  into  "itself  >   /        ^  .  \  ^  ] 

Ttilh  %s  true  l)ecause  every  line   (Z  of  any  pencil  of  para-^ 
llels.is  transformed,  into  a  J.ine     cl^  parallel  to  the  line 
i.e.  the  line    A»  belongs  to  the  penciJL  of  parallels  determined 
by  the  line   a.  ,  q,e*d.  ^  \  ; 

'     A  pencil  of  parallel  lines  remains^  unchanged  or  invj^riant, 
under  every  translation.    Only  the^  lines  of  the  i^encil  are  dis-  ; 
placed,  but!  the  pencil  as  a  whcde^goes  over  into  itaielf  •  . 

The*^encil  of  %ies  parallel  to  the  vector   a.  of  a  giveh 
translation  also  remains  invariant  urider  fhis  translation,  but 
in  this  case,  every  line. of  the  pencil  remains  unchanged  or 
invariant  with  respect  to  its  position  in  the  plane*    Each  such 
line  goes  over  into  itself;  only  its  points  are  (^placed, 
remaining  however  on  the  same  line,  'X^^ 

•  Lines  whose  position,  remains^  invkrlaW  under  a  transforma- 
tion of  the  plane  are  called  sliding  lines*    Under  a  translation 

the  sliding  lines  are  lines  of  a  pencil  of  parallels* 

'       '  .  *^ 

A  translation  does  not  have  any  fixed  points,  unless  it  ^is 
'   .    •  /f 
the  identity  transf ormaj 


Theorem  5/  A  parallel  translation  transforms  a-  segmentnilrtg' 
an  equal  and  parallel  segment, 

O^ie' points  of  the  .segm^en^   MN   are  transf  ormed^inj^o  the 
points  of  "^he  segment    M«N«  (fig., 132).    And  since  the^figure 
MNNm«>jsis  a  parallelogram,  we  have    MN  «  M«N«,  q.e.d^.       *  ♦ 


p  f  ^ 


2o6. 


^  J^t^f^oiJ^ow^^^frpn^  |:hi^6/j  tha^t  a  parallel  trgtnslation  transformg^ 


[  ,  ,  I  ^  ie^ery  figure  into  an  equal  figure.    For  instance,  a  triangle, 

a  square  and  a  circle  go  over  into  the  very  same  'figures, 'being* 
simply  dispJffced  with  all  their  points  by  t^he  given  displacement 
vector,  ^  '  '  .  .  •      •  ^ 


.     .  Fig.  133. 

"Hieorem  6.    -A  parkllel  translation  is  a  bicontinuous  ^ 

transformation.  ^    V  ' 

*  \ 

Let    M^'   be  the  image  of  ' the  point'    M.    Let  us  choose  an 
arbitrarily  small  £-neighborh^od  of  the  pdint         (fig.  133)^.* 
,For  a  ^^-neighborhood  of  the  point  ;  M    we  may  select  any  ^ open 
disk  with^the  center  at  the  point    M    and  radius  d^^.    In  the 
same  way  wfe  prove  the  continuity  of  the  inverse  transformation* 
*    IJius  a  parallel  t^ansf orihatidn  is'  a  topological  transfer-  - 
mation  of  the  plane  *into'' itself . 


erJc 
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23 .  THE.  GROUP.  OF  ^TRANSLATIONS  IN  THE  PLANE 
'    i  WHICH  ARE  PARALLEf,  TO  A  LINE 


Jjet  us  consider  the  set    G    of  all  translations  of  the  plane 
TT    which  leave  invariant  a  given  line   a.  in  this  pla.ne.  Any 
translation  in  this  set  transforms  alsg^every  line  of  the  pencil 
parallel  to  ou  into  itself.       ^         *  *  '    -  , 

Two  translations  of  this^set,  performed  one  after  the  pother, 
may  be  replaced  by  one  transla,tion  beloriging^|^fe,,the  same  set. 
IT  the  first  translation  <f^  carries  ove^  the  point    M    of  the  . 
line  a  into  the'point.  M',  i.e.  is  determined  iDy  ^the'  d^splkce-  , 
ment  sector    M',  whiJLe  the  second  translation  transforms  the 
.px^nt         of  the^^^e*^  into  the  pointy  R'*    of  the  same  line, 
i.e.  is  (determined  by  the  displacement  vector        M"j^  then  the  ' 
translaT;ion  (f>  which  replaces   (f)-^    and  carries  ovejr  the 

point    M    into  the  point  "M",  and  is*  characterized  by  the  dis-^  «j 
placement  vector    W*.    Ibe  resultant  translation  '<f>  will  be 
called  the  sum  of  »the  translations    <£  t    and    <A  o  shkll 
write:        *  '  - 

^\  .  ^  '  f  "  ^1      :^2  '  ^ 

Ihe  operation  of  assigning  to  two  translations  (p-^,    <p  2 
'their  sum  ^  will  be  called  addition  of  translaticfns.  ^ 

The  operation  of  addition  of  translations  which  leave 
invariant  a  line  cl  is  closed.    This  means  that  any  two  trans- 
lations  (^-^    and        «  belonging  to  a  set    G    of  coilTnear'^trans-- 
lations  igive,  when  added,  a  third  translation   ^  ,  also  belonging  . 
to  tee  set    G-.  ' 


Ohus  we  hav^  a  set.  G    of  j;ranslations  in  which  there  Is  " 
f     defined  one  algebraic  ^operation |  called  additicTn^ 

It-  is- ea&y  to  see  that,  tbe  ,  sum  of  eoilinear  translations! 
obeys  the  associative- law s  <'  '  ' 

^    .  .         .  ,'    .^r>+  (5^2  +^^3)  +<^2) 

f  f  •  ,  .  *  ' 

Furthermore,  the  identity  transformation  (j>  ^    belongs  to  the 
*  *  set  of  translations  under  consideration  and  satisf iea  the  cpndi- 

'     I'or  any  translation       beiongi^g  to  the  set.'^' 

The  identity  t^iransf prraation  is  that  tran'sf oiination  of  the 
plane  which  carj*ies  eve2?J  point  of  the  plane  into  ^itself,  i«e« 
leaves  it  in,  its  original  place.  ^    '  i 
Furthermore,  for  each  translation  d>  in  the  ^iveh  set  of 
translations  there  exists  a  translation  (-^ )    in  the  same  set " 
such  that  their  sum  is, the  identity  transformation  ' 

.  .     15^  +       =. (.^)  +,^=(^0  -  - ^ 

ihis  Is^^o-^because  If  0  carries  the  point    M    into  M*, 

"  i  \    ^  >  "  '  '  ■  - 

i-    ^ -  l^e/  ^Cm)  5».        then  the  ti?ansla4;ion  which  takes  ^Ml  .Into  ' 

is    {^cf>).  .  . 

The  translation    (-^X        called  the  inverse  of  ^  .    •  \ 
The  translation  inverse  to    (^^).*is  cj>  ,  i.e* 

-(-^)  =  </>.    ■    '  .-  , 

 !  ^  1  .  1^ 


jjistea(3~o^f^ 
^  ^we  write^ 


,     ^  '  ■  '  '209.' 

» 

Every  ^et  of  elements  of  any  kind  in  which  there 'is  defined 
a  one-valued,  operation  assigning  to  any  two  elements  a  third  , 
eleSTent  ^i"n  the  same  set  and  obeying  tjie' conditions  stated  above 
|is  called,  as  we  know,  ^  group. 
•-^  Let  us  renkrK.  tha»t  for  sets  of  transformations  some  of  the 

.  ^  conditions  for  a  group  are  fulfilled  automiCtcally.    HoweVer.  we 
shall  not  discuss  this  here.  ,  ' 

Let  us  also  note'that  the "cominutative  law  holsls  for' the 
group  in  question; 

.  ^1+^2    =  ^2  +^1 

tous  we  may  say  that  the  set  of  collinear  translations  is  a 
*  commutatjlve  group.  *  ^ 

We  shall  establish  a^  one-to-one  correspondence  between  the 
elements  of  this,  group  and  the  displacement  vectors  detemininjg 
them.    '  *  . 

We*  shall  define  the  operation  of  addition  of  vectors  by 
means  of  the  addition  of  the  corresponding  transformations  as 
jfollows:  from  two  g^ven  vectors  we  pass  to  the  corresponding 
translations^^ and  we  add  thes&  translations.    Ihe  vector*  cojhres- 
ponding  to  the  translation-sum  will  be  considered  the  sum  of  the 
two  given  vectors.  The  set  of  collinear  vectors  iS/  relative  to 
the  opei?ation  bc  addition,  a  group/  isomorphic  to  the  group  of 
'   collinear  translations. 

r       Prove,'  as  an  exercise,  that  the  set  of  all  real  numbers  ^ 
^       under  the  "'operation  of  ordinarg^ addition"  is* a  group,  isomorphic 
to  the  group  of  collinear  vectors. 


24.     THE  GROUP'  OP  ALL  TRANSLATION^  OF  THE  PLANE 

i-    •  ■         ^  '         ■  ;     .  ■ 

'  In  the  set  of  all  translations* of  the  plane,  we  shall  define 
an  operation  assigning  to  any  two  translations  taken  in  a  defi- 
nite order  a  third  translation  in  the  following  manner. .  A  trans- 
Ration  is  completely  determined  by  ^wo  points    M    and    M^',  whefe 
M    is  any  point  in  the  plane  and  -M^    ,iB  the  image  -of    M.  Tne 
displacement  vector  of  this  translation  is    TW.  ,  . 

Let  the*  first  translation    <j>^    carry  the  point    M    into  the 
point    M«,  and  the 'second  translation         -         point  into 
the  point    M'\    L^t  us  assign  to  the  two  translations 
-  ^2    ^  third  translation  ^   which  carries  the  point    M    into  the 
point    M"..    The  translation   ^'is  called  the  sum  of  theTrans- 
lations  ^-^    and   <f>2    and  the  operation^  of  assigning.  ^  to  <^ 
and   ^2    is  called >^ddition .  '  We  write  ^"^^ 

I       For  any  three  translations    ^3^,   <^2'   03  have: 

.^1/  (^2  -^h)  =  (5^1  +02)  +^3      ^  "  • 

Let  ^i(M)  =M^,r  ^2^^')  "         ^3(M")  =>lf 
then  in  the  left-hand  memt.er  of  (eq.  1),  the  transformation  ^ 
ca3;»ries  the  point    M    into    M»    while  the  transformation 

^2+^3    ^f^}^    ^*    ^^^^  •  right-hand  member  of 

(eq.  1)  the  same  uransio^rmation  of  the  point    M    into  the  point 

M''''^  takes^place  differently.    The  transformation         +  ^2 

carries  the  point    M.  into  the  poir^t    M",  and  then  the  transf  or-*  * 

raation  ^3    takes  the  point    M"    into  theipoint    lA^"  . 

 ,  •  ,  ^  '.   t»  - 

(l)    It  is.  easy  to  show  that  <f>  is  the  same  no  matter  what  point 
M'  is  taken^  ♦         ,  —Translators. 


*        '     ,      -                           "  ^         -  211. 

Hi  ■  '    '             "  r; 

t    T^ie  associative  law  holds ♦ 

I       ,  I    .           , ,                        -  ;  ^ .  , 

*|    ^rtie  i4on<iition  of  the  existence  of  at  neutral  element  is  also 

 .      '                     '                          •  \  , 


fuifilled,  si^^ce  ^the  itientity  transformation  (f>^'  is  a  translation 
.  A.'         '  ^  *  ;      *  ^ 

wli>h  a  null  displacement  vector,  and      <,      .  , 

for  any  ^   «  .  '< 

The  requirement  that  ^n  inverse  element  should  exist  for 

every  given  element"  is  also  filled. 

Together  with  every  translation   ^,  having  the  displacement 

vector  'Wt^'i    and  taking  the  point    M    into  the  point    M*',  there 

exists  a  translation    (-^),  with  displacement  vector  VHE,  whiqh 

takes  the  point    M<    into  the  point  , 

^    OJius  (-^)  =  (-•^)  +   ^    =y  ^ 

J* 

*       All-  the  group  properties  are  thus  verified  for  the  set  of 
all  translations  in  the  plane  under  the  operation  of  addition 
which  we  have  introduced,    Ihe  set  of  translations  in  the  plane  • 
is  a  group,  ^  ,  • 

,    Since,  furthermore,         *  ^  *  < 

<  ;         .^1  +^2  =9^2  +'^1'  . 

the  group  or* translations  in  the,  plane  Is  coimnutatiye. 

Together  with* the  set  .of 'translSfc44ons  we  also  have'T^Re  set' ~  ^ 

of  vectors  in  the  plane..  Moreaver,  t^tweqn  the  translations  and  ^• 

the  vectors  there  has  been*  established  a  one-to-one  correspon-  ^ 

'    *  •  *►  •  ^ 

dence.  '  '  *        I  - 

Let  us  introduce  ^n  operation  of  addition  of  vectors  in  such 

a- way  as  to  establish  an  isomorphism.     Namely,  to  two  vectors 

^  and  ^  w4  assign  a  third  vector  C  in  'the  following  manner. 
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Tg  the  vect>or  ther^  corresponds  a  translat-'  on  <f>^  tol  the  Vlec-^ 
tdr  .^6  -  a  tranglation  We  shrfll  call  the  vector    a  corres-; 

ponding  to  the  translation         +        the  sum  of  the  vectors  and 
h  and  we  write         .  -  .  - 


'    '  ^  Fig.  134.  '  .         .    ^  . 

Alternatively,  the  addition  of  vectors  may  be  defined  by 
means  of  the  triangle  or  parallelogram  rule  (fig.  134). 

It  is  easy  to  see  that  the.  set  of  all  vectors  in  the'  plane 

is,  relative  to  addition,  a  commutative  group,  isomorphic  to  the 

^  '        •        ,^       ^  " 

group  of  parallel  translations  of  the  plane,"  ^ 

Recalling  from  alge.bra  the  well-known  geometric  in'terpf»e- 
.tatlon.of  addition  of  complex  numbers,  we  see  that  the  set  of  all 
-complex  numbers  is,  relative  to^additipn,  a^commutative  group, 
isomorphic  to  the  group  of  vectors  and  the.  gr'oup  of  translations 
of  the  plane.  ^       »    *  . 

;  We  shall, Ihdicate  certain  subgroups^of  the  group  .of  tr^ns- 

lat/Lons-of  .the  plane.   ^      .  . 
•^^^  I   Lef  us  construct  the  following  subgroup;  -Let  ns  take  an  , 
arbitrary  but  consta^nt  translation  ^  and^dd  it-^  to  itself  >u 
times,  •    - '       .  *  '         ,^  • 
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7L  times  •  '    1  ' 

♦Puftheiv,  let  us  introduce  the  notation  1 

^--^  V  ^ 

*>u  times 

We  Introduce  an  analogous  notation  for  the  inverse  trans- 
/  ^rormation  .        ,  »    -  ' 

(-       +  {-^ )  +  ...'+  (-^)  =  -"^^ 
!Gie  translation    (-tlJI^)    is  inverse  to  the  translation  *>tj^ 
since,  as  we  may  easily  verify,  -   '9^  ^l^S'^-- 

•    ^  +  (-"^^)  =  ?^o    ^  ' 

where  '  '^Q    is  the  neutral  element.  '  '       *      •  * 

Purthe??,  let  us  define  OcJ  by  the  equation  < 

=  9^0  •  ' 

^us  we  obtain  a  set  of  translations  of  the  type   >c  0.  .  Here 
-7i  =  6,  i  1',  ±  2,  +  3,   . . .  +  -n^,  .  • . 
,  We  shall  show  that  this  set  of  translatio»s7^nder  Jbhe  same 

-.operation  of  addition  as  was  defined  for  th6,  set  of  all  trahsla,- 
tions  of  the 'Plane,  is  a  group*    It  is  easy  to  verify  that  for 
any  integers  p  and  ^'  '  .  , 

©lis  implies,  that  the  svun  of  two  arbitrary*  translations  of 
the  type         is  a  translation 'of  the  same  type;  but  this  con- 
' 'stitutes  the  condition  of  closure  of  addition. 

It  is  riot  niBcessary  to  verify  the  ^condition  of  associativity; 
"^77  this  condition  holds  true  for  all  translations. 

Tae  condition  of  the-  existence  of  a  neutral  element  is. 
^    fulfijLled,  since  for  7c=^  o   we  have  a^^^^  .  ' 
/         ^'  .        /  '/ 
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The  condition  of  the  existence  of  an  inverse  element  is  also, 
observed.  .  ^ 

)r  T^f       (->l</)  =   9^0-  ' 

Moreover,  a^dditxon  is*  commutative •  '  -  " 

We  have  constructed  a  subgroup  of  the  group  of  all-^  transla- 
tions  of  the  plane.    ^  " 

■piis  subgroup  is  called  the  subgroup  genera-ted  by  a  given 
translation   ^  . 

n*  we  should  establish  a  one-to-one  correspondence  between 
the  numbers  belonging  to  the  group,'  relative  to  addition,  of  all 
integers,  and,  the  translations  of  ,the  subgroup  Just  cons ti*uc ted 

then  this ^correspondence,  as  it  is  easy  , to  see,  will  be  an  ^ 
isomorphism,  and  the  groups  will  be  isomorphic  to  each  other ♦ 

Groups,  isomorphic  to  the  groUp  of  JLntegers  are  called 
infinite  cyciic  groups. 

 ^  ^   ^  •        A         ^  •  - 

We  shalipall  two  points    A^^    and    Ag    equivalent  relative 

1k>  a  subgroup  of  translations  generWfdPby  a  given  translation 

^   ,  if  there  exists  a  tlN^slatiJn  in  -this  subgroup  which  carries' 
the  point/  A    into  the  point    A^^.    We  shall  denote  equivalence 
by  the  sign/~  :  '  •  , 

Az-^A^ 

It  is  easy  to  ^verify  that'  the  following  hold  true: 
1.    Ref  lexiveness :    A^^A.  ^  , 

*    ^     2^.    Symmetry:    if  ♦  A^B    then  B^A. 

3.    Transitivity:    if    A'^B   and  nB^C,  then  alsp  A^C, 
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•  i, , ' ;  ■    '     .  .  •    , ,     ^  , ,  215. 

Itius  a  subgroup  generated  by  a  translation*  (f> ,  divides  all 
\pointSj  o£  the  plane  into  plasses  of  equivalent  points. 
\        I?  we  sjhould  regard  all^  equivalent  points  as  one  (""paste 
them  tpgej^her"),*  we  should  o^^taJ^.  f rom  the  plane  a  new  figure, 
Jlliis  figure  may  be  represented  by  any  set  of  points  in\the  plane 
c'onsisting  of  one  representative  point  from  each  class  of  equi- 
valent points.    No  two  joints  of,  this  figure  are  equivalent. 


If  we  take  the  displacement  vector  O/^MM^     (fig.  135)  js^  the 
translation  a>  which  generates  the  subgroup  and  draw  parallel 
lines  th3;»o^gh  its  ends    M    and  we  obtain  a  strip  between'  the 

parallels  in  which  there  are  no  two  points  equivalent  to' each 
other.    The  boundary  of  this 'strip  ^consists  of"  pairs  of  eqiiiva- 


M 


and    M^),  by  identif.3^g  which  we  may 

■ '  ■ 


lent  points  (such  ap 
obtain  a  cylinder. 

If  we  add  to  the  interior  points  of  the  strip  only  one  of 
the  lines  which  form  its  boundary,  v/e  obtain  a  region  of  the 
'^)lane  which  is  "swept  out"  entirely  by  every  transformation  of 
the  subgroup,  i.e.  every  point'  of  the  region  is  carried  over  into 
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a.  point  outside  the  region.  ,  . 

We  shall  now  construct  the  group  generated  lt>y  two  non-   *  ^ 
collirtear  translations    <f>i    ahd    f>  2  *  '     ^  ;  ' 

Let  US-consider  the  set  of  all  translations  lof  the  type 

where   '  yo,^   =  O,  jf       ±2',....,  ±M',  the  meaning  of  the  notation 
^  and  ^5^2         clear  from  the  foregoing, 
it  'is  easy  to  verify  .that  the  set  of  indicated  translations 
forms  a  subgroup  of  the  group  of  all  translations  with  respect 
to  the '-addition  of  translations. 

\s  before,  we  shall^  call  two  points    A    andj    A^^  equivalent 
relative  to* the  subgroup  of  translations  generated  by  the  given 
non- cQl linear'  translat?.ons  2         there  exists  a 

»  translation  in  this  subgroup  which  takes  the  point    A    into  the 
point    Av  •  relation  of  equivalence  possesses  the  proper-  ^ 

ties  of  reflg^j^veness,  symmetry  and  transitivity. 
\     '      The  entire '^set  of  points  in  the  plane  is  subdivided  .into 
'Classes' of  equivalent  paints.         .  .         .  ^, 

If  we  regard  all  equivalent  points  ^s'^ond  ("paste  ttiemV 
together"),  we  shall  obtain  from 'the  plane  a  new  figur^e,.  This 
'  ^figure  consists  of  points  of  the  plane  such  that  ambng  them.. there 
no  pair  of  equivalent  points,  and  it  is  topologipaliy  equiva- 
^>lent  to  a  torus.  ^  '      '  . 

•If  we  take  the  displacement  vectors    a-  M«    and    b  «  M" 
(fig*  136)  of  the  translations   <f>\    and  JtJ  2    v^ich. generate  the 
'subgroup  and  examine  the  parallelogram  with  the  sides    MM'  and^^ 
MM",  we  obtain^a  set ♦of  points,  interior  tp  the  parallelogram,  ^ 
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.^ong^  which  there  are  no  two  equivalent  points. 

Acidirfg  to  .these  interior  points  the  points  of  the  segments 
,  MM'    smd    MM",  we  ob'tain  a/ set  of  poiirfts  which  it  is  impossible 
to' Enlarge  without- obtaining  in  t6e  enlarged  set  equivalent 

*  points.       (  '  '  /  <^/^       ^  ' 

The  regipn . of^th^|)lane  obtsiineih,y.s  entirely  "swept  out" 


by  each  translator  of  the  s^ubgroup,  i.e.  «ach  point  of  the^  regi^on 


goes' over  into  an  exterio;?^  point.     ^  . 

A  set  of  all  points  Equivalent  to  d  given  point  forms  a  sor  . 
'  called^,lattice'  C^lg.  136).  ^^Simllar  kind s^  of  lattices  play  an 
.  Important  ro3^e  in"  crystal Jography  and  in. the  geometrical 
.    theoi^y  of  numbers^  *  . 

if.to  the  group  of  complex  numbers.  I.e.  numbers  of  the  type 
>p  ^       ^  where  /^  and  ^   are  integers,  vte  assign  the  set  of 
translations  of  the.type*^/^  '^J^^2  ^1  ^2  not  ^ 

.    collinear^  then  the  correspondence  obtained  is  an  i^omprphlsm 
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•  i  •  '  .   -"^  ■ '     ■  •      •  '  \ 

'  means  tljat  thg  group  of  integral  complex  niimbers  is 

-lsomorphic/(feo  the  subgroup-  of  transQ.ations  ^nerated  by  two 
,jion-cpl<lIn^ar  translations. 

*  , ,    Ihe  same  ^subgroup  may  be  z^^^^J^^^^^^-^^^T^^^'^^^^^"^  generating 
^          translations,' '.for  instance-^"^^-  ^ ^nd   ^2'-  • 

corresponding  region  of  th^' plane,  containing  no  equivalent 
]poj^nts,  will  be  a  two-dimensional  i)arallelogram  with  two  ^non- 
^  "parallel  sid^  .excluded  (fig.  136).      /  -      .  \ 

r  If  we  use  the. notation  , 

then  the  stet  of  translations  • ••  _    '  . 

^       'where  ^  and are  integers,  forms  d  group  which  coincides  with 
^the  group  of  ^transla^tions  /of^  +         •  "  ' 

It  is  pospit>le.  to  set  Up  a  one-to-one  correspondence  ietw.een 
the  translations  of  this  group 

which  is  an  isomor{)hism;  . 

An  isomorphism  o£'  a  group  with  Itself  is  called  an  auto- 
^morphism  pf  the  •  group 


One  may  look  upon  the  correspondence  (*)  as  a  transformation 
Of  one  trah'^la^tion  ;into  another.    Here  ^the  transformed  elements 
.4,are  not  points.>but  translations.  -  *  " 

Examine,  as  ah^'exerclse,  the  set '  of  all  automorphism^  ^of 
'th4  gi'verl  group  and^  defining^the  addition  of  automorphisms  as*" 
the  .addition  of  transformations  of  translations,  show  that*  the  - 
set  pf  all  autpmorphisms  ot  the  given  group  is  a » group. 
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;    •   '  '  Pig.  137. 

In  conclusion  we  note  that  the  parallel  translations  of  a 
piane  ar^  closely  connected 'with  the* properties  of  a  parallelo- 
^ram«    To  each  parallelogram  there  corresponds  a  subgroup  gen- 
^erated  by  translations  whose  disjJlacement  Victors  ^and  ^  are 
"deteimined  by  the  sides  of  the  parallelogram  (fig.  137).'  I^e 
vector  a.  represented  by  one  side    AB    is  the  displacement 
vector  which  carries  the  second  side.    AD    into  the  position  BC* 
TtiXs  is  <i.onnected  v/ith  the  fa^ct  thaj;  opposite^  sides  of  a^para'llel- 
*ogram  are  equal  and   parallel.    The  opposite  angles  of  a  para\lel- 
ogram  are  equal,  while  the  angles  on  the  same  side  add  up  to  the 
sum  of  180^.    Ihis  is' connected  with  l^he  fact  that  translations 
transform  any  line  into  a  line  pai^alle^'  to  it.      '  ' 

It  is  possible  to  '^ave"  the  entire  plane  with  pa'ralXelogr^s, 
-Ih'fig.  136  this  is  shown  for  a.  rectangle;  hji^ever,  we^Jiia;^  carry 
out  a  paving  of  .the  plgine  with  :,each  of  the  indicated  pai^3ylelo- 
grams  corresponding  to  various  pairs  of  "generating  translations . 
of  the 'Subgroup,  and  moreover,  givfe*n  two  such  "pavings," 
determined  by  two  diffeafeht  parallelograms'  having  one  vertex  A 
in. 'gommon,-' then  the.  lattice;  consisting  of  .frhe  vertices  of'  the^ 
parairelo§2?ams  wili  be  the  "same-for  both  "pauin^s."    The  parallel- 
ograms conta,irt^no  joints  of  the  li^ttice  (points'  equivalent  to  A) 
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tf^  ,  . .      Other  tlmh  fehe  vertices.    The  areas  of  such  parallelograms  are  all 
,(^g.  \136)«    Every*  such  paf^allelogrsun  is  cut  by^the  line^   ,  / 
V-  -         equivalent  to  the  lines    MM*    and    MM     into  parts  out  of  which/ 
\        :by^mean^of  an  appropriate  parallel  translation  (belonging  to 


the.  subgroup)  of  each  part,  is  possible  to  put  together  the 

,  rectangle    MM<W"M"^        .         .         ^  '  . 

« 

Ihe'  verification  of  tbepe  statements  is  left  as  an  exercise. 
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-  *'.25.     INVARIANTS  AND  INVARIANT  PROPERTIES  -OF  FIGURES 


If  a  figure  is  subjected  to  any  transformation,  then  ^me 
of  its  a^ttributesi  or  characteristics,  will  change  while  others^  ' 
will  remain  unchanged.   'For  example,  under  the  topological  trans- 
formation of  *  a  linear  triangle  into  a  cirole  (fig".  101 )  many 
i^attrib.utes'^or  properties  of  the  triangle  are  charigedt  Amojig 
these  are  the  straightness  of, the  sides^of  the  triangle,  J;he 
Ibngth  of  the  sides,  the  angles,  the  area  etc.    Ttie  characteristic 
of* the  triangle  of  being  ^  closed  curve  without  self-intersection 
♦remains  unchanged.  ' 

^./General  topological  transformations  •(  15)  of  figures  are  ^ 
,    extraordinarily  far-reaching.    Very  few  .properties  of  figures 
remain  unchanged  under  topological  transformations,  but  th^se 
most  stable  characteristics  are  also  the  deepest-lying  prpperlies 
of  th^  figures.         ,  .        '  .  • 

A  section  of  a  right  circular  cylinder  (fig.  27)  and  a 

section  of  a  right  ^circular  cone  (figs.  29,  31,.  33)  may  be'^  . 

regarded  as  transformations  of  a  circle  by  means  of  parallel  or 

central  projection.    Each  point  of  the  circle,  with  the  exception 

of  not  more  tban  two,  is  transformed  into  a,p0^t  on  the  conic 

section,  lying  on  the  same  generator  of  the  cylinder  or  copev 

Under,  the  parallel  projec.tion  of  a  circle  in^o  an  ellipse 
i      '    ■  *i  '    -     .  * 

,  and  the  concomitant  .projection  of ^ the  entire  plane  of  the  circle^ 

into  the  plane  of  the  ellipse,  the  straightness  of  lines  is 

preserved;  the  parallelism  of  lines  is  preserved,    ihe  ratio  of 

segments  lying  on' the  same  lifie  or  on^parallel  lines  also  remains 

unchanged,  in  particular  the  imaige  of  the  midpoint  of  a  segment  is 
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y 


the  •nii<ip<»int  of  the  ima&e  of  the  segment. 

' '       -  I  *  '  * 

The  ratio  of  non-parall6jl  segments  is  noir  preserved/  Angles 

r  -  ^  > 


.between  lines  also  ^re  not  preserv.ed,  in  parti<5ular,  perpendicular^ 
lines  are' projected  into  lines  which,  generally  speaking,  are  hot 
perpendicular;  the  lengths  of  segments  are,  generally,  changed. 

Let  us  consider,  for  example,  the  pei^pendicularity  of  a 
dlkbeter  pf  a  circle  to  a  fam^^ly  of  parallel  chords  and  the  fact 
that  the  diameter  divides  each  of  these  chords  into  two  equal  '  * 
parts  (fig.  138).  ^  r 


^  Pig.  138. 


V  l^der^ parallel  projection  the  relation  of  perpendicularity 
between  the  diameter  and  Xhe  chords^  is  not  pre^rved,  while  the 
property  of  the  diameter  of  being  the  locus  of  the  midpoints  of 
the  parallel  chords  remains  unchanged. 

Haying  considered  these  e^camples,  we  shall  give  the  followin^\ 
definitions: 

The  attributes  or  properties  of  figures  which  are  jxot 
destroyed  by  ^ny  of  -the  transformations  of  ^  system  are  called 
invariant  properties  relative  to  tHis  systenf  6f  transformal^lonst 
»  '      In  particular  if -the  system  of  transf  oi^mations  is  a  group, 

speak  of  the  Invariant  properties  of.  a  figure  relative  to  the 
group  of  tran^f drjnations.  .         .  ♦  *  .  ,    ^     ,  ' 
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If  some  magnitude,  for  Instance  a  lengthy  an  angle  or  an  area 
Is  associated  with  a  figure  In  such  a  way  that  It  remains  unchanged 
under  all  transformations  of group,  then  this  magnitude  Is  called 
an  Invariant  of  the  figure ^^^relat'lve  to  tills  group* 

Tinns,  for  Instance,  under  all  parallel  projections  the 
parallelism  of  straight  lines  Is  an' invarlantf  property,  so  Is  the 
ratio  of  parallel  segments.    Angle's  are  Invariant  under  stereogra- 
.phic  projections  and  rotation^  of* the  sphere  (page  174), 

Let  us  consider  In  particular Hhe  Invariant  properties  and 
lnvarlan.^s  of  the  group  of  translations  In  the  plane.    The  distance 
between  two  points  Is  an  Invariant  of  the  group  of  translations*. 
As  a  consequence,  we  .obtain  from  this  the  Invarlance  of- angles' 
between  lines  and  of  the^^areas  of  figures,     ^e 'attributes  of  a 
figure  of  fc>elng  a  point, ^-'T^elhg  ^  line  etc.  a,re  properties  whlc'b 
are  Invariant  under  translations.    The  attribute  of  the  sides 
of  an  angle  consisting  of  their  having  given  directions  Is  also 
an  Invariant  property  relative  to  all  translations.     The  attribute 
of  a  line  consisting  of  the  fact  that  It  occupies  a  given  place 
in  th^  plane.  I.e.  the  attrlt^ute  of  being  fixed,  is  not  an  In- 
variant  property  relative  tt>  the  entire  group  of  translations, 
but  invariant  relative  to  a  colljifnear  subgroup.  ' 

The  posTtfdii  in  space  cJf  each  of  the  lines  of  a  parallel 
penclj  is  an  invariant  property  relative  only  to  the  group  of 
translations,  collinear 'to  this  pencil.  * 

(1)  Pootiy^:  An_J.Jlust^a„tioji  Q£_Kha.t-  is  meinir^^i;he  invarlance 

.   of^djstance  iuihder^ translation  proved  later  in  the  text.  The 
dlsta-nce  is  a  magnitude  associated  with  figures  consisting  of 
two  i^oints.  "  — Translators. 
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It  is  namely  such  a  pencil  that  we  called  invariant  relative 
JLO  a  group  of  collinear  translations.    This  pencil  consists  of 
the  sliding  linefe>  of  each  translation  of  the  group.  * 
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26.     THE  METHOD  OP  PARALLEL  TRANSLATIONS 
^    '  '      IN  THE  SOLUTION  OF  CONgTRUCTION  PROBLEMS 


Frequently,  in  solving  construction  problems,  it  is  helpful 
tp  carry  over  a  figure  or  part  of  a  figure  by  means ^of  a  trans^ 
lation  into  a  position  more  convenient  for  the  constp*ction  of  a 
given  plane  locus,  and  after,  carrying  out  the  construction  to 
restore  the  previous  position  of  the  figure  by  means  of  the  inverse 
transformation.  ' 

^  'i  Problem.     To  place ^ a  segment    AB,  of  given  length  ^  and 
parallel  to  a  given-'line   g  ,  between  two  given  lines   <2.  and  S  ^ 
(fig.  139);  '        ^        '  •  ' 

If  we  translate  the  lijae^^z  (using  the  displacement  vector 
±,J-   colllnear  with  the  line   Q  and  of  length        ),  we  obtain  lines 

and  a  2    whose' intersections  with  the  line  i>   yield  the 
points    B    and    B'.    The  segments    BA    and  B'A^    parallel  to  the 
line  c  are  the  c^esired  segments.  *  ^.^^ 
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If  the  lines  (Z  and  b   intersect/ *  the  problem  ha^'  two* 
'  ^solutions.     If  the  lines  cz,  and  h  are  parallel  then  the  problem 
either  has  no  solution  or  an  infinite  number  of  solutions. 

Problem.    G^yen  two  parallel  lines  <z  and  6>  and  two  points  '  A 
and    £    on  different  sides  of  the  strip  bounded  by  the  parallels  a. 
and    b  >    To  find  the  shortest  path  from    B    to    A    if  the  part  of 
the  path  lying  between  ou  and  b  is  to  be  parallel  to  a  given  line 
C    (fig.  ll|0).  ^  '        .  . 


Fig.  140. 


Fig.  li^l. 


If  we  translate  the  point    A    and  the  line   ct,  collinearly 

with  a  so  that  line   ^   coincides  with  line   b  ,  then  the  p'cfint  A 

will  occupy  position    A'.    Joining  the  point    B    with  the  pioint 

AS  we  obtain  the  segment^   BA''    equal  to  the  desired  path  minus  ^ 

the  par^t  between  the  parallels.    Let    C   \)e  the  point  of  iriter- 

sectidn  of  the  segment    BA*    with  the  line  b   .    Carrying  over  by, 

(1)  Footnote: This* is  a  kind  of  "constructi^ility" .Where  we  assume 
•  that  we  can  make  a  trans3^ation  of  any' sort  whenever  we  wish. 
This  '^ability  to  effect  translatiqjis"  is  one  of  the  basic  tools 
of  this  kind  of  "constructibility*V^ust  as  the  ability^  io   -  . 
duplicate  a  distance  ijy  means  of  divi)flers  is  one  "topi"  in  the 
familiar  Euclidean  "constructibilAty'*; 
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means  of  the  inverse  translation    (A«A)    the  segment  .CA*    into  the 
position    DA,  we  obtain 'the  desired  path    BCDA    f rom^ the  point  B 
to  the  paint    A.  '    »  * 

Problem.    To  place,  between  two  given  circles    0   and  a 
segment  ^AB,  of  given  length  a.  and  having  the  same  direction  as 
a  given  line  u    (fig*  l4ljf 
^  \  .    Let  the  end  point  .  A    of  the  s'egment    AB   be  on  the  circle  0.- 
To  find,  the  point    B,  we. translate  the  circle    0    through'  the  dis- 
tance ^  parallel  to  the  line  ll^.    For  this,  it  is  sufficient 
merely  to  translate  the  center    0    of  the  circle,  and,  using  th^e 
same  radius,' draw  the  circles  ..Q^-  and    0^    .    Ihe  intersection  of 
the  circles    0^    and  "with  .the ^"circle    O,  determines  the  end 

point.    B,  of  the  segment^  '  y  ' 

The  problem  has  no  morje-  than  four  solutions  provided  the. 
center  of    0»*   does  not  coincide  with  tile  center^  of-    0^^    or    0^  . 

Problem.    To  construct  a  quadrilateral,  knowing  the  four  sid?s 
and  the  angle  between  two  opposite  sides. 

5.  \ 


Pig.  142. 

.  '     Suppose    ABCD    is  the  required  quadrilateral  (fig.  142), 
AB  ^  ^,    BCo=  t>,    CD  =  C  ,    DA  =  c:/  and    ^  BSC  =  o: 
.       Let  us,  by  means  of  a  parallel  translation;  bring  the  side 
r^D  Ninto  position^    BE.    Let  us  find    DE  =ib  \    BE  =  C  ,  ^  ABE  = 
^IChusMt  is  possible  to  construct  the  tria'ngle   -ABE  "  having  two  of 
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its  sides  ecjual  to  ^z  and  (2  and  the  angle    ABE  between  them  equal 
to  cC       We  then  construct  upon  the  side    AE    the  triangle  AED, 
^loiowing  its  sides. 

The  investigation  of  the  conditions  under  which  a  solution 
is  possible  is. left  as  an  exercise. 
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^    '    .    27r  '^THE' GROUP  OP  TRANSLATIONS  IN  SPACE 

Af tdr  the  detailed  study  of  translations  in  the  plane^  it  is 
not  difficult,  following  the  same  plan,  to  consider  translations 

•  ^         V  ^ 

in  space. 

For  translations  in  the  plane  it  would  have  been  helpful  to 
think  of  two  coinciding  planes  and  to  imagine  one  of  these  moving 
d%  a  unit  along  the  second.    In  exactly  the  same  way' one  may 
think  of  two  copies  of  space,  a  movable  space  and  a' fixed  space, 
the  first  being  free  tb^.move  in  any  direction  within  *he  second. 

'Tt\e  geometrical  meaning  of  suoh  displacements  is  , merely  that 
we  assign, ^-according  to  some  definite  rule  or  laW,  to  each  point 
M    in  space  a  corresponding  pointy  M*.  V    o  * 

'Let  us*  consider  the  set  of  all  liries  in  space  parallel  to 
a  line    a.  .    Ohis  set  of  lines,  including  also  the  line  is 
called,  as  we  know,  a  bundle  of  parallel  ,  lines Ttxe  line  a  does 

not  play  .any  special  role  in  the  determination 'of  ther-bimdle. 

'  /ft 

Because  of  the  symmetry  and*  transitivity  of  parallelsim,  any  line 
belonging, to  the  bundle  determines  this*bundle.    The 'entire  set' 
of  lines  in  space  is  subdivided,  in  thts  way,  into  classes.  Each 
class  consists  of  all  the  lines  of  a' parallel  bundle.    All  the  ^ 
lines  of  a  bundle  have  one  and  the, same  direction.    Since  every 
line  "belongs,  to  only  one  bundle,  ^a  line  has^only  one  directipnr. 

asking  two  points    A    and    B   on  a  line,  we  may  establish  in 
it  an  orientation' determined^  by  the  vector    AB    or    BA.    A  lirie 
\inayvbe  oriented  in  two  ways.    An  oriented  line  iB^  frequently  ^ 

(galled  an  axi^.  -     . .  .     ;j>j,  j.^  ^j^.^ 

Just  us  in  the  plane,  we  ponsider  vectors  as  equal  if 
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the  segments  determining  th^m  are  l^arallel  and  have,  equal  length 
and  the  same  orientation.  * 
A  translation'  or  parallel  translation' of  space  is  such  a 


\  I/' 


transformation  of  space  into  itself  \indeir  which  the  displacement 
vectors  of  all  points  in  space  are  e^al  to  each  other: 

M«  =  nR«  =  M'  =^^=  ...  =a=  ...  -      '  ^ 
I^eorems  1. through  6  (22)  which  express  the  basic  properties 
of  translations  hold  here  aiso,^    Also,  Just  as  in 'the  plane,  we 
define,  in  the  set  of  all  Iranslatiohs,  an  algebraVc  operation 
e     of  addition  of  translations.    To  the  addition  of  Vanslations    '  ' 
^ there,  corresponds  th^  addition. of  the  corresponding  displacement 
vectors: 

~     ■   ,      '  '  M'*  =  M>  +  MM"  •  ^ 

©le,  identity  transformation  of  space  In^to  itself^  i^  taken  as 
the  neutpar  translation.  •     '  .      ,  ^ 

It  is  not  difficult  to  verify  that  ail  the 'conditions  of  a 
-group*^are  fulfilled  (20)  ancf  thus  estat>lish  that  ^the  set  of  all 
translations  in  space  is  a  grbup.  ,  >     ^    ,       ,  .  \ 

'me  set  of  all  translations  Reaving  in  pface  every  line  or 
bundle  of  parallel  Ifnes,  is  a  subgroup  of  the  group  of  all 
traVislations.    Such  a  subgroup  is  called  a  group  of  collinear 
parallel  transformations . in  space.    ;     ^  .  - 

A  group  of  collinear  translations  is  i'somorphlc  to  the  group 
.,      -  »      ,  'f      *  \ 

*of  real  numbers  relative  to  addition..    This  may  be  shown  the  same 
'  '  ^   —  ^  ^  "  -         ^  »  \^ 

^  way  a.s  for  collinear  translations  in  the  plane./ 
\  .  • 

:  /k  bundJ^e,  each  of  whose  lines  remains  unchanged  under  a 
i  -     ^  ,   •    -  '    *  j 

subgroifp  of  collinear  translations  is  called' an  invariant  bundle' 
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of  lines  relative'' to  this  group  of  collinear  translations.  Ttie 
lines  of  this  bundle,/  unden  the  indicated,  translations  only  "slide 
upon  thejnselves"  and  a3?e  called  lines  of  sliding.  ^ 

As- an  exercise,  let  the  reader  characterize  the  ^et  of- planes 
which  also  remain  unchainged  under  all  collinear  translations  of  a 
collinear  subgroup.  ,      ^  .  , 

cylindrical  surfaces  whose  straight  lime  generators  beJ.ong 
to  phe  invariant  bundle  also  "slide  upon  th^s^lyes"  under  the 
indicated  translations  Wnd  are'^^cailed  sliding  surfaces.  The 
parallelism  of  places  as  well 'as  the  parallelism  of  lihea- possesses 
the  prope?^es  .of  symmetry  and- transitivity. 

The  entire^set  of  planes  in  space  Is  subdivided  into  classes 
o:f  parallel  planes.    Every  class  consists'  of  plahes  forming  a         '  \ 
parallel  pencil.    We  say  that  all  planes  of  a  parallel  pencil 
possess  the^sam^  jbwo-dimensional  direction.  *  \ 

Any  p^ne  of  a  parallea.  p^cil  may  servers  a , representative  ^ 
of  the  clas^,  an"d  \he  plane  oC  V  by  means  of  which  the  pencil  is 
determined,  plays  no  special  role^  *j  *         v    '  ^ 

The  set  of  all  translations  leaving  l,n  place  every  p^lane  of 
a  pencif  of  parallel  planes,  is  a,  subgroup  of,  the  group  of  all 
translations.    This  subgroup  is  called  a  group  of .coplanar  parallel/ 
translations  in  space,.  -  '     .  .  ^ 

,  'It.  is  easy  to  establish  that  a  group-^of  coplanar  translations 
is  isomor^ic  to  the  group  of  all  .translations  in  the  plane  con- 
side<^»ed  earlier, ^and  also,  as  we  have  seen,*to  the  group  of  all 
^plex  numbers,  relative  to"  addition.  /  ^ 


♦ 

A  pencil,  every  ^3ne  of  whose  planes  remains  unchanged  under 

•  each  member  of  a  group  of  coplanar  translations  is  called  an 
invariant  pencil  pf  planes  relative  to  this  subgroup  of  coplanar    '  • 
translations,    THe  planes  of  such  a  pencil  only  "slide  upon  them- 
selves"  undei?  the"  indicated  translation  and  are  sliding,  surfaces 
under  each  translation, 

♦       Kie  distance  between  two  points,  tt^e  angle  between  two  lines, 
>       •      the  angle  between  two  planes,  the  angle  between  a  3,ine  and  a  plane 
aije  invariants  of  the  grou^^f -translations. 
.  ^    We  shall  see  below  'th^^areas  and  volumes  pf  figures 
.  a^d  Invariants  of  "this  group  of  transformations. 
*      ,4      If  we  are  given  two  oriented  bundles  of  parallel  lines,  we 

gay  that  any  oriented  line  of  the^tirst  bundle  forms  equal  angles 
*       with  any  oi^'ientefi  line  o'f  the  secortd  bundle.    T5ie  angles  between 
"  two  directions'  is  frequently  mentioned.    However,  there  are  four 
such^ angles,  so  that  this  angle  is  npt^ uniquely  determined.  An 
*  %  '   >.  ^n^^Ibgous  situation  arises  with  the  angle  between  planes;  ther^^ 
'1  *  are  fbtur  angles,  an# without^kdditional  conditions  there  is  no 

'  unjUjue^  determination. 
/   ^«  ►  *        w^.^are  given -an  oriented  bundle  of  parallel  lines  and  a 

p^(^P*of*  parallel  planes,  then  each  oriented  ^ne  of  the  bundle  * 
'  ^brms^fequStl  angles  with  each  plane  of  the  pencil.    The  angle 

•  .  ^tweerL  an  oriented  line  ^nd-a  plane  is  uniquely  djgfined  as  the 
ang3.eLb^wee;^  this  line  and  its  oriented  projection'. 

•    Let  liiB  consider  the  subgroup    G    of  translations,  generated  by 
.      I^ree  non-coplanar  .t;:3Jaslat4»^^  ^"^  \and  with  displace-  ^ 

ment  vectoj?(S-  a,  i>    and  '  c.  ,  i>e-.  -translations  of  the  form 
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Where   />  ^  g    ^'^  integei 

*"  '^Jwst  as  in  the  plane,  we  shall  consider  two  poitits  in  space 
as  equivalent  relative  to  the  subgroup    G    if  one  point  is  Vj&rried 
into  the  second  by  some  translation  of  this  subgroup* 

Every  point  JLb  equivalent, itself,    A^A.    If    A^B,    thdn  ^ 
-  the  property  of  synunetry.    If    A  ^  B   and    B  ^C,  then 
A<^C  -'the  pi»operty  of  transitivity.-  Ihus  the  set  of  all  points 
in' space  is  subdivided •  ii^o  classes  of  equivale'nt  points  relative^  » 
to  ' the  subgroup    G.  ""^^ 
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It  is  easy  to  see- that  the  parallelepiped  with- the  edges    Q^,  . 
,6  and      '(fig.  143)  does"  not  contain  among  Its  interior  points" 
even;  one  pair  of  equivalent  points.    If  we  add  to  the  interior 
'points  of  the  parallelepiped  the  points  of .  the  fa6^s^0ADB,  OBPC, 
OANC,  we  obtain  a  region  of  space. which  Incompletely  "swept  out'.' 
by  each  transf  orma^ipn  of  the  subgroup  and  whlcH  'c'a|ij  not*  be  _ 
enlarged  without  introducing  irilio-ltl|fS',  erilai^ged' r^^ion  equivalent 

.  'points. 

Opposite  congruent  faces  of  tj4  parallelepiped  are  trans- 
*^  formed  one  into  the  other  by  those  translations  of  the  subgroup  G 
vihich  have   a,  ,  h  ,  bxA  (L,  as*  displacement\ectors.    ihus,  fqr 
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example,  the  face    OBPC  *  is  transformed  by  the  translation  6^ 
f  I  a 

Into;  the  face  'ADEN,-  AlJ^iie'^-'eUg^  between  two  parallel  faces 
are  transformed  one  ^.nto  the' other  by  translations  of^the  subgroup 
G.    For  instance'^,  the  edge  '  OC^    Is  transformed  by  the  translation 
(jfr^  +"9^t)    into  the  edge    DE,  .      /  '  ■ 

The  entire  space  may  be  "paved"  by  such  half -open  parallele- 
pipeds,  each  ponsisting  of  three  faces  and  all  interior  points.* 

For  any  given  pair  of  parallelepipeds,  or  'cells,  in  this 
"paving"  there  exists  a  translation  In  the  subgroup    G    which  takes 
the  first  cell  into  the  second.  ,  ; 

Th^  vertices  of  all  parallelepipeds  of  a  given  subdivision 
of  space  form  a  space  lattice.     \    *  '  ' 

.  The  subgroui5    G    mky  be  g65ierate<i  not  oply  by  the  translations 
9^  a'  ^b^^f^o         also  by  other  translations  of  this  subgroup. 
To* each  system  of  three  generating  translations  there  corresponds 
a  particular  subdivision  pf  space  into  cells.    However  a  point  set 
which  forms  a  "lattice"  under  one  subdivision  also  foi^s  a 
•"lattice"  lUn^er  any  other.  -  ^  \' 

As  an  exercise,  it  is-  suggested  that  the  student  fin^Hhe 
entire 'set  of  systems  of  three  translations  of         subgroup  G, 
which ^generate 'this. subgroup.  " 
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,    5^      Chapter  V  .  , 
ROTA.T^ION  . 


0 


In  chapter  V  we  talce  up  the  rotations  of  a  plane 
around  a  point,  the  rotations  of  space  around  an  axi-s 
and  the  rotations  of  space  around  a.  point  .  ,        '        •  . 

'In  connectiQn  with  the  group \of  rotations  of  space  - 
around  an  axis  we  shall  study  the  el^m^ntary  properties 
*"0f  surfaces  ^of  re^lution.  '     ,     >      '  i 

We  shall  define  those -transformations^  of  the  plkne 
and  of  space  which  are  known  as  motions.    '  ^ 

),The  connection  of  motions  with  translations' and 
rotations  wlil  be  established.*  v 

In  30.  we  shall  consider  the  application-  of  the 
method  of  rotation  to  the  solution  of  cpnstryction  ; 
pr9blems.(l)  . 

28.     THE  TRANSFORMATION  OP  A  PLANE  INTO  ITSELF  BY  MEANS 
OP  A  ROTATION. AROUM)  A  POINT. 


Let    0*  be  a  given  point  in  the  plane  (fig.  144).    Sy  a 
rotation  of  the  plane  around  t^j^e.  point    0  ^  through  a  g^ven  angl^ 
S  /  we  mean  a  transformation  of  the  plane  in.to  itself  under  ^ 
which  to  every  pointy  M    there  is  assigned  a  point    M^    such  that 
the  c<?nditions 

0M«  =  OM,  /  MOM»  =  ^  . 
^re  fulfilled.    Rotations  thorough  angles  which  are  multiple's  of  ^ 
2if  are  considered  to  be  identical.    The  point    0    goes  over  into 
^  itself,  i.e.  remains  fixed. 

Measuring  the  angle  (f>  in  radians,  we  obtain  a  real  number  ?C 

^  *  "  I 

To  each  rotation  through  an  angle  f   we  assign  the  set  of  numbers 

^  *      ^    •   ->  ^  ^ 

Tl)  That  is,  we  shall  consider  construction  problems  where  tne^ 
•j-     .possibility  *of  effecting  an  arbitrary  iptation  is  on^  of 
'         the'admissable  "tools"  of  constructibiOSlty.  . 

^      ^  '     *  i  '  \  --Translators. 
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%^2^Kir^  where  /r   Is  any  integer.    We  intjoduce  the  usual  con- 
vention with  regard  to  the  sign  of  angles:    we  consider  counter- 
'blockwise  rotations  as  po*-^^tive^ 
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Ihe  addition  of  rotations  having  the  same  center  is  carried 
out  in  th^'same  manner,  as  for  transf ormfitioas  in  gener^.    If  a 
rotation  through  tlie  angle  carries  any  point    M  ilntp  M'^"" 

.^nd  a  rQtation  through  .t1^  angle   <6p    takes  the  point         into  th 

point    M",  then  the  slun  of  these  rotations 'takes  the  point  M 

''   '  >  " 

directly  in^to  the. point    M".    Ihis  sum  of  rotations  *is  again  a  . 
-portion  through  th^e  a^ngie  (f>^  '*"^2  •  ^' 

,'It  is  .easily  seen  that  the  set  6f  .rotations  of,  the  plane, 
around *^a  polhfb    0    i$  a  group  with  respect  t^o  addition  .of  . 

*  *  '  *   ^      '      ,  *x       ■  W  ' 

rotations*.'  «  ^  •  •  .     "  , 

\        .  '  ^ 

Among  these  rota-tions  there  i6  a  neutral  element  -  rest,  or 
the  rotation  through  an  angle  equal'  tb  zero.  •  #op  each  rotation 
through ^an. angle  <^  there  is  an_inverge  rotation  through' aA  angl€ 
{-,^);    Oljie  associative  law,^a8  raay'^e^^asily  ^verif i^ed^  Ijolda 
for  transf ormSations  of  any  kind.    Furthermore,  the  grou]^  of  *rota 
tions  of  '^thelPlane  around  a  point    0  i  Is  commutative . 

•   '        ,  f  i  ^^-^ 

^  ■      V  .         i'     ■  ■ 

.  '     -  ^  '/  '     246  - 
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Ttie  set  of  real  number.^\  can  be  mapped  into  the  ^et^  of 
rotations,  assigning  to  each  ;real  number  X  a  ro|;ation  through  an 
arigle  wnose  ]^adian  measure  .is  K  .         ^  ^ 

^Ttie  inverse"  image  of  the  angle  ^  under  this  majpping  is  the  , 

%" 

set  of  numbe|»^  of  the  type :  ^  ^  '  - 

Were  /(  is  any  integer.        ;  *  ^  ^ 

Each  such^  inverse  image  forms  a  clas.s  of  numbers  which  are 
assigned  to  ^the  given  angle    ^  .  '       '     .   '     "      '  *  /' 

Title  set  of  such  classes  can  be  mapped,  pne-txii-pne  onto  the  a^t 
of  rotations;  to  each  class  of  numbers^  thei^e  is  assigned  one Rota- 
tion, and  e^ach  rotation  has  only  one  qlass  as  its  inverse  i^ge.  ♦ 

•  ^     The  set  of  the.jibove  m^irtioned  classes  of  real  numbers  Is  a 
group/ Isomorphic  to  the  group  of  rotations.; 

~  ihe  addition  of  classes  is  carried  out  according  td  the  ^ 

following  rule :  *e  take  an  arbitrary,  number  /rom'  each  of  t4ie_  ^  • 
classes  to  be  added;  th^ir  .sum'  is  a  number^hich' belongs  to  some' 
third  class  which  we  noW'  regard  as  t^e^,  ^^of  the  two  oXa^s^^-  .  ^  ' 
Ohis  ruli  determines  uniquely  the  class  whl^  is  the  sum; 

^    The  Let  of  real,  numbers  of  the  form    2A:^,  where  AT  i&  any 
iufceKer,  i&  the  neutral  .element  in  the  group  of\ classes  and  Is 

'  itself  a  group  with  respect  to  addition:  ,  -  - 

Let  us  consider  now  soijie  properties  bfjL  figure  ^t>icb^are 
invariant  under  rotation.    A  point  is'transf  ormed  "into  ^oint. 
The  property^of  being  a  point  is  invarianij.'  However,  the  position 
of  each  point,  with  the  exception  6f  the'  centerl  of  rotation\o. 
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*  changes Uie  unchanged  ceiiter  of  'rotation    0    will  be  called  a 
^point  invariant  with  respedt  to  position  or  simply  an  invariant 
p.       '  point. 


/Fig.  145. 


I     ^  Points  lyings  a  line   a.  (fig.  go  over  Into  p6ii}ts 

i  "^l^*^"^,  9P  ^  *^  other  words rotation  transforms  a 

:^ne  injto  a^llne.  ,  Proof:    Let*  OP    be  perpendicular  to  the  line' 

 "    ^  \  .  1   . 

*  •  ^c^il-Poi^f  s  pf  'the  s^graent^   OP^  a^  tranglf  ormeci  inttf  points  ' 

.It  * ^    *       ♦  <  -  '  ,  .  .     ' '  . 

the  segment    0P».   -Le^t  us  rass  tjirouigh" the  point    P<'  a  line 
pferperfdicular  to  the  line*    0P>.    The  line   a.^    is  the  image, 
gf  'theriirie  .  <st,  'since  any  point    M    of  the  line'  a.  goes  oVer,  ' '   ^  * 
fnder  this  rotation,  into  a  point ^  on  the  line such'' that" 
^tM«  =^MP.    O^e^last  as^,ertion  follows  from  the  ^equality  of  the 
trfangl^    OPM    and*  OP*M«.     (Slncfe  the  triangles    0PM    and  d^m^^ 
*are*right  triangle^,  and    OP  »  0?K,    PM  =  It  also  follows 

.  from  that  the  angle  ^  *i)etween  the  *ine  a.  and  it^  image  aJ  ^ 

'is'' th^  d^gle  of  rota"*tipn.    '  v  •     J.  . 

!R>e  distance  between  tvto  points  is  an  invariant  of  the  group 
,pf  rotations  of  a  plane  around  a  points 
The  segment    AB   passes^Swder  a, 
^  ,  Into  the  segment    A»B«  (fig.  146). 


1 


felon  through  an  angle 
The.  equality  of.  th'e 
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segmfent.  'AB   and  .its  image    A«B«    follows  from  the  congruence  of 

*  \ 

the' triangles    OAB  ^and    OA'BS  which,  in  turn,  follows  Yrom  the 

equalities:        ^  ,  - 

OA  =  0A«,  i)B  =  0B«  and  ^  AOB  -*A«OB«. 


%  * 

i     -  % 
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^     ♦  Fig. 


'  'J  Prom  the' invariance  of  the ^lengths  of  segments  there  immedi-, 
a^ely  follows  the  invariance  of  angles  under  rotations  around  a 


. '    point,,  ^        .  >  ,  ;  . 

^     i    ^Xt  Is  now  pagy;'t^<^  vfi^ify-^the  congruence  of  a  figure  and,  its  , 

"     a' .circle,  for  insta^i^ce,  is  transformed  ^into  a  ^circle  of  th^ 
same  radiiis,>  where* ^;he  ^e^ntei  of  the  image,  is  the  image^  of  the 
centerl.  Cii^cles  wljb&e  jsenters  do  .no^t  coincide  with  thef^center  of 
rotat^ion*  0    change  their  .po|ition  in  the  plane.  \^Circles  with 
'     center  at  the  point    0    preserve-  their  positipn  ih  the  plane  under^ 
'any  rotation  of  the  groiig,  and  will  only  "slide  along  themselves." 
Tae  concentric  circles  with  center  at  the  point    ^'  are  called  . 
invariant  circles  of  the  rotation  group,  or  curves  of  sliding  under 
the  rotations  of  the  plkne  around  the  point    0.  .     >  .  . 

Every  line  passing  rthroupih  the  center  'of  rotation    0  goes^^* 
over  into  a  "linp  alsp  passing  through  the  center    0..   However,  the 
entire  pencil  of  lines  having  its  ^center  at  the  center  of  rotation 


0,  is  preserved  under  any"  rotation  of  the  group..   Ihe  pencil  of- 
lines  wliose  center  coincides  with  the  center  of  rotation    0    is  * 
called 'the  invalpiant  pencil  of  , the  group  of  rotations  of  th^ 
;     s      plane  around  the  point    0.  ^  ^ 

^  Intuitively  it  is  possible  to  imagine  the  transformations  of 

the  plahe  into  itself  which  are  called  rotations  as  taking  place 
in  the  following  manner.    Suppose  we  have  two  planes^coincidi'ng 
at  all  their  points;  one  plane  is  fixed  while  the  other  may  slide 
\^-pon  the  first.   The  center  of  rotation   /o    remains  in  the  sa^e' 
place  and  does  not  change  -its  positionja^  do  the^ol;her  points  of 
th^e  iijov^bl,e  plane.    The  movable  plane  rotates  around  the  pOint  0 
•    while  maintaining  its  identity  as  an  absolutely  unchanged  system 
'  of  points.        '       ^     '  ^  '  .        .  ^        *  ' 
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29.     THE  GROUP  OP  MOTIONS  IN  THE , PLANE  ' 

I*  If,  in  addition  to  the  point    0,  we  require  that  one^'more  ' 
point'  0^^  should  remain  *^fixed,  then"  it  is  no  longer  possible  to 
move  the  second  plane  relative/ to  the  first  and  still  have  the 
planes  touching  at  all  points.    .We  exclude  the  possibility  of 
"turning  over"  the  movable  plane  onto  its  other  side  around  the 
line  *  OO-j^  . 

If  we  agree  to  exclude  all  such  "turning  over",  .then  we  may 
,  say  that  the  position  ^of  the  movable  plane  relative  to  the  fixed 
plane  is  fully  determined  by  the  position  of  any  segment'  AB  of 
the  movable  plane. 


Pig.' 


With  this  in  mind,  we  may  construct  the  following  mapping  of 
the  plane  onto  itself.    Let  us  take  in' the  plane'any  two  equal 
segments    AB   and    A'B«  (fig".  14?)  and  let  us  assign,  the  point  A* 
^   to  the^. point    A,  and  the  point    B*    to  the  point    B.    To  an 

arbitrary 'point    M    in  the  plane  we  as'sign  a  point  also  in  the 

plane,  such  that  •  ,  ' 

^,  AM  =  A^M*,     SM  ^  B«M« 

and  in  addition,  the'* 'triangles    AMB   and    A«M«B«    are  similarly^ 
oriented.*        the  latter  we  mean  that  the  vertices    Ay  l4,  B  ancj 


r 
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•  •  .  - 

A*,  M»,  B*    are  either  arranged  counterclockwise  In  both^  triangles 

or  clockwise  In  both  triangles*    -If  the  point    M    happens  to  He  on 

the  line    AB    then  its  image.  M*    is  uniquely  detQi^mlned  without 

any -specifications  concerning  orientation.         ia^  clear  that  under 

this  mapping  there  need  not  be  any  fixed  points. 

Given  a  mapping  such  as  we  have  described,  constructed  by  ' 

means  of  segments    AB   and  A'B«.    Let  the  segment    C«D«    be  the 

image,  upder  this  mapping,  of  the  .segment    CD.     Then  the,  mapplpg 

constructed  by  means  of  the  segments    CD    and  C«D«    is  identical 

with  the  mapping  constructed  by  means  of  segments   *AB    and  A'B*. 

IntftfElveiy  it  i«s  easy  to  imagine  the  indicated  mapping  as  sliding  ^ 

the  movable-plane  over  the  fixed  plane  until  the  se^en|:    AB  coin- 

cides  with  the  segment    A*B'    and  consequently  every  point  M 

*  coincides  with  its  image    M'.  >  r 

'  Ihe* mapping  of  the  plane  onto  itself  Just  considered  is 

H  called*  a  m^glon.    It  is'  eatsy  |?t>  see  that^a  motion  is  a  one-to-o|J^ 

bi^-c^ontinuous  transtormation*''    It  is  alrso  easjf  to  verify  that  the 
.  ,  .  y 

J  set^^of 'ail>motiorfs  in  tlie  pla[%e  forms  a  'group,       *  *  ^ 

•  •    .  •        '    I  ^ 

The  su^n  of  two  motions,  i.e.  the  transformation  con3isting  ,of 

carrying  through  one  motion  and  then  carrying  through  the  second, , 

•>^^  is  again  a  motion.  .  ,         *       .        >^  - 

Th.e  algebraic  operation  of  addition  of  motions  is  closed. 

.  —     The  associative  law  holds,  as  it  does  for  all.  mappings  of  the - 

plane  onto  itself. 

The  requirement  of  the^  exls^tence  of  a  neutral  element  is        .  ^ 

ful3filled,  since  the  ^ identity  transformation  is  a  motion  (where  the 

segment    A*B*    coincides  with  the  segment    AB) .  ^ 
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The  fulfillment  of  the  requirement  of  the  exis^tence,  for  each 
motion^  of  an  inverse  motion  follows  from  the  fact  * that  there 
exists  amotion  which  carries' the  segment    A*B'    back  into  the 
segment   AB  (fig.  147). 

The  translations  in  the  plane         the  rotation^>f  the  plane 
around  a  point  are  motions..    Ihe  gi/oup  of  all  translations  in  the 
plane  is  a  subgroup  of  the  group  oil  all  motions  in  the. plane The 
group  of  rotations  of  the  plane  around  a  given  point  is  also  a 
subgroup  of  the  grvDup  of  all  motionsN 

Any  motion  of  the  plane  may  be  obtained  by  performing 
successively  one  rotation  and  one ' translation. 

As  proof,  let  us  turn  the  plane  around  theJ  point    A    of  the 
segment  (fig.  147)  through  an  angle  (p  until  the  segment  AB 

occuijies  the  position    AB",  parallel  to  the  segment    A'B',  andV*-^^ 

 ^ — ' — '  ~ — '  '  ~  

^tf t^rwards  perform  the  translation  whose  displacement  vector  is 

.    'Ihe  sum  of  the  indicated  rotation  and  translation  is  equal 
to  the  given  motion.  -  Of  course  one,  and  even  bcHbh,  of  these  trans 
fonn3,tions  may  consist  of  the  identity  t?»ansf ormat4x)n.  ^ 

.  Having  shown  that  a  motion  may  be  decomposed  into  a  rotation' 
.and^a  translation^^^it  is  easy  tQ  establish  the  invariants  and  the 
invariant,  proper  ties  of  figures  relatiVje  to  the  , group  of  a.11 
motions.    The  basic  Invariant  is  an  invariant  of  two  points, 
ijamely  the  distance  '  between  two  points.  ^  -  ^ 

An  assertiqn  even  stronger  than  the  one  previously 'made  is 
true.    Namely:    Every  motion 'in  the  plane  is  either  a  translation 
ar  a  rotation  arotod  a  point -  . 

Let  the  motion  carry  the  plane  together  with  the  segment  AB 


into  the  prosition    A»B»    (fig.  148). 
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If  there  exists  a  center  of  rotation    0,  then^  we  must  have  * 
OA  =  OA'    and    OB  =  OB*.    The  first  equation  shows  that  the  point 
0    must  belortg  to  the  locus  of  points  equidistant  from  the  points 
A    and    A*>  i.e.  the  point    0    must  lie^^orT"^  perpendiWlar  bi- 
,sectol>.    RO    of  the  segment    AA«.    Similarly ^  from  the  second 
equality  it  follows  that. the  point    0    lies  on  the  perpendicular 
b!feector    SO    of  the  segment    BE*.,  ^    >  -  ^ 

 me  rplrpendlGulax'^  biiiiectors — BO  'af?ci — se — efther^  intoroc'ct  ^ 

at  tAe  point    0>  coincide  or  are  parallel .  • 

^Ijet  us  examine  these  three  possibilitie'^.  ^  " 

1.    Ihe  perpendicular  bisectors    RO    and    SO    intersect  at  ^ 
the  point  .0    (fig.  The  motion  ia' a, rotation  through  the 

angle  ^  *  "     •  S 

>*   '      '*  Th/t  the.  angle    AOA«    &  equal  to  the  an^e  *  BOBI,  follows 

froi^  the  fact  that  in  the  ^triangles    ABO    and  A«B«0«  .  the  three  , 
•  ^  corresponding  sides  are  equil.    "  u  ^  i  '  *  ^      '  . 
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.2.    If  the  perpendiouiar  bisectors    RO    and    SO  coincide, 

then  the  figure    ABB'A'    is  a  trapezoid  with  parallel  sides  AA' 

.and    BB'    (fig.  'I49a,  b).     In  this  case  we^have  a  rotation  throu^ 

the  angle     ^  =  /  AOA^  =  '/^  BOB''    around  the  point  of  irttersection 

0    of  the  lines    AB    arid  A'B*    provided    AB    and  A'B'*    are  not 

parallel.ig^  Otherwise,  we  have  a  translat^ion  (fig,  lif$b),  ^'^IR^ 

'  3,    The  perpendicular  bisectors    RO    and  SO    are  parallel,  and^ 

_  a  center  of  rotation    0    dbea  not  exist.    However,  this  is  only 

possible  in  case* 'the  directed  segments    At'  and    A«B^   '(f^X  150)' 

are  parallel  and  have  the  same  orientatioq;  the  motion  is  therefore 

w    '    '  '  "   ^ 

a  translation  with  the  dj^splacement  .vector    AA'.  "  * 

\  ISie  truth  of  our  assertion  is  established.     It  follows  that 

the  set  of.  all  ^translationj^  and  all  rotations  of  the  plane  around 

every- one  of  ^  Its  points , is,  the  group  *of  mbtions.' 

^e  set  of  all  translations  of^the  plane  is,  as.  we  have 

Emphasized,  a  subgroj^tp  of  the.  group  of  motions;  however  the.set'pf 
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a^l  rotations  of  th^  plan^  around  every  one'*  of  its  points  is  not 
a  group  /  ,     ,  '    /       ^  ^  ^  • 

'        One  can  easily  prove  this  by  means  of  the  following  example. 

The  segment    O^A,  together  with  the  movable  plane  "attached" 
to  it,  is  rotated  around  its  end  point    0.  through  the^  angle  (f> 
(fig.  151).     The  segment    0'-|.A    will^  then  occupy  the  position 
O^Og       A  second  rotation  is  performed  around  the  center  0^ 
through  the  angle    (-^);  the  segment   SS^P^,    ^^^'^  finally  occupies 
the  position,  BO^. 


:  Fig.  151. 


The  result  of  performing  the  two  rotations  is  therefore  a 
translat^i(i*i  with' the  displacement  vector    AO^  =  0^^,Xnd  not  a 
-rotation  around  a  point.  .  *  - 


T^ie  operation  ofla^ddition  of ,  rotations  is  not  closed  in' the 
set  of  all  rotations  ©f  the  plane,  and  consequently  the  set  of 
"all  rotations  with  all  possible  centejjs-  does^  not  turn  ottt  tQ  be  a 
group.    As  an  exercise,  it  Is  suggested  to  prove  that  the  group  of 
-€%otlons  is  not  commutative.' 
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30.     THE  METHOD  OP  ROTATION  IN  THE 
SOLUTION  OP.  CONSTRUCTION  PROBLEMS 


In, solving  construction  problems,  it  is  oft^n  convenient  to 
rotate  a  figure  or  part  of  a  figure  around  some  point  through  some 
angle,  thus  making  possible  the  consfnm^on  of  the  figure  or  its 
part,    ]^  ,the  inversel  rotation  it  l^-<f{en  possible  to  retUrn  the 
constructed  figure  to  the  original  position. 

Oth^r  methods  of  applying-  rota^i^ns  are  also  possible. 

♦  ,  f  * 

The  method*  of  rotation  is  best  explained  by  means  of  examples. 

Prolyl  em.    To  construct  a  triangle,  given  toe  sid^s    AB  =  c  , 
AC  a  ^    and  the  median    AM  =  Tn.  .  '       ^  -  ■ 

^      Rotating  the  triangle    AMB    through  an  angle  equal  to  tt 
around  M;he  point    m  we  bring  it  into  position  DMC    (fig.  152),  '  , 
— where  Lhe  sugiubint — MS — Is  the  eon^riknuation  of  fehe^^;;segnerfte — AMi. — It- 
is  easy  to  construct  <ihe  triangle    ADC    from  JLts  tifree  known  sides 
{.AIte2>').    lhe  solution  is  possible  under  the  .condition.   2>>i<  b  +  c. 


Fig;  153 
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Problem.    To  draw  a  line  through. a  given  point    P    so  that 
Its  segment    AB    between  two  given  circles^ Is  divided  by  the  point 
>P    Into  two  equal  parts. 

Let  us  \urn^circle  (l)*  through  an  angle  equal  to    ir  around 
the  point    P    so  that  if  falls  In  position  (1^  (fig.  153).  Since 
It  Is  required  that    AP  =  PB,  the  desired  p^nt^'  A    on  circle  (l) 
goes  'over  Into  point    B    on -circle  (iM."    But  point    B   must  lie 
on  circle  (2),  consequently,  the  desired  point    B    Is  the  point  of 


Intersection  of  circles  (l^  and  (2). 

Circles  (IM  and  (2)  wl-ll  Intersect  proylded 
-  Ri  ^O^-^Og  C  ^2  ***  ^1  ' 
where    R^j^  and  are  ^the  radii  of  circles  (l^)  and  (2)  *        '  , 

respectively.  '  , 

«  -« 

Dividing  the  members  of  the  Inequality  by  2,  we  get:  

^2      .^1  <  PQ  <  ^2      %  ./ 
2       —      —  ? 
•  / 

Here    Q    is  the  nj^dpolnt  of  the  segment  *  hence 

PQ      Q'jQg  .    Describing  two  circles  with  center  at         and  radii 

R2  -  Ri    and    R^ -f  R;^  ,  we  find  that  if>the  point    P    Mes  inside 

the  ring  between  triese  two  concentriq^clrGles,  we  have  two 
solutions;  ^f  the  point     P    lies  on  one^  of  these  circles  -  onfe  \^ 
solution;  if  the  point    P  "'lies  outsi^de  of  "the  indicated  ring  and 
<^iot  on -its  boundary  then  there  is  no  solution. 

1'  .  ,  ,» 

'Problem.    To  construct  4an  equilateraj.  tj^iangle  so  tfi'at  its 
verticfes  li'e  on  three  given^Sparall^el  lines.  * 


n 
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Let  CL  ,  6  ,  C   "be  the  ti^ree  given  parallel  lines  (fig.  15^0. 

The  vertex    A    on  line^o.  may  be  taken  arbitrarily,  since  if  the 

triangle    ABC'   is  constructed,  any  translation  collin^^  with  the 

.    '     given  parallels,  v^lll  also  yield  a  triangle  satisfying  the 

^     conditions  of  the  problenr. 

,   Let    ABC    be  the  desired  triangle.     If  tl^,  plane  turned 

r  around  the  point   *A    through  %0^,  so  that  tfie  sid^   A?  coincides 

with'  the  sid^   AC^the  point    B    on  line  6   will       oyer  into 

t 

point    C.  ^ 

•  '   Let  us  rotate  line  6   around  point    A ^  through  60^.     Its  ^ 


Fig.  155. 
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Problem >     To  draw  a  circle  which  passes  through  the  point  A 

of, a. given  line       ,  ha^»lts  center  jmi  the  line*  a  and  Intersects 
;  .  » — ^ 

orthogonally  a  given  circle.  "  ' 

^  Let  t   be  "the  center  of  the  deslr.ed  'circle  (fig,  155)  •  l^e 
triangle    OBC    Is  right-angled.    Let  us  rotate  It  around  O  through 
the  angle    BCA.' ,  BO    assumes  position    AD,  perpendicular  to  line 
CL    at  ^the  point  ♦  A.    Ihe  desired  center^  C   is  equidistant  N^rom 
the  points    0    and    d/    Constructing  point    D,  it  is' easy  to 
car*ry  the  solution  of  the  problem  t,o  completion  (fig.  1>55). 
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ProblemV  To  inscribe  a  square  i.n  a  parallelogram.  . 

Let    PQRS    be  the  desired  sqMare  .(f  ig.-i56) .  .  It%s.  clear, 
f irst  yof  all,  that, the  center  of  the  desired  square  coincicfes  with 
"^the  center  of  the  glyen  parallelogram.    In  proof,  the  midpoint,  0 
of  the  diagonal    RP  -  lies  on  the  line  connecting  th.e  midpoints  of 
^the  sides    AD    and    BC    of  th^  paz^allelogram;  the  sajne  midpoint  0 
Of  the' diagojial    QS    lies  on  the  line'  connecting  the  midpoints  of. 
the- aides    AB^  and  . DC.  >   \^  /  ^     .  '^ 


er|c 


&"() 


It  follows,  that  the  cei^ters  of  the  parallelogram  and  the 

♦  ->^  *  * 
desired  square  coincide •  • 

i                   '  ■ '         '  '  ■ 

*^  Let  us  turn  the  right-angled  isosceles  triangle  ^OQ  through 
^rlfeht  .angle  arctund  the  point    0.    The  point    P    on  line  AB 

goes  *over/into  point         on  line  BC.    This  leads       to  the  con- 


struction. 


Let  ti^  turn  line    AB    through  a  right  angle  around  the  center 


0    of  the  lg!^ven  parallielogram  and  we  shall  find  the  desire<J  poiqt 
Q    ofpcie  square  as  ,the  point  of  intersection  of  the  image  A^B* 
of  line    AB   with  ^the ^id^    BC    (fig.  I56) .  ^^We  then  construct 
the  diagonal  of/ the  square  and,  finally,  the  entire  square. 

It  is  suggested  that  the  investigation  of  the  conditions  under 
which  the  ^problem  Jias  a  solution  be  carried  out,  as  arf  exercise. 
Prove,  in  particular,  that  every  rectangle' circumscribed  around  a 

I  >  IV  > 

square  is  a-square.    Also  stive  the  following  problem. 

 ^  Problem.    The*  rectangi^r  top  of  a  folded  card  ta^ble  is  ^ 

brought  from  position    ABCD    into  position  .  A^B^C^^tP    Dy  a  rotation 
.  around  a  point^O  witliin  itk^lf  andJ^-t-hen  unfolded  to  form  the  / 
rectangle    B'C'C^Bj^-   (fiS*  157)*   .Construct  the  position  ^f  the 
center, ^f  rotation. 
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31/  THE  ROTATION  OP-  SPACE  ARQUND^AN  AXIS 
4  \ 


Let  there  ,b6  given  an'axis*in  space,  i^e,  an  oriented  line.' 
By  a  rotation  of  space  through  ^n  angle  (p  around  the  axis 
we  mean  a  transformation  of  the  space  into  itself  such  that: 


-  '     '       ^     ^         Pig,.  158.* 

1)  The  iiDage    M»    of  each  point    M    lie^s,  together  with 
in  a  plS.ne    tt   perpendicular  to  the  axis^^of  rotation   ^  ; 

2)  the  distances  from,  the  points    M    and  to  the  axis  of 
rotation  are  equal,    0M«  =  OM    (fig.  I58);          .  "     >  * 

'  3)  thb  angle    MOM»    Is  equal  to  the  gi^yen  angle'  (p  ;  the  r 
direction  o£  the  rotation  from    01^  4:o    0M»    c9rresponds  to  the 
t^irning  of  a  right*  handed  sci^ew  pointed  in  the  direction  of  the. 
oriented  axis  L  w)ien.^>o,  and  in  the  opposite  direction  when 


It' is  not  difficult  to  verify  that  a  rotation  of  space  around 
an  axis  is  a  one-to-one  transformation.  , 


/      It  follows  from  our  definitiop  that  a  rotation  of  space^  r  ^ 
around  an  ax^s  ol  thr9ugh  an  angle  ^   induces  a  rotation,  through 
the  same  angle  ^  ,  in  eaoh  plane    tt   perpendiculai?  to  the  axis 

CL  aroun^he  point  of  intersection  of  the^^lane  tt'  with  the 
axis   a.  .  '         ,  . 
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Wie  set  of  '  all  rotations  f3f  spdce  around  an  axis  forms  a 
gTOup  relative  to  addition  of  angles.    Rotations  through  angles  ' 
7/hich.  differ  by  jjntegral  muH?if)les  of  2Tr  are  considered  identical. 
Ohis  group,  clearly,  is  isomorphic  ta  the  groyp  of  rotations  in  a 
plan^    i    around  t)he"  point    0.  » 


We' shall  now  sho„w  that  the  distance    AB    of  two  points,    A  and 
B   is  an  invariant  of  the  rotation  qf  space  around  , the  axis  <X^  : 

A»B»  =  AB  ' 
where    A*-   and    B'    are  the  imges  of*    A    and    B.  .  ^ 

In  proof,  if  points    A    and    B    lie  in  one  plane    ir  perpen- 
dicular to  the  axis  of  rotation  a.  then,  by  the  preceding  (28),  , 
the  distance   .AB    is  invariant  under  the  rotation  of  the  plane  ir 
around  the  point         in  wMch  the  axis  a.  i-^tersects  the  plane    ir.  ^ 

;§uppose  now  that  .tjie-^oints    A    a,ild    B    do  not  lie  in  one 
plane  perpendicular  to  the^^xis^      (fig*  >159). 


Pig.  159. 
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The  point  '  A    and  its  image  Xle  in  a  planTe    ir^,^  perpen- 

^dicular  to  the  axis  cl  and  intersecting  it  in  the  point  O^^, 

l^ie  ppint    B   and  its  image  lie  in  a  plane    tt^,  perpen- 

dicular to  the  axis  cv  and  intersecting  this  axis  in  the  point  Op, 
Dropping  pe:^pendiculars    AC    and    A'C»    on  plane    tt^,  we  find: 
'     AC  =  A«C'«,  OgC  =  O^A,   OgC*  =^'0^A»,  /  COgC^  =  ^  • 

/  ) 

Consequently,  the  point    C    is  -the  image  of  point  C 

'  .  .  .  ,1 

*  •* 
under  the  rotation  of  space  around  the  a^ti'S   cl  and    B'C<'  =  BC, 

-.From  the  equality  of  triangles    ABC    and    A'B'C^    it.^ follows 

that  their  hypotenuses  are  equal,  q,e,d.  ^  / 

Under  a- rotation  of  space  around  an  axis,  planes  are  trans- 

V 

formed  into  planes,  ,  '  .  ^ 

This  is  because  any  plane  may  be  regarded  as  the  locus  of  ^ 
points  equidistant  from  two  appropriately  chosen  point^  A  and  B, 
.£^nd  distances  are  invariaint  under  rotation. 


i  points 


The  property  of  being  a  plane  is  one  of  the  properties  of 
figures  whic^  are  invariant  under  a  rotation  of  space  around  an 
axi-s  i        ,  /  ^  *  • 

Under  rotations  of  space  around  an  axis,  a  straight  line  Is, 
trahs£ormed -into  a  straight  Tine, 

Ihis  is  because  ^ny  straight  line  may  be 'regarded  as  the  locus 
of  points  equidistant  from  three*  appropiriately  chosen  points  A> 
B   ap4'  b    and  distances  are^invartoQt  under  rotation. 


'  Ihe .property. of 'be in^<^  line  Is 'a  property  of  figures,  ■ 
invariant  relative  to- rotation  of  space  around  an  axis,. 

A    rotation  df  space  around  an  axis  through, 'an  angabe/j.^  is  a 
one-to-one  transfb'i^tion  of  t^pac.e  into  Itself,    This>leada  us  to 


655. 

the  conclusion  that  parallel  planes  and  parallel  lines  are"  trans^ 
formed  by  a  rotatldn  of  space  around  an  a;cls  Into  parallel  planes 
and  lines  respectively,  •  '  ^         '     '  ^ 

.^ery  plane,  since  it  is  transfonned^^^biu^-^rotation  again  into 
a  piane,  is'an  invariant  figure  with  respect  to  the  group  of  rota- 

 '  '  '  ■  z  '  '  

tio'ns  of  space  aroun^  a  given  axis;  the  same  may  be  said  of  a 

straight  line^         *  *         *  . 

#13iere  exist,  however,  planes  whose  position  in  spacS  remains 

unchanged  under  all  rotations  of  the^ indicated  group.    Planes  which 

4o  not  change  their  positions  in  space  under  all  rotations  of  space 

around  a  given  axis  are  called  invariant  planes  of  -the  group^  of 

rotations  of  space  around  the  given  axis.    The  invariant  planes 

arejj  clearly,  the  planes  which  are  perpendicular  to  the  axis  of 

rotation.    Every  such  plane  only  slides-.upon  itself  under  all 

transformations  of  the  group,  rotating  around  its  point  of  inter- 

section  with  the  axi^  o'f  rotation.    Such  a  plane  is  a  sliding'^ 

surface  under  every  rotation  of  space' around  the  given  axis. 

Ihe  pencil  of  planes  passing  through  the  axis  of  rotation 
* 

'  (fig.  l6o)#is  alao  an  invariant  in  regard  to  its  position  in 

space.    Under  each  rotation  of  the  group  any  plane  of  this  pencil 

*is  transformed  into  ,a  plane  bf  the  same  pencil.    The  pencil  of 

planes  as'  a  whole'  remairJs  unchanged  with  regard  to  its  position 

*  '  ,^  *  • 

In^space.        "  *  '    ^  •     ,  ' 


256. 


/ 


J. 


Pig.  'leo. 

We  have  two  'invariant  pencils  of  planes^ relative  to  the 
group  of  t^qtations  of  space  around  an  axis;    the  , pencil  of  pai^< 
llel  planes,  each  of  which  is  perpendicular  t<3  the  axis  of 
rbtation,  and  the  pencil  of  planes  which  pass  through  the  axis 
Of  rotation^  »  •      .  ^  ^ 

,  Everjf  plane  of  the  fil^st.  pencil  is  invariant  in  regard  to 

^  i        ^      ^    '  ^  ■ 

its  position  in.  space  undei?  all  rotations  of  the  group,  i.e. 

these  planes  are  sliding  surfaces;  any  plane  of  the* second  pencil 

changes  its  positi^on  in  space  und^r  every  rotation  of  the  group,  , 

except  the  neutral  one. 

Every  invariant  piane  intersects  the  pencil  of  planes 

passing  through  the  axis  of  rotation  in  a  pencil  of  lines. 


A  pencil  of  lines' lying  on  an  invariant  plane  ^and  with  Its 
center  on  the  ax*is  pi^.^  rotation  is  invariant  with  regard  to.  its 
-^/position  %xi  space  under  all  rotations  of  the  group.    Ihis  is  an 
invariant  pencil  of  lines  on  the  indicated  plane  relative,  to  the 
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the  group  of  rotations  of  the  plane  around  the  center  9f  the 
perteil.  , 

a  bundle  of  lines  is  meant  a  set  of  lines, in  space, 
passing  through  a  given  point    S    -  the  center^^  th-e  bundle  •  The 
set  of  lines^in  ,spac^  parallel  to  a  giveA  line,  including  the  line 
itself,  is  called,  as  we  already  krfbw,  a  bundle  of  parallel  lines ♦ 
It  is  clear  that  each  bundle  of  lines  with  its  cepter  on  the 
,  *  *axis  of  rotation  and  the  bundle  of  lines  parallel  to  the  axis  of 
rotation  is  invariant  with  regard  to  its  position  in  space,  or 
simply,  is  an  invariant  bundle  of  the  group  of' rotations- around 
the  given  axis*^    ►  '* 


258. 


■  32 .  ■  SURFACES  OP  DEVOLUTION  / 

In  3.  we  g^e  a  general  definition  of  figures  of  revolution.  ^ 
It  is  easy  to  see  that  any  figure  of  revolution  is  transformed  ihto 
itself,  or,  more  precisely,  mapped  onto  itself,  by  every  rotation 
around  its  axis..    A  figure  of  revolution  is  invarian^ with  respect* 
to  its  position, in  space  or  is  simply  an  invariant  figure  relative 
to  the  group  of  rotations  around  the  axis  of  the  figure. ^ 

'When  the  figure  ^  generating  the  figure  of  revolution  (3  0 
is  a  curve  lying  in  a  plane    tt,  passing  through  the  axis  of  revo- 
lution      ,  then  the  figure  of  revolution  is  called  a  surface  of 
revolution  (fig.  161).  ^  '  .  '  -  ■ 


Fig.  161. 


Remark.    It  is  possible  to  obtain  a  sUrface       revolution  by  * 
taking  as  the  generating  figure  <j6  any  curve-  in  space  not  necessar- 
ily lying^yjji  a  plane  passing  through  the  axis  of  rotation  (seg  for 
example,  fig.  1*8).    It  is  easy  to  see>by  examining  a  cross-section 
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of  tlje  surface  by  suStr^'plane,  that  the  definition  givemabove' 
does  not  give  ,a  narrower  class  of  surfaces  of  revolution. 

Intuitively  one  can  see  that .under  any  rotation  of  space  , 
**a:p.ound  the  axlSc*^" a  surface  of  revolution  slides  along  itself, 
i.-e^.'  is  a  sliding  surfkce.  '     ,  »  ^ 


"  '  Every  rotation  around  the  axis  ^  carries  the  generating 

figui»e      'into  a  position  ^ « .^The^  images  <^«^  of  the  generating 
curve   0  under  the> rotations  of  the  group  are  called  meridians  of^ 
""^^v.the  surface  of  revolution.  'Each  meridian  may  serve  as  the 

generating  curve  of  the  surface  of  revolution.    Ttxus  the  inter- 
y       section  of  the  surface  of  revolution  with  the  invariant  pencil  of 
planes  whose  axis  is  tK'e  axis  of  revolution  "is  the  family  of  all 
•meridians  of  the  surface..  .  • 

The  sections  of  the  surface  of  revolution  by  planes  perpen- . 
dicular  to  the  axis  of  revolution,  are  called  parallels  of  the 
surface  of  revolution,    'me  intersection  of  the  surface  of  revo- 
lution  with  the -invariant  bundle  of  parallel  planes  is  the  family 
•  of  all  parallels  of  the  surface. 

Bach  parallel  ^s,  clearly,  a  circle  with  its  cehter  on  the 
'  axis  of  rota^tion.    Sirtce  every  parallel  intersects  tt/e  plane  of 
•  ahsl^eridian  at. a  right  angle,  'each  meridian  of ^  a  s6rfacfe  of 
revolution  intersects ^evex;y,  parallel  also  at  a  right  angle.  We 
say'.that  the  meridians  and  parallels  form  an  orthogonal'^^n^  on^the 
;    -jsurface  of  revolutionf;  (f ig.  l62)^^,^'  J 

A  figure  of  rotation  may  be  regarded  ag  a  locus  of  the 
L    ti     meridiaris  or  ae  a  locus  of  the  parallel's. 
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,  All  circles  in  spa'ce  with  centers  on  ,the  axis  of  rotation 
and  lying  in  planes  perpendicular,  to  the  axis  arre  invariant  in 
regard  to  their  position  in  ,space^  or  simply,  are  invariant  circles 
relative  to  the  ^group  of  rotations  with  the  given  axis       *.  Each 
invariant*  fircle  "slides"  along  Itself  under  every  rotation  ef-^he  r 
group  and  Is  a  .sliding  curve  ynder  every  rotation  around  the  axis, 
Ihxjough  each  point  in  space  the^e  passes  a  unique  invariant  circle  - 

i 

relative  to  the  group  of  rotations  around  'a  given  axis,  ^ 

'Cl>oosing  any  curve  intersecting  each  plane  perpendicular  to 
the  axis  of  revolution  in  a  single  point  and  taking  th6  union  of 


all  invariant  .circles  passing  through  its  .points,  .we  thus  construct 
tt         *  ^ 
...  ^  ^  , '  - 

a  surface  of  revolution  from -its  parallels.  .  -  /} 

in  3.  we  considered  .l^he  sibj^l est, surfaces^  of  revolution  y 
generated  by '  straight -lines      TJhese  were  cylinders  (flgi^,  I6)  arfd 


■ :  (  ■• 
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cones  (fig.  17) •  The  meridians  of  the  cylinder  and  the  cone  turn 
out  to  be  their  straight  line  generators;  the  par§fllels  -  circles 
intersecting  the  meridians  at  right  angles  (fig.  l63). 

We  also  examined  surfScB^  of  revolution  generated  by  circles. 
The  'first'  of  the-se  is  'the  torus  (fig.  20)  -  a  surface  obtained  by 
revolving  a  circle  around  an  axis  lying  in  the  planfe  of  tt^T  circle 
and  not  intersecting  it.      ♦  ^' 

Ihe  meridians  of  the  torus  are  circles  congruent  to  the  gen- 
erating cycles',  and  the 'parallels  are  invariant  circles  deter- 

» '  "I ' 

mined  by  the  points  of  any  meridian  (fig.  l64). 

Let  us  consider*  the  'surface  generated  by  revolving  a  circle 
around  its  diameter.  ^ 

This  surface  is,  As  we  know,  a  sphere .    To, obtain  a  sphjjre 
it  is  sufficient  to  rotate  only  a  semi-circle  around  its  diameter. 
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^e  images  of  the*  ^nera ting  semi-circle  are  the  meridians  of 

^  i'the  sphere.    Each  point,  on  the  semi-circle  describes  one  <of  the 

^paralleis  of  the  sj^here.     The  largest  parallel  is  the  "equator  of 

♦ 
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the  sphepe.  The  family  of  parallels  together  with  the  family  of 
meridians  form  an  orthogonal  net  on  the  sphere  (fig.  I65) . 

Ihe  diameter  of  the  sphgre_ lying  on  the  axis  of  revolution 
of  tjie  generating  semi-circle  and  perppndigniar  to  the  plane  of 
the  equator  has  as  its  endpoints  the  poles  of  the  orthogonal  net, 
^^1le  poles  are  singulaV  points  of  :bhe  net:    all  the  meridiaYis  of 
the  sphei?e  p^ss  through  each  pole,  while,  through  each  ordinary 
poiQt,  i.e.  (5ther  than  the  poles,  there  passes  only  one  meridian 

\ 


and.  one  parallel.  ^ 

* 

A  sphere^is  a  surface  of  revolution  relative  to  each  of  its 

diameter£(^  any  diameter  of  thfe  sphere  may  be  taken  as  the  axis  of 

ft.      V  ■  " 

rotation.    RevolvingN^e  sphere  around  any  one  of  its  dj^ameters 

causes  the  sphere  only  to  slide  upon  itself.    The  invariant  circles 

under  this  group  of  rotations  are  the  intersections  of  the  sphere 

A. 

with  the  invariant  planes. 

AJLl  these  propositions  follow  from  the  familiar  fact  that 


the  Intersection  of  a  sphere 'by  any  plane  is'a  circle,  provided 
that  the  cutting  plane  Is  at  a  distance  from  the  center  of  the 
sphere  not^greater  than  the  length  of  the  iJcc^Tlus  of  the  sphere. 

Let 'us  especially  note  this  fact:    Through  each  two  poin 
A    and*"  B    on  a  sphere,  not  forming  the  end  points  of  a  diameter, 
*  there  passes  only  bne  gr.eat  circle  of  the  sphere.'    The'  points  A 
and    B    together  with  the  center    0    of  the  sphere  de^termjne  a 


unique  plane,  which  intersects  the  sphere  in  a, great  circle 

passing  through  the  given  points    A    and  *  .B.  ^  ' 

?• 

TJirough  any  two  points    A    and    B    on  the  ^sphere  which  are  not 
endpoints  of  a  diameter,  it  is  possible  to  pass  a  pencil  of  planes. 
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.Each,  plane 'of  this  pencil,  except  the  one  passing  through-the 
center    0'  of  the  spbei'e,  iritersects  the,  spjiere  in  a  small  circle 

'   _  \  of  the  sphere.    /  '     ♦  ^ 

■  '      .AmoflK  all  circular  arcs  on. a-- sphere  Joining  two  npn-diametri- 
cally-opposite  points    A    and    B,  the 'arc  of  the  great  circle  Is^ 

the  smallest »  ^ 

■   i'*^ 

'     « In  proof ,  let  us,  by  means  of  rotation  around  the  axis  AB, 

bring  each  plane  of  the  pencil  into  th^ame  position  as  the  plane 

of  the  great  circle,  and,  furthermore,  let' the  smaller  of  th'e  two 

arc^  AB   of  each  circle  lie  on  on/  side  of  the  line    AS.    Of»  two 

-.'"such  arcs. '  AB    the  one  with  the  larger  radius  will  be  the  smaller, 

since  the  encompassed  arc    A^B  ,  is  shorter  than  the  encompassing 

•  arc^  A  B    (fig.  l66).  •  .Hie  great  circle,  however,  ha s^ the  largest 

.'  radius,  consequently,  the  arc  of  the  great  circle  is  the  shortest. 

Let  us  mention  without  proof  ttiat  of  all  curves  on  th%  sphere 

^joining  two  pon-mametrically-opposi^e  points        and  the 

shortest  is  an  arc  of  a  great  circle  of  the  sphere. 
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■Bie  length  of  the  shortest  curve  JcAning  ty/o  given  points  A 
and    B   on  a  sphere  is  called,  the  spherioal  distanc^tbetween  the 
two  points  or,  if  only  measurements  on  the  sphere  are  considered, 
simply  the  distance  between  the  two  joints    A    and  b; 


264.    ^  /  *       ^    ,    '        ^  A 

Making  use' of  ^  the  notion  of  spher^ical  distance,  it  Is 
to  Establish  a  series  of  properties  of  figures  on  a  spi^ere.  Ihus/' 
for  instance,  'the  locus  of  points  on  a  sphere  equidistant  in  thj^ 
sense  of  spherical*  distance from  a  given  point  on  th^  sphere,  is 
a'  circle.  *         -  " 


All  the  pdijits  on  a  parallel  are  equidistant  fronr^ach  of  the 
poles         and  (figLO-^5).     Thus  each  circle  on,  a  sphere  ha^ 

.two  spherical  centers:  '  ^  | 

Similarly,  any  parallel  -  and  any  circle  oa  a  sphe'r?^ji^  be 
considered,  a  member  of  a  family  of  parallels  having  the  diameter 


joining  its  spherical  centers  as  its  axis  of  ^ revolption      is'  the 


locus  of  points  equidistant  from  the  equator  and  lying  on  one  side ^ 

}  In  thfe  plane  the  shortest  curve  joining  two  points  is.  a  ^ 
straight  line;  on  the  sphere  it  is  a  great  circle.  The  locus, of  • 
points^in  the  plane  at  a  given  distance  from  a  giyen  line,  is  a 

'  \  ,  \  M  ' 

pair  of  straigbit  lines  parallel  to  the  fej»ven  one, 

\  *  '  * 

^    T^e  locus  of  points  on  a  sphere  vthich  are  at  a  given  spherical 

\  .      ~     \     '  '  ]  '       '      ^  ^ 

dj-stSnce  from  ^  given  great  circle  'is  ^  pair  of  parallels  (or  a 


of  points) 


However, '  parallels  other  than  the  <^quator  are  not  shortest 

curves  on  the  sphere.    H^ere  we  have  no  analogy  with  the  plane. 

^  It  is.  suggested  a^^o  exercis,e  to  prove  that  the  locus  of'  ^ 

points  on  a  sphere  at -equal  spherical  distances  f rom  ^wo  given 

pointsV?on  the  sphere  is  a  great  circle.  -  | 

— "         /  ♦  *■  - 

In  conclusion,  let  us  mention* lhat  the  figure-  consisting -of  ^ 

;  ♦  *    /      4  ■  ^  .  '\ 

the'^arcs  H^,     BC    and    CA    of  great  circles  Is  called  the  . 

spherical  triangj,^    ABC,    ^  '  "  '  .   *  -  ,  , 


AC  V^^^  ^^:^r:' 


41  ' 


.  ■■  ■  ■  ■ 
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A  spherical  triangle  is  called  Eulerian  if  its  sides    AB,  BC, 
t^d'^      '    '  \  •  \ 

*^'CA    are  each  less  than    irR,  where    R    is  the  radius  of,  the  sphere  . 

ft^'  ^(fig.ae?).  ,  .    ^  '      '       ♦     -  . 

In  a  'spherical  triangle,  all  three  angles  may  be  right  angles 
t[^-^<yc  obtuse  angles.    Examples  of  such  ty?iangles  are  easy  to  find. 
pl       -  *       !me  sum  of  .the  angles  of  a  spherical  trianglV  iLs  more  than  two 
f^^^>  -    right  angles.  /This  follows  from^e  theorem  about  the  sum  of  the' 

^^.^^  '  1^    C  'of  the  §ipherical  triangl^e  (fig-.  l67)i  the  faces  of  •  the  an^ 


dihedlra-l  angLes  of  a  trihedral  angle.  Tae  edges  of  this  angle, are 
the  rays  Joining  fthe  center    0    of  the  sphere  wj.th  the^  vertices'  A, 


"^the  center    0    and  ^^ntaining  the 


are  the  planes  passingthr^ 

sides.  AB,  BC,  CA    of  the  spherical,  triangle. 

"H^e  sian  of  the  angles  of  a  spKerical  triangle  is  a  variable 
magnitude  changlns  from ' triangle  to  trlangle^r 


if  • 


^k£S>.^.  hot;  'exist. 


Similar  but  unequal  spherical  triangles  on  the  same  sphere  do 


|;2V  r  ,;'Eh^,^ollowiing  theorem  ho;Lds:  If  .three  ajQgl6s-of  one  ^spherical 
i^'^^'^'^   t^lanfel^  are  edujl       tlil^ee  angles  of-anorther,  then  the  triangles 


^^^.^^:ar,e  either  cbngnienW or 'syimtietri'c. 

■^^1^"^— 1-'"       .    -  <i  ^ 


*:V  -1 


266.        .  .  .        ^        '  - 

,  -  Symmetry  plays  a  special  role^  on'- the"  sphere,  since,  for 
example,  one  cdijinot  turn  a  spherical  triangre  over  onto  its  oth^r. 
side  and  replace.it  on  the  sphere. 

Constructions  on- a  sphere  are  extremely \valuable. exercises.' 
,    It  Is  convenient  to  'Use'a  wooden  model^of  a  globe  and^a^compass 
with  bowed  legs  for  drawing  circles  on  the*  sphere. 


o 


f : 
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.     33,   **ROTATION  OP  SPACE  AROUND  A  POINT 

'  With  the  rotations  of  a  sphere  ai^dund  Its* diiXei^enT  diameters 
are  closely  connected  the  transforraatfohs  of  space  called  the 
'  rotations  of  space  around  a  given  point; 

,1 .  ^ 

Under  all  ro'tations,  of  spa^e  around  etxes  passing  through,  a  . 

y  ♦  '  * 

given  point    0,  each  sphere  with  center    0^   is  transformed  intp 
•itself,  with  the  spherical  distance  between  any  two  of  its  points 
left  unchanged, 

*  >      Suppose  we  have  two  spheres  coinciding  at  all  their  points 
and  having  therefore  a  common  center    0,    Let  us  imajgine  that- .one 
sphere  is  fixed,  but  the  second  one  is'^abie  to-slide  over  the 
rirst^  with  the  preservjation  of  the  spherical  distance  between  any 
two  points.  • 

If  we  require  .tl^t,  one'  point  A  of  /uhe  movable  sphere  main-  1 
t?ain  Itg  position- unchanged,*  then  the  sliding  of.  the  movable  7 
sphere  qver  the  fixed  one^ill  be  a  rotation  around  the  axis  OA/ 

If*  we  require  that,  in  additibn^^  ti|fe  pol/if  ^,  another  point 
B    on^  the  movable  spheret,  not  diametrically  opposite  to  the  point 
A, 'remain  fixed,  then  it  will  become  impossible  to  rotate  the 
movable  sphere.   •      ^  ^  /     •  . 

In  other  words,  the  position       the  movable  sphere  relative  . 

'  .       '  h  •  '     ■  '  <p    '  '  . 

to  the  fixed  >one  Is  determiiied  by  the  position  of  any  spherical 

^  segment    (AB  ^  ttR)    of  the  movable  sphere.  "  '  ,  „  - 

Noting  this,  we  may  construct  the  following  mapping  of  the 

sphere  onto  itself.    Let  vs  take  on  the  sphere  any' two  equal 

spherical,  segment s\  AB^and    A«B»  not\equal.  to    uR    (figl  l6S);^ 

and  let  us  assign  ^oint  .  A*  /^b  pointy  k   and  point    B»    tp  ppint 
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f    To  any  arbitrary  point    M   .of  the  sphere  we  shall  assign  a 

'   '       '       '       ^      '      {        ^         .  .  ^  /'^ 
point  on  the  same  sphere  such  that  we  n^ve  equality  of  the 

spherical  distanpes  . 

AM  =  A«W«;  BM  =  B»M»  *  .         -  * 

and  in  addition,  as  for  motions  in  the  plane,  the  spherical  < 

'triangles    ANB   and  A*M*B|ir  are  oriented  in  ,the  same  way  (the 

arrangement  of  the  vertices  of.  the  triangles,  looking  frdm  the  ^ 

oytsi(|e  of-  the  sphere,  is  jyne  same).        ^  ,     ^  ' 

If  the  point    M    lies  on  the  great  circle    AB,  then  its  image 

is  uni<juely  de termined  wi^^ou t  additional  specifications  ,as  to 


4* 

orientation.  ■  "    '   ^      .  ^  -  ' 

'  '  *^  '      "  ^     .     ' ^  \  * 

Here,  as  in  the  cas^e  of  motions  in  the  plane,  given  a  mapping*  : 

xyf  the  sphere  onto  itself  determined  by  thd  equal  spherical  s^eg- 

ments    AB   and    A»B^    Let    pD    be  a  third  spheMcal  pegment' (not ^ 

equal  to    ttE)  and' let   *C»D«  cbe  il^s  ilnage  und^  this  mapplrfg..^  ;rhen-J 

,the  mapping  determined  by  the 'seg^ie^ts    CP    and,C»D*  is  ideftrtical  \ 

with  the  (^e 'determined  by    AB   and    A*B*.       .  ,   ^  . 

.  ^  Intuitively,  one  can  easily  visualize  the  indicated  mapping 

,as  a  sliding^  of  the  movable  sphere-^over  the  fixed'! orfe  until  the*  ^ 

spherical  segment    AB    coincides 'with  the- segment  .  A*B»    and,  as 

a  result,  any  point  '  M    will  coincide  with  its  image  ;MM  ^    '  f 


^^^e  mapping  of  the  sphere  onto  itself  just  described,  is 
called  a  rotation  of  th^  sphere  around  ijbs  center  >         .  / 

We  shall  show  that  every  rotation  of  a  sphere  around,  its  , 
'center  is  a  rotailoh  6f  the  sphere  Ground  one  of  its  diameters > 

Suppose  'that  the-  i»ota1^ion  of  the  sphere  around  its  center  is 
determined  by  a  pair  of  spherical  segments    AB,  ^^and  A'B' 
(AB=  A*B«y7rR)     (fig.  I69)..     Let  us  repeat  on  the  sphere  the 
„,san;e  constructions  as  we  performed  in*  the  plane  f  or 'lo^2t44ng' the 
center  of  rotation    29,  fig.  148)* 

.  We  Join  points    A    and        -  by  the  arc.  AA'    of  a  great  circle 
and  we  pass  throygh  the  midpoint    R    of  this  arc  a  spherical  per- 
pendicular ,  ROj  similarly,  we  join  the  points    B   and    B«  and 
cpnstruct  a  spherical  perpendicular    SP  "at  the  center  of  the 
spherical  segment  BB*.« 

Tt\e  perpendiculars.  RO  SO    either  ini;ersect  at  a  point 

^0    or  else  tljey  coifiicide,      y   ■  .  ,  ^  •  ^ 

In_  ca^e  of  intersec-tiorSs^^the^^gi'Ven  ro"Ja.tion'  of  the'  si^here* 
around  it's  center    0^^    (not  shown  in  the  diagranji)       a  rotation  of 
the  spbere  around  the  diameter  .determined  by  the  line    OOj  ^,  through 
an^angle^>^  ^  ■    ^  i 

,  •  '  .     f  =  4  AOA>  =  ^.  BOB*.         "  /  , 

Ji£  the  perpendicular^-   RO    and    SO    coincide  then  the  given 
rotation  of  the  sphere  arptind*its  center  is  a  rotation  of  the 
, sphere  .around  the'  line    00^^,  where    0    is  ^the  point  of  int^rs'ect;$.it>ri 
of  the  great  circles  ..Ab'  and    a"*B«.    It'  is  suggested  to  make-4"<Jj.,  / 
diagram  aneilogous  toK^ig.  149  and  carry  through  t'he  proof. 
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^Remark,    Since  ty?o  great  circles  of  a  sphere 
■  4 


^  always  Intersect,  a  sliding  of ^a  sphere  upon  itself 
*  analogous  to  parallel  translations  In  the  plane  does 
not  exist.    If  the  points^  A  ^  and  'A'    (or    B  ^d^  B*) 
are  diametrically  opposite,  the  proof  still  remains  ^ 

Bie  theorem  just  proved  permits  us  to  conclude  that  the  set  , 

^  of  all  rotations<of  a  sphere  about  its  center      a  group.  In 

other  w6rds,  the  set  of  all,  rotations  of  a  sphere  about  its 

diameters  is  a  group.  ^ 

Here  the  group  .pperation  is  the  addition  of  rotations j^that 

.         -  •  '         '     \'  ^ 

is,  the  substitution  of  a  single  rotation ^ of  the  sphere  for  two 

/*      "^  iSuccesslv^  rotations.  •         '  j>  • 

7;,,  .  'It ^recommenced  as  an  .exercise  to  verify  the  Closure  of  the  .  " 

J   .X)pferation  of  addition  of  rotations,  as  well  as  *the  fulfillment  of.  \ 

;    the  remaining  requir^ents  for  a  group.    Show  that^^the  group  of    \  ^ 

IV //        ,**otations  of  the  sphere  is  not  (commutative.  ^  *  , 

U  .  '  '     '    "      '  '  •  .  ^  ,^  .  .-^   >    '  - 

i  V         ^  .  *  ^.rotation  of  ,a  sohfere  aCbout  a  aiameter  generates  a  rotation 

-V,      '     /^^  ^space  arou»d  an  axis,  anti  vice  versa.    Biu«  we  arrive  al^  the  r^^ 


'■,  ^of . '*,spa^,e  arovmd  an^xls,  antl  vice  versa.  '^^  airiy 


I 
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concept  of  the. group  of  rotations  of  space  about  all  possible  axes 
passing  throug)!  a  glv.en  point,  ^ 

'As*an\exerclse/  show  that  successive  rotations  of  space 
through 'two  right  angles  about  three  mutually  perpendicular  axes  ^ 
Intersecting  In  on^  point  will  -  re turn  space  to  Its  original 
position.  ^  ^  '  ' 


4 


-4  .  .) 
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3^^.     THE  GROUP  OF  MOTIONS  OP  SPACE 


'  Let  6s"  consider  the  following  mapping  of  space  onto  itself*, 
'called  a  motion.  '  '    ~  * 


Let    ABC    and    A'B'C    be  two  congruent  triangles  occupying, 
'any  fix^d  positions  in  space,    W§  assign  the  point    A'    to  the, 
point'  A,  the  poA'nt    B'  -  to  the  point    B, -and  the  point    C»    to  ^ 
the  point    C.    To  any  point    M    in  space       assign  a  point  'm' 

« 

such  that  the  equalities  ^ 

A'M'  =  AMV  B'M'  =  m,  CM'  =  CM 
hold',  and  the  orientation  of  the  tetrahedror^s    M'A'B'C'    and  MABC 

I    is*  the  same/ '(fig'  170)-  •  .  v 

:^^,the  same  orientation  of  the  tetrahedron^  we  mean  such  a 
"     disposition  of  their  veriiices*  thit  If  one  were  to  look  from  the 
vertices    M    and    M«    on  the  triangles    ABC    and  *A'B'C^    then  the 
sets  oV  vertices    A,  B,  C  and    "A'B'C*    aW  either  both  arranged 
•  counter-clockwise  or^  both  arranged  clockwise*  / 

If  'the 'point, .  M    lies  in  the*^plane  of^the,  triangle    ABC  't^hen 


,  jjthe  specification  about  the 'oriejjAation  is  unnecessary 


Ierxc- 


I  ■ 


.Pig'. ;  170. 
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Intuitively^,  the  given  motion  may  be.  th.ought  of  as  a,  dis-  . 
pla(^ement  of.  the  triangle    ABC    together  with  the  whole^of  spalce^ 
rigidly  attached  to  it,-^into  the  position  ,A'B'C';  then  any  point 
V      vM    is  TCOUght  into  coincidence  with  its.  image  M,'. 

is  easy  to  establish-  that  a.  motion  is  a  one-to-one,  ,bi- 

continuous  transformation  of  space  onto  itself,  i.e^a  topological 

1 

transformation  •    The^  set  of  all  motions  in  space  forms  a  group ♦ 

'  In  effect,  a  motion  0.     in  space,  carrying  the  triangle  ABC^ 
Into the  triangle    A'B«C«    followed  by  the  mapping  ^g*'^^  space 

*  mappings  the.  triangle    A'B«C«    into  the  triangle    A'?B"C"    may  be 
replaced  by  one  motion"     .    ,   i  " 

.    carrying    A'BC    Into  A"B"C".' 
/    -  Ihi^  implies  that  the  operation  of  addition  of  motions  Is 

.closed  in, the, set  of  all  motions.  > 

*  {        !liie 'verification  that  the  other' requirements  for  a  group  are  \ 
ulfllled  is  suggested  as  an  exercise.     It  is  also  e^sy.  to  verify- 
that  any  triangle    PQR    and  triangle    P»Q«R«,  corresponding  to  it 
under  a. given  .motion,  may  serve  to  define  this  motipn.    Thus  the 

triangles    AjBC    and    A«B«C«    do  not  play  any;^pecial  rble. 
*  ^, 

Ihe  group  of  all  translations  in  space  is,  clearly,  a^  sub- 
group  of  .the'. group  of, motions.  i^The  g^^yup  of  rotations  of  ^spacfe 
areund  a  giv^fTpoint  is  alsb'a  subgroi^  of  the  group  of  motions. 

It  Is  easy  to  shoW^hat'each  motion  in  space  may  be  obtained 
by  performing  successively  one  parallel  translation  and  one 


rot4tion  around  some  axis. 


In  proof /let- us  choose  a  displacement  j^ectoj  ^  AA^'  where--?  A. 
is  any  point  and  ^A^i  is  it.s  image  under  the  givea  motion** 
(fig.  170).  \      '  y  .        \      ^  \ 

•  After  cajjrying  out  the  tranfiflation  wh'ose  displacement  vector  * 
is    A?*,  there  still  remains  to -bring  £he  space  into  *the  desired 
position  'by  means  of  a  motion  wl:\ich  leaves  th^  point    A'  ,  unchange'Q* 
But  the  last  i^otion  is  a  rotation  of  space  around  the  poitit  A| 
and,  consequently,  is  a  ro.tation  arou)^  an  axis  passing  through 


Sinc'e  we  may  take  as  the  displacement  vector,  a  vector  Whose 
origin  is  any  point  ^    of  space,  and  its  endpoint  the  image  A' 


of  the  point   'A    under  the  given  motion,  the  decomposition  of- the  - 
given  mot^ion  into  a  translation  and  a  rotation  around  an  axis  is 
not  determined  uniquely. 

/  / 

Any  motion  inj/ plane/ generates,  a  motion  in  space,  which  is 

ea^y  to  see  if  we,  take  for  the  triangles   'ABC    and  A'B^C 
♦  \      *  • 

(fig.  170)  two  triarfeles  in  the  plane  which  cor!resp6nd  to'  each 

•  other  under  the  plane  motion.  )    .    ^  /  ^ 

Bie  mptions  of  space,  generated  by  the  motions  in  a  given 
plane  form  a  gubgr<iup  of  the  group  of  all  mo1:ij2ns  of  Ipace.  Tae 
♦  .motions'  of  this  subgrotip  are  called  coplanar  motj.ons.  ,1 

!Ihe  subgroup  dt  coplaijar  moljions  considered  hiSre  1-eaves 
invariant,  with  regard  to  its  position  ^n  spaces  every  plane  of  , 
the  pencil  of  parallel^  planes  containing  the  plane  which  deter- 

•  mines  the  subgrqup^r*    ,  •  .  ^  ♦     ^     -   '        *  |  . 

'^Ih^vfew  of 'the  isomorphism,  oT  the/group  of  coplanar  motions 
'  s^ac^  and  the  group  of  motions  >^ri^he  plane,,  there  corresponds 


V 
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tp--H^ch  proposition  ponceiS^ing  motions  in  the  plane,  a  propo- 
sition ,r/er^rciirfg.  motions  in*  spa^ce.  ,  ^ 

i  Thus,  we  know  that  every  mo^tior/  inTthe  plane  which  is  not  a 
translation  is  a  rotation.  *  / 


-   As  a  result  of-  the  indicated  isomorpViism,  we  have  the 
^proposition :  every  coplanar  motion  of  space ^which  is  not  a  .  ^ 
translatioil,  is  a'  rotation  around  an  axis  perpendicular  to  the 


planes  of  the' invariant  pencil.  ^ 

In  particular,  the  sum  of  a  ^translation  determined  by  the 
displacement  ve^ctor    A^'  ^^nd  ^  rotation  through  an  angle     <f>  ^  0 


:^T^lar  to^ 


atpQund  an  axis  perpeyidic\M.ar  to  ^ the  displacement  vector    AA^    Is  a 

rotatLLon  around  ,  an  axis' parallel- to  thei  fArst.iJ__.,  , 

.  **  \  ' 

Purthermo|Le,,  as^  it  is  easy  to*  verify,  the  resulting  rotatioh 

is  a  rotation  through  the  same  angle  <f>  ^  .  , 

'One  of  the  most  important  theorems  concerning  motions  in 

space  is  the  -following:       *  ^ 
'        '  - 

i        Theorem.^   Any  transformation  in  space  is-  the  sum  of  a 
*  feyaaslation  and  a  rotation  around  an  axis  cplllnear  with  the 
translation.  "  '  , 

 ' — ^  r  ^  \  ' 

T  ^  V  In  proof,  let  the  given  motion  be  composed  of  a  translation 
frith  th,e  displacemertt  vector    A^.,and  a  rotation  around  the  axis 
passing  through  the  point  A*.^*- 
'  We' decompose  the  given  translation  into  a  sum' of  two  trans- 

'^LationsV  one  parallel  to  the  axis  of  rotation,^  ,  ,and  the  other 


perpendicular  to  the'  axis  ^  (fig.  171)  : 


\ 


ERIC 
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F^.  171.  ^ 

\  ,  k 

^7  the  preceding  propositioh,  we  may  repl^K^e  the  sum  of  the 
trsuislatlon    BA*    perpendiciAai:  to  the  axis  and  the  rotation  ^ 

around  the  axis       'by  a  ro^tion  aroiina  an  axi-s  parallel  to  the 


axis  •  Consequen^'^CyT  the  given lnotfph~*is  the  sum  of  ^  the  trans- 
lation   aS^  and  a  rotati^ arolind  an  axis  p'arallel  ;to    A§7  q*e»d» 

A  motion  which  is  the  sura  of  a  translation  and  a  rotation 
arovmd  an  axis  parallel  to  this  translation  is  called  a  screw- 


motion. 


Biu?  every  motion  in  space  is  a  screw-rmotiort, 


Here  we  do  not  exclude  the  possiWlity  that  either  the 
rotation  or  the  translation,  or  both,  may  consist  of  the  identity 


transformation • 


^   ClekrlMm  a  screw  motion,  the  order  in  which  the  translation 
and  rotation, are  taken  does  not  matter*    ISci^  pair  consisting  of  a- 
,    ^    translation  and  a  rotation  around  an  axis,  parallel  to  the  trans- 


lation^ is  called  a  screw*/  '  .  ^ 


Ohe^  r^io  of  the  lehgth  of  the  tiisplaoement  vector  .to,  the^  ^ 


.rotat^n.i3  called  the  parametexfe^'of  the  sc^ew*     {i    /  !. 


'}■ 
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It  must  be  emphasized,  that  the  conrcept  of  motion  in  geometry 
does  not  require  the  actual  displacement 'Of^.jj^iartfe  or  a  part  of 
space  from  one  position  into  another  through  all  intermediate 
positions.    What  is  essential  for  the  geometric*  concept  of  motion 
is  only. the  initial  and  final  position  of  the  fpLgure.    We  may  say 
that  under  a  geometrical  motion  of  a  ffgure  Its^  points  dC'not  hav€ 

trajectories.  -      ^^^''^^^  '  '^ 

■  .^-£^^der?.motions  in  s^ace  as  v/ell  ^s  motions  in^a^  pl^ne  any  two 
points  FiaVe  an  invariant,,  the  ^istan^>s^bet>j:$en  them.  \ 


1  • 

/ 

/ 

A'' 

3' 

Pig.  172. 


As  an  exercise,  let  bWe  studer^t  show  that  successive 

rotations  through  an  angle  of  iSo^  around,  two  a"Xes  which 

■>  \ 

are  ,skew  and  inclined  towa^»d  each  other  at  a  right  angle 

>     >  '  \ 

*add  up  to  a  screw  motion  collinear  with  the  vector  of 

the  shortest  distance  between  the  axes;  the  disf)lacem'ent 

Is  .equal  to'*  twice  tl?l?^istance  between  the  axes,  while  , 

the  angle  is  iSO^.  '       ,      ,  ^     . "  '  ^ 

Prove*  that  a'  segment    AB   jnay  ie^rought  JLnto*any 

'•(nbn-^aryilel  position   ^A»b(<    by^imeai^s  bj^  a,' rot^^ion  L 

'      .      1        /  .s^  '*  '  . 

'around,  pome  axjls,  and  t^at  .consequently  any  motl6n  may 
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be  obtained  as  a  suiiK^f  tw6  rprtations  around*  aeppro- 


pria^e  axes. 


,  /   ""Jk  cube  is.' 


fa  so  that  three  of  its  yeri^fc^S 


s 


'   A,  B,  e    go  over  into    AS  B»,  C»  (fig/ 172).' 

the  screw,'    -  .  ^ 

'\^^*  1^  properties  of  motions  as^  geometr|L.c  trans- 
formations which  we  have  'just  studied,  play* a"*  n^j or  ^ 
role  in  the  mechanics  of  rigid  fcodies.  '* 


f -v  V  ' 

...      .  ^> 


2F 


7 
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'35.   the'  groups  op  rotations  op  a  regular  pyramid/ 


,  If  we  rotate  ,the  right  pyramid    SA^^ft^  ..j  A^^    around  its^ 
altitude  ^  SO    (fig^  173^  then  ^the' set^of  those  motions  which  carijy 
the  Wramid  over  into  it^self  forms  a  'group.       *  ,  \ 
'  .      .  This  group  coqtaiixs    n    voS^^m.^S3:^h^1:i^e'^anzles^',        ,  j 

The  general. expressioQ  for  the  angle  of  rotation <is  given  by: 
0    =  k-|2(k  =  0,1,2,...,  n  -  1).  ■  i 


or ' 


Rotations  which  .differ  by  an  integral  numlJer  of 'revolutions 
ar^, considered  identical.    It  is  easy  to  see  that  rotat^ions  other 
than  those  enumerated  will  not  carry  the.  pyramid    Sii  A.,...^,  A  • 
intp  itself.         ^  ^  ;  *    '  '  , 

The  sum' of  two  rotations  through  angles    p         and    Q  ^3^.^  Is 
^agaln  a:  rota^tion  through  an  angl^    r         wher$  '  r    is  ,th^  rehiainder 
o'btained  by  dividing    p  +       by    h.  '  *  •  \ 

The  group'of  rotations  of  a.  regular  pyramid  i^  Isomorphic. to ^ 

the  gfoUp  iOf  ro^ions  .of^  its  basfe    A^A-^^  #  #.>  > A^    aroUnd  the  center  " 

^  '  ~^     ^        «  7  — T  : — ^ 

0*    it  is  understood  tbat  the  rotations* umi^r  consideration  here 

'    ^      '         *        '        -  -  '  1  . 

,  "  are  .thpse  which  carry  th,e^  regular  polygon  info  itself  without 

-;taking  the  polygoji  out,  of  its  plane  .(do^nbt  "turn  it.  over'') :  '  '  ' 

Groups  Isomorphic  to  the  g-roups  of  rptatior)^  of  Iregular  , 
•    *     .       *        f  ^         '  ♦  ^        .  '     '  1 

polygons  are  tailed  finite  cyclic  groups.'  A  finite  c|rclic  group  ' 

is^-Benerated  .by  one  element,  for  ex^ijlple/^lh%ur  caVe|'  We^"^-*^^* 
element  .  .  ' 
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Jn  24«  we  had  an  example  of  a  group  isomoi:phic  to  the  igroup 
of  integers;  such  groups  are  called  Infinite  cyclic  groups, 

'A  group  generated  try  one  of  Its.  elements^  Is  called  a  cycllg 

'  We  know  from  algebra  that  the  roots  of  tHe  equation  =  .fe^ 
in  the"fleld  of  complex  number^  are: 

'wo^,=       Ls  jiA^^)  ^  i  sin  (4  +  Isi!;)!  * 

-where  "    ^^"r  .  ^         ^  •     ^  . 


0   is  the  argument '(^    z*  ^nd^  p  =  Iz] 


.  '  It^is  al,so  known^^at  arn'ong.  the  numbers  Wj^    there  are^  only  n 

"  *      ■  '     '   . / 

different  c5nes.     Since  arguments  of  complex  niambers  differing  by 

' ,  •  '   '     ^  '   *     *t  •  ... 

multiples  of  27r  majr  be  considered  as  identical  and  siQce  in 

multiplying  complex  number,5s«*the  arguments  are  added>  It  follows 
that  the  set  of    rr^    roots- of-^a -number — ^z~is~a-&roup' with 
"  respect  to  multiplication.    This  group  is  isomorphic  to  the  group 
•^f  .rotation's 'OSr a  ^regular  pyramid  who se^  base  i^  a  regular  poljigqn 
^         As  an  exercise,  let  t&ie  reader  find  all  the  el'ements 
of  a  cyclic  group  of  order    n  >  which  genera t^  the  group.  . 
Compare  with  the  notion  of  a  primitive  rgot^of  a.  bi- 
nomial equation. 
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36 •    THE  DEFINITION  AND  PROK^TIES,pP  ORTHOGONAL  T^i^N^ORMATIONS 

fhe  group  upf  transJ^z^Ofis -as  well  as  tne  group  of  jr^taxions  of 


spaced  around  ^an;Jaxis^nd  around  a  point  ti;)^ned  out  to  b 
of  the  group  of^m^i^ons  in  s^ace.    Hie  group  of  motioni  is,  in 


subgroups 


,turn,  a  Subgrouj5  of  a  wider  gi\oup  -of  transformations. 

DefiniyTon.    A  transf ormatJJLon  of  a  plane  onto  a  plane  or 


»f  jspaqe 


the-di^ance 

A^^j/lbetweerl  tfta ^images  'A-',  B« 


itQ  itself  1^'  called 


tho4onal  if  under  this  mapping 


./ 


eljwee^  points  remfLi\is  unchanged,  i.e.  the  distance 

f  the  points    A>  and    B  is 
t><e"saine  as  the^^  dis^^ance  \between    A\  and/B; 
^'    .  *  t|  '  a'«B«  =  AB. 

Front'' Ws.de'finition^'there  fallcJws  an  entire  series  of 

simple /theorems  describing  the  propertke'fe  of  prthogonal  trans- • 
•  '  ^  '  ■  .      '  \  *       5  • 


forraktions'. 

Theorem  1 


orthogonal  transforation  is  on^-to-bne . 


^Pro'pf;     If  tw&'distinct  points    A    and    B    had  one  ^and  the 

—     ^     %  V  -  '         ^   .  - 

'  jsame  image   'kh  .  th^^  the*  difetance^  AB*  between  them  would  have 

been,  by  -the  definition  of '  orthogonal  tranfef  ormations,  equal  to 

,  ^z€tro  and',  iience,  theVpoints    A    and    B    could  not  be  distinct. 

•  Theorem  2.    ^e  get  of  all  orthogonal  transformations  in 
^ '  '       *  ■  \ 

^  space  forms  a  group  with  respect  to  -the  addltkon  -of  transf oyma- 

*  tlons. 


7 


Proof; 


1?    Tile 'sum  o':£  two  orthogonal  transformations  -  i.e^: 


a  transformation  obtained  by  performing  sucj,essively  two  orthogq^l 

transformations.  -  is  an  .orthogonal  transf ormatioh,^  since  the  ^ 
>         '        * '  */' 
stim-transformatlorf' leaves  unhanged  the  distance'Vbetween  polhts. 


(Thus  we  have  closure,f or *the  algebraic  op'^eration  of  addition 
\    '  ^_         , '  *  #     *  ^ 

*  Of  orthogonal  transf,bi*mations .  .       '  . 

'  2?  The  associative  law  holds  for  all  transformations  of  space 
into  itself.     '     .      *  *  ,  '  /  ^  '  * 

3?    The  ^ndition  of  the  existence  of  a  'neiatral  element  is^ 
'fulfilled  since  the  identity  traii|^d^^AoR  is.  orthogonal . 

Ihe  condition  that  every  .element  in  a'^group  should  have  an 
inverse 'is  fulfilled  here^  since  the  inverse  transformati'on  of  an  ' 
orthogonal  transformation  is  orthogonal.    Ihe^' theorem  is*  thus, 
established.  ,      *  '  /  * 

Since  motions  preserve  the  distance  between,  points,  it  follows 
that  the  group  of  mofelons  of  space  is'^  ;iubgroup  ^  thfe  group  of 
orthogonal  .transf  ortnatiogs.    .  ■    .     *    /  ^  '  '  • 


llie  pr/^erties  of  orthogonal  'transforations  follow  from  tUe 
following/ simple  properties* pf  the' distance  between  two  pdirits  in 


space:  ;  ^ 

If  A.  B,v  and  C  are  three  non-collinear  points  then^  th6 
 ' —  —  *  .  ' — •      '  '  .  iT"^'"^  % , 

sum  pf  any  two  segments  determined  by'  these  points ^"Ig  larger  than 


.    the^  third  jsggment.  ;         •  ^       '        ,    ^  ^ 

/    *         '  ,  ' 

B.^^  If    A,  B,  a/id    C    are  three  pollineai^point-s  then 

['l'^  I  .  AB  +  BC  =  AC  '  \  . 

/  V  provided  that  the  point    B    IJges  between'  the  j)0int5    A    and    C>  ' 

From*  these  two  propositions  ther6  f  ollowsT  the"  (2onv6rse  o? 

■ '  r^.-  •  »        "  , 

proposition    B.  v         -  •    .  * 

^  C.    \f  I5he  segments  determin'ed 'by  three  poin.ts    A,.  B, -apif^/C 

 ^'  ^  '  \  ^  '   '    .V      "^V  T.- 

are^  corinected  by  the  relation  *  .     ,     y  ^      -  ■        ^  , 


AB  +  BC  =  AC-, 
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.  ,   •  -  / 

then  these  three  i^olnts  lie  on  one  line  and,  furthermore,  thd 
V   pointy   B    ll€^s  between    A    and    C.  j  '  / 

Inf-'^roof:  .'if  th^  points  *A,,  B,  C    did  not  lie  on  the^same/ 
line,  ^^XkJ^Y  property    A    we  would  have    AB    BC  >  AC. 
*    ^    *  Puftherraofe*,^    B    lies  i>et^een    A    and    C    since  If,  /for 
example',    C    were.' to  lie  between    A    and    B,  we  would  h^ve 

'    AC  +  CB  ='*AB,     \       ■  '    ,       -  ^ 

y      which'  contradicts  the  relatl6n    AB  +  BC  =  AQ.  • 

In  view  of  these  prjppertles  of  distance  between  points  the- 
colllnearl-ty  or  non-oolllnearlty  of  *  three  points  Is  comple 
detemlned-by  the  distance^  between  thfese  ^points.    Since  (jfrthogorml 
transfoj?matlons  leave, dl^tar^es  uncha^hged,  ,the  following  theoreips 


hold 


Theorem  3'.  .  Under  an  orthogonal  mapping,  every  c6111near 
'triplet' of  points  Is  transformed 'in'feo  a  colllnear  triplet  of 
points*    Every  non->colllnear  ti^lplet  of  points  Is  transformed  Into 

o        '  '  '  i      rn  ~ 

,  a  npn-colllnear  triplet.    .  -  .  . 

 J       .    ^  '  -'^  .  •    *         '  ^  ^  ■ 

"V        Theorem         Under  ao  orthogonal  mappj-pg  the  Image  of  a       •  -  • 


line  Is  a 


straight  line  Is  a  straight  line:    the  'inverse  imag'e  of  a  straight 


straight^'  line  4  * 


]   '      Theorem  5>    Undeg  ^n  orthogonal  tralisf  ormatlon      se^'ent  ls'>  * 
transformed  l^vto  a  segments.     -     .  m-   \   4  .  ^ 

^leorem-^.^  Under  ano  orthogoroal  transf^^^tlon  a  point  dividing 

/  •  .       •  o  .' 

a  segment  In  .a^gltren  ratio  Is  transformed  Into, a  point  which  xLlvjcdes' 

the  jUiiage  of  the  given  segment  In  the  same  ratio,  '  ;  ^ 

/■  ~.  ♦ "  »  •       •         *  '  - 

/    In  othe^  words  the  simple ^ratlo  of  th^ee  pblnts  on^a  line  is^  ^ 

Z  6 


r     «  vdn  invariant  of  an  *  orthogonal  t^pansforraatlon. 


'  9 


93 
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'   *     TOeotems  3-6  are  an  immediate  consequence  of  the  properties 
of  the  distance  between  two  points  arid  the  definition  'of  orthogonal 
transformations.   JJ^e  proof  of  thdse  theorems/ is  left  to  •the 


students  -  \  ,       .  " 

^  ^SGheorem  ,7  ♦  Und^r  an  orthofe^pa^.  transformation  pf  space  the 
img^ge  of  , any  plane  is  a  plane  and,  gonversely,  the  inverse  image 
of  any  plane  is  a  plane.    ,^        ^  '        .   /  .  • 

-In  proof,  let  us  tai^  in.  the  given  plane  ^.tt^  two  lines  AB 

and    AC    intersecting  at  the  point    A.    Le-t^  M    bfe  an  arbitrary 

'  ,     •  •  -      •     /  * 

point  other  than    A    in  the  plane  '  tt.    'trough/ thQ  point    M  draw 
•  .   '  •  ^        •  ^  1 

'a  line intersecting  lines    AB  ,and    AC-   in  two  .diatls^ct  points 

P   and    Q.'  •  '        ~         •    '  * 

'*  -  •        *      "  ^  * .       *  '  * 

"  .       'me  Tmage  of  ^the  j^oint    A  ••un'der  the  ^iv^n*- orthogonaj.  trans-, 
formation,  is^  a  point    A»;  ttee  imagoes  of  ^the  lines  .  AB  -  and    AC^  ^ 
will  be  the  distijstet jdines    A«^«    and    A»C».    ihe^,  images  of  liner-*^ 
-TnJ  will  be-the-:^ine  7gi^»^jlSte:r^oting  Mnes    A«Bl    ahd    AJC  »  ^  in 
the  points    P)*..  and  the  images,  of  the  poiiTtS'    P'  ^and  'Q-:. 

Hence,,  the 'image.  M»  of^the  poiijt  M  ^111  J;ie  in  the.  plane  tt^ 
passing  through  the  lin^s  "A^Br^and*   A'C*.-,   ^    '    "  ^  '  ^ 

*  *        Tlius  an  arbitrary-Vpoint    MClJ^:the  plane'  tr  (A?, 
transformed  into    M»*''  in  ^tt^e^plane    7r»(A'?B%  A»C»)  ^and,-  con- 
sequently/  the  points  of  theVlane    ^  'are  transfomled  into  the 

^points^'bf  the  p'lane*  tt'^^^  •  - 

Since  the- inverse  transformation  »is  drtnogopal,  .,the  inverse 
Ima^e  of  a  plan^e  is  as^lane-.*  We  theorem  is  now  proved^  .\  ,^ 

*i4        aheorfem  8/    Unde^r^am  orthogonal  transforation  parallel  ilnes 

-go  QVfir  into  parallel  lines,"  aM  parallel,  planes  into  parallel  ^ 
planes*  '    '  *  '     '  •    .  ^ 


,   -  ..     .•  ..               .          • . 

Pbr  otherwise,  the  orthogonal  transf  OEpiation  ^auld  npt^be  c 

j'-bne-Jbo-one."^              "  \»*^^. 

gjheorem  9\    ynder  an  orthogdnal  transformation,  angles  are  . 

preserved •  -             •  \                   '            *      .  ./  . 

-*This  -Wieorem  follows  imraedialjely  from'  the  preservation  of.     ^  \^ 
.  Segments. 


If  we  are  given  three 


4'-  ~ 

ree».Qpn-c< 


oplanar  vectors    e^i  e-g^ 


originkdin©  at  .tfye  same  *point    0,  Uhen/as       kn'aw,  every  vector 
OM    may  be ^decomposed  In  only  one, way  with  respect  to  the  threfe' 

/•  '    :  .    ■■.->.'/-.     '  "  . ' 

vectors'  ^i>^2'^3  *-      '  •        -    ,    v   •  , 

Oii^  numbers  'X*,  Y'  and  z    are  called  coordinates  gf..  the  ^c^nt 
V  M.*  ^^  the  coordinate  system 'determined  by  the  triplet  of  vector.s 


jtive  ratios. 


Fvirthe^ore,^,,  ^  ;r.Z^  .are  t^e  redpect 
to  the.  segments  the  projections- -\.generaLly^  non- 


perp^dicular  -  of'  tfi^  vector  on  Jhfe^  axes  of  ^^^^  ^2%"^^^  ^3' 

V/e  shall  denote"^  this  system'  of  coordinates  by  the  sym)bol'',0 

^1'   2'^3y-  ^ 

Theorem  10.    (First  "fundamenital  theorerirtn  orthogonal  w.^ 
mappings ) .    Under  an ^ortho^onal  traasf ormatlbn  every  triplet  of 

non-coplanar  vectors   e^^^e     ^3    originating ■  a tr  a  po^Qt  '0.  goes 
.  .  /         ^  ,  * 

*  over  intb  a  triplet,  df  non-^coplanar  vectors   e      '^^»^/e«^^  with 

*  .  *        *.     •  ^ 

the  origin  at    0»   'and  with  their  lerigths^and'^irfkles  unchahgigd.    *  . 

 }  ' — — ~  ^  T  \^ 

Moreover,  every  point    M    goes  over  into  a  i^blnt  -M^^  .having^ttfte,^- 


same  coordinates  relative  to  (  e'^^,  ^ 'o,' e-'^j,  a^s.  the  Point  M^'haq 
■  relative  to  •    Conversely,  eyery  transformation  having 

these  properties  is  of*thogt)nalv  .         /  ^^^^^ 


V;; 


V 


Proof?    Iffiier.  an  orthogonal  .transformation  the  point  ^0 
■  pisses  into    0'.,  the  vectors  .  e^,  e^,         into  .vectors  .       .  , 

y      *  .  \        '  * 

^«  •  -with  their  lengths  and  the  angle- between  them  • 

••.1-23^*  .  >    .  .  * 

'unchanged!  .  In  additiony-the^  respective  parallelism  of 'the ^planes  • 

projecting^  the  point'  M    on  the  axes'^e*^,        ^3    '^^  planes 

^(e^,-e  ),  (e^,  e^),  (e^,  e^)  .is  preserved.  *^>e  rations,  ar  * 

coordinates,  are  also  lefT unchanged;      .      *         .  : 

Since  tl^e  length  of  -  a^segmehjt  is  completely  ^etemined  by 

tl^e  -coi^dihates  of^its''^nd  points,  the  converse  "of  the  theorem  ^ 

♦    alsd»  follows  and  the  theorem  is  cojnpletely  proved  •  ^ 

^Olhis  theorem  has  the  fallowing'  corollary >    An  orthogonal 

•  '       '  '  

traTisf  ormation  of  space  Is^completely  determined  by  indicating  the  ^ 

images  ot  any.  four  points 'iiot  lying  in' tjie  .same- plane. 

In  proo-f,  taking  any.  of  the  four  points  as  the^brigin    0,  and 

the  remaining  three  as  the  end  points  of  the*  vectors  e^,  e^,,  and  , 

*        *      *  *       •  * 

^      eo,  their  images  -  the  point    0«    and  the  vectors    e«^,  e'g' 

-*aj^e  determined.  ^Consequently,  we  also  know  the  point  'M« 
-  y, •*-■)■;  .thi^lmage/f  the  point.  M       ,y  ,z.y.  ^  ^The'eolnt    M«  . 

'has  the -same  coordrnates  in  the  system    o'^-  {&^]  e'g.V'a)  ..as.  the 
point  *M    in 'the  system    0'  (e'l,  e'g,  e'g).^  THis  proves  the 

cbrall^i*y."        '  .      •       ■  ^  « 

It  is  suggested  that-  the  student  "obtain  by  himself  an  anaXo-"*^ 
gpus  result' for  orthog6na'l' mappings  of  th^'plane  onto  itself.  • 
•      transformation  of  space  is  called  a  reflexion  in  the  plane^ 
^,..lir,  if  to  each -point  .M    there  1-s  assigned  a  point-  such  tKSt 

*  AM«  =  AM      •  ♦      .        ^  • 

'-^^jj^^m^the  line    MMt'>4s  perpehdiculaii  to  the -plane    ir,    A    J.^  the 
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'       ^  ,1 

^foot  of  the  perpendicular  from  the  point    M    to  the  plane    7(;^  and 
the.  points    M    and    M'    lie  on  different  sides  of  the  .plane  tt. 
TVie  points  of  the  'plane    tt    are  the  fixed  points  of  the  ref lex:^onV  v 
A  reflexion  in  a  plane    tt    preserves-  the  distange  between 
.  poipts,  and  'is  consequently  an  orthogpnal  transformation. 

A  transformation  in  a  plane  is  ^lled  ,a  r^f l^xion  in  a  line 

•   "^^^ 

,  If  to  every  point    M    in  the  plane^we  assign  a  point*  M,' 

*  ■ 

such  that  ,  *     *  , 

AM«  =  AM     '  '  '  * 

where   'A  -  is  the*' foot  of  the  perpendicular  Trom^-I^he  point  to 
the  line    ^i^.,  the  line    MM'    is  perpendicular  to  the  line  and 
th^  points    M    and    M«    lie  on  different  sides  of  the  line  ^ 
.    •  .  ,It  Is  easy  to  see  tha^  ttie  i^eflexiorv  of  the  planar  in  a  line 

~        is  an  oi^ogonal  transformation  <^f  the  plane. 
^«       ^       The  properties  of  reflexions  wil],  be  taken  up  in  detail  ^n 
the  next  cha,pter.  \  - 

Theorem  11*.     (Second  fundamental  theorem  on  orthogonal  trans- 
formations).    Each  orthogonal  transforation  of  space  is  either  a 
motion^*  or  the  sum  of  a  motion  and  a  reflexion  in  a  plane. 

Proof      Suppose  the  orthogonal  .transformation  takes  the  {joint 
0    into  the  point  *  0'    and  the  non-coplanar  vectors C^^,  ^3 
"\*'with  origin  at    O  'into  tifie  vectors  -^^^  ^^2^  with  the  origin 

^      at    0'.    Let  us  consider  the  motion  which  carries    0    into  0', 

the  Vectors         ,  and  eg    into  the  vectors  "^'^    "and  e'^  •  .  Such  a 
motion/  as  we  know,  is  unique^    'Because  of  the  equality  of  di^S- 
tances  and  angles,  this  motion  either  takes  the  vector  into  J 

the  ^rector    e'-^-  -  and  then  the  gjjVen  orthogonal  transformation 
•icoincides  with  the  motion  -  or  it  takes  the^vector  into  the 
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vector  e"3,  which  is  the  reflexion  of  y\e  vector   e«'3    in  the 
plane    (  e<^,  e«2) .  •         *  -  ^  x 

In  the'  latter  case,  the  orthogonal  transformation  is  a  sum 
Qf  a  motion  and  a  reflexion  in  a  plane.   ^TJtie  proof  is  completed; 

We  have  an  analogous  result  for  orthogonal  transformations  in 

the  plane ^  •  v  •  - 

•  *  » 

Ihose  orthogonal  transformations  which  are  also  motions'^  are 

called  orthogonal  transformations  of  the  Tirst  kind.  ^  All  othel^ 
■  *  *^  _ 

are»called  orthogonal  transformations  of  the  second  kind.         .  ' 
^  I  '■        i  '~,  '.  > 

Frequently  any  qrlihogonal  ti^'sf orfnation  is  called  a  motion 

or  a  ffltetion  in  a  broad  sense.  Particuiar . care  should  be  takfen  when 
using- this  terminology. 
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Chapter  VI 
'     '  SYMMETRY 

-<  \     '  ^ 

'   Irf  Chapter  VI  ^Je  take  up  the  symmetry  of  ft  plane  with 
^    "respect  to  an  axis  and  with  respect  to  a  point,  and  the 
symmetry  ^  space  with  respect  to^a  plane^ and  with  respect 
to  a  pointTX  The  performance  of  .translations  and  rotations 
by  means,  of 'successive  application  of  reflections  i's 
examined  i.    The  groups  of  symmetries  of      cube  and  of  a 
tetrahedron  are  studi^ed.    Feodorov's  general  definition  ^ 
of  the  symmetry  of  figures  is  given.    In  39  'w'e  examine 
the  application  of;  the  method  of  reflections  to  the  solu- 
*    tion  of  construction  problem*-. 

37.  SYMMETRY ''in  A  PLANS- WITH  RESPECT  TO  AN  AXIS 

Pointr^  A'    is  said  to^be  symmetrical  tQ  point    A    with  respect 
to  line.  ^    K  points    A    and    A'    lie:     l)    on  opposite;  sides  of 
this  line";  2)  at  equal  dj^stanceB  from  it;  and  3)  on  a  line  AA^ 
perpendi'Sular  to  line         (fig,  17^).  \' 


■"Line  ^  is  called  the  axis,  of  symmetry  oT  points  A  and'*  A'  . 
Every  point\of  the'axis.W  symmetry'' is  symmetrical  with  itsBli*. 

Tw6  paints*  A    and"^A^»  of/a-  plane  have*only  one  axis  of 
symmetry.    This  is' the  locus  of .points    M    in  the  plane  whiih  are 
equidistant  from  1)0 ints    A "  and    A*     (fig.  17,^).  ^  ^ 


.the  flxl«    ^  .  ^  •  •     '     •  •, 

^f^Uie  iiittfie  I  ft  I  ho' 1 1 1^.  ,  _ 

'      n.  Wm  rPfl  lliy  f'*  7»'f  fn»«'l  Hint  «»  (tytHNflf^fV  «»  "'i       ^''t-"  •«  «; 

He'lf.    VV'I'"     A     1^  <r-nt>f.r-.f-"'f'i  I'll     m,*M' -i"'  A'V'flf/WfH"^' 

tlfin  -*  ai.,V  n«Mt'*.  litt"  n  n/|nf«  iiv-nmpf,  rl'-n  i  vllH  Mi«  n.r'nl  with 
reojieH.  tci  ihP  «Klfi.    thufi.  n-l«np.iP  '  P'-.»t'  Ifl  i  rttht>r..»w«'t  inh. 
trl^hKlP-   r"-J'i"  .  M,vmrnf.»rlr.ni' wH  h  <>h»>' CK-nl ,  i.|tP  --flwiiUi  l-ih  /f 
the  imat?e  i.priim,  hnwovpr,  oppaH H o       ih«i       th»»  tttitP^'it'twrH, 

.Ipeakliik  in  temfl  or  mot'lntiH  Ift  flp/jifw  wp  .ifwy  flay  thflt^-Ji 
aymfiietry  of  a  plan^  wfth- f»ftpfi"t-tn  af.  .txlrt    e   la  «  (A^ir-iMfh  nX 

'  >  '      ;        ^'^  ^ 

<-th.ld  pltthe  abotjt  the  axl«        .       '  ,,^.-1:^  * 

Preolflely  ip'lf  property,  of  a  oy(nfnetf.'y  Ift  Jino'l  Iff  'Iflflhlrm 
.Jfiymfnetflcal  pt^'ntfi  .af)  fiolntfi  Vfhioh  will  fiolnf-lflfl  w»,fl/.  the  plttfiu  of 
'  the  flt'avflng  "  InJ^l^lfiml"  al«,'fi?.  tho  axlfi  ol*  nyffl/nett'y . 

,  "prom  the  aUove  follow  all  the  praperi.l,ef»  of  a  fij/ftifnef.fy  about 
'  arf.  axle.    An  axial  fiyjnfnetf^.  prfjoer-veti  'flfltamjef)  m%mm\  potfitn, - 

takes  a  line  ^nto  a  "line  aful  paraHei  ilheti  Into  pafalleV-  Ilfieo, 

preserves  anH*'©"  ''eti'^^"  I'lnef),  atul  t)'»  on.  ^  . 

-  /since  a'n*4xial  fiymijietfy  "turnti  the  plane  over"  -fni-n  itfi  oth©r 
•  glfje/the  orientation,  (fay,  of  a  trlanf?'le  Ift  ahan^ert  a 


291. 


_  symmetry  Into  the  opposite  orientation. 


The  properties  of  a  symmetry  can  be  obtained  without  refer- 

•      '        '      '  4  l\  '  - 

ertce  to  motions  ^ip  space.-    Thus,  for  example,  ^  it  can  easily  be 

'1*.  ' 
proved  that  If  j^ny';two  points^  on  one  lln^  are  symmetrical  with  two 

points  on  a  second  line  wltK  respect  to  a- given  axis,  then  all 
points       the  first  line  are  symmetrical  wlt'h  the  points  of  the 
second  line.  '  . 

'Given  lines  , AB    and    A'B»  (fig.  L75),  where  points    A  and 
B    are.  respectively  symmetrical  with  points    A'    and    B'  with 
respfect  to  an  axis 


It  is  required  to  prove 'that  for  ev^t^  point  M  '  of  .line  kh 
th^  symmetrical  poirvt   W»  -'lies  on.  liJi^    A'B»  .  .  ' 


Let 


A^  -^ef^d^   B^  ^,be  the  points  of*  Xntir^ectlo^i  ot  lines  AA« 


and    BB»    with  line         ;    Sinc^    BB^  =  B»B;^    and  AA^ 


A»A, 


points    A^\  a^    B^    beTong  to  thfe  biae^ctor  of  thog^angle  -between 
AB    and;  A'B'  ,  if  these  lines  intersect,  or  to  the  parallel  line  - 
midway  betv^een-  them  iif  iYrey  $ire  parallel.    In  either  case,  the 
line  '  A^B-^    cofndldes  with  the  axis  of  symmetry    ^  .     Letting  M 
be  an  arbitrary  .point  on  line  'AB  ,  drawing  ^ine    MM parallel 
to  lines    AA*    and   'BB>    and  mark^g  its  pb^lT  of  intersecfe&ti  M» 


with  liije    A'B',-  we  find  by  thie^  property  .of  the  line''  ^  that 

-MM^  »  M'M^  ,  where  •        is  the  point  common^  to  lines    MM'  ai^d 

'  '    '  q.e.d. 

/        ^  '• 

iVo  successive  symmetries  about  the  game  axis         are  ectulva^ 

*      *  '  '  z 

lent  to  the  Identity  t^rans  format  Ion  of  the  plane.  ^  -  ^'  ^ 

.  Proof:     If    M''  "is  the  point  symmetrical  with  an  arbitrary 

point    M  ,  theh  the  point  symmetrical  ulth*  M'    Is*  the  original  . 

point    M  ,  -  '        ,        •      "  '  .      '       .  ' 

The  set  of  symmetry  ^transformations  about  all^'posslble  lines 

i^of  a  plane  does  not  possess  the  property  of  closure.    More  precise 

ly,  the  sum  of  two  symmetries  will  be  some  transformation  of  the 

plahe^  but  not  a  symmetry.  ^  ' 

Proof;    two  successive  symmetries  leavfe  unchanged  the  orien- 

tatlon  6f  an  arbitrary  triangle  la  the  plane,  consequently,  the 

resultlhfe  transformation  is  not  a  symmetry  about  any  axis,  q.e.d. 

Prom  this  IJb  follows  'that  the  set  of  all  axial  symmetries  ^of 

a  plane  is  not  a  feroup.  ,  -  • 

Jbfiorem..    The  sUm  of  two  symmetries  abou^  parallel  axes  is  a 

translation  of  the  plane,  '    .  * 

Let  us'firat  note  that  whatever  the  arrangement  of  t>hree  4 

points    A  ,  A*    and  •  A"   ^on  an  oriented  line,  the  vector  equation 

.     :    '  aX"  -  a)i»  +  A^" 

always  .Holds, good.   '  '  '  '        ^  " 

If  to  collinear  segments  we  prefix  signs  determined  by  the 
orientation  of  the  axis,  on  which  the  segments  lie,  the  foregoing  ^ 
equation  is  equivalent  to:      *      '  /      •      ^     •  , 

'   "  ..AA'  +  A'A"  +  a'^'A  «  0  . 


Theal*'  equations  can  be  verified  without  difficulty  for  all  • 
•  possible  arrangements  of  three  points  -A    '  A'    and    A"  "  on  an 
^    oriented  line,  ,  ^  ' 

Now  let  and    JLr^  .be  the  two  parallel  lines,-  tak^n  as 

^   axes  of  syinmetry;  let  be  the  axis  of  the  first  symmetry  and 

JL^    the  axis  of  the  second.   *Let' .  a    be  ^the  displacement  vec-tor 

)s^tion 


for  thfe  translation  of  line 


Into  the  pos^ 


2  • 


For  an  arbitrary  point    a\ we  "have  (fig.  176); 


AA" 


.+  A«A" 


where  -  A'  is  .the  point  symmetrical  "^ith  A  abo^t  axis 
and-'  *A*^    the.  point  symmetrical  with  .A'    about  axis 


^But,^  by  virtue  of  the  properties  of  a  spnmetry  we  have: 
\     ^        /AA'  «  2A^',  ,    A«A"  «  2A^g      ;  f 


wheri'  A-j^    and    A^  *dehote^  the  intersections  (not  lettered"  in  the 


drawing)  of  line  AA*^ 
Consequently; 


th  the  axes  and  j^r^ 


•AA"  =  ^(Aj^A'  +  A'Ag)  ^'-SA^^Ag  -  2a  .      '  , 

•  '     «.  ^  « 

,Thus,  the* addition  of  two^ successive  symmetries  about 

parallfel  axes  carries  an  .arbitrary  point    A    over  into  a  point  A" 
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with  a  displacement  vector  of  2a  ,  which  is  constant 
points    A  ,  that^is,  the  sum  "of  these  symmetries  is  a 

•     In  figure,  176  are  shown  several  pairs  of  correspondi 
points  in  various  positions  relative,  t>o  the  axes  of  symmi 

If  we  reverse  the  order  of  addition  of  the  symmet 
obtain  a  translation  inverse  to  the  first  one. 

The  converse  theorem  also  holds  good:^   every  tra^ 


.tion 


a  plane  can  be  represented  as  the  sum  of  two  symmetj/ies  about 
parallel  axes. 

.    '  The  proof  of,  this  theorem  and  the  choice  of  pe  axes  of 

--aymmet^ry  -  i^sugges-ted_a^an_exe|!^Lise_,.  jI  :  \  ._|  1 

As  we  already.laiow,  the  distances  of  J^ny  point  on  the  axis  of 
symmetry  from  two ^symmetrical  points    A'  and    A'  are. equal. 

Hence , -^^d^he-polut-oi^^t. meet YoL '  0    of  the  axes  of 
♦  symmetry  andj         (fig.  177)  we  h4ve: 

^  '  0A.«  OA'  y  OA"  ,  i 

where    A  .Is  an  ar^trary  point.* in  the  plane.    A'    is  its*  symmet- 
rical point  with  respect  to  axis 


,^  '  and';^  A"    the  point  .symmet- 


rlcal  with    A»    with 'respect  to  axrs  i  X2 


'V 


30^ 


f 


i. 
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PurthermoreJ  •  two  successive  symmetnies  "do  not  turn  the  plane 
over".    Thus,  the^sum  of  the  two  symmetries  here  cQjisidered  is 
rotation.  •     .      .  '  /  ^  ' 

•The' angle  of  rotatlpn  *  AOA'**  is  twice  tWe^  angle  between  <|he 

,      '        '        ^       \/  •  I' 

*  '     _  •  _^AOA"  -  2fzf  .  '         i  . 

The  converse  theorefn  is- likewise  true:    Every  rotation  of  a 

j)lane  about  a  point  can  be  represented  as  the  sum  of  two  sym- I  ^ 

jpetries  about  ^xes  passing  tlpu  the 'center  "of  the  rotation. 

The  proof  of  this  theoitem  is  recommended  as  an  exercise. 

Prom  the  properties  of  ax).al^  symmetry  wKich  we  have  demon- 

 at^ratrpf^ -^hpnp  fnllQwa  the  important  coy  lusionj  _the  set  ' Of  ,  all  

axial  symmetries  generates  i  group  which  includes  all  rotatjLons 

"  7   •  7     ]  . 
and  translations.    This  group  is  the  group  of  orthogonal  trans- 
r      '•             -         /  A 
 ggrmat'lons  of-  the  .plana./ .The.. motions  in  thd^  plane  considered 


^^rlier  are  called  motlbns  or  orthogonal  transformations  of  the 
first  kind.    \       "  ^ 

The  group  of  rtot/ipns  in  the  plane  is  a  subgroup 'of  the  group 

ojp  orthogonal  transfonnations. 
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\\  38.     SYMMETRY  IN  A  PIANE  WITH  RESPECT  TO  POINT 

.   Point    A*    is  said  to  be  symmetrical  to  point    A    with  res-^ 
pact  to  point    0    if    0    is  the  midpoint  of  segment    AA'  . 
Point    p    is. called  the  center  of  symmetry. 

The  center  of  symmetry  is  symmetrical  with  itself. 

\  ^      •  " 

Tvio  points    A    and    A*   ^of  a  plane  have  only  one  center, of 

l^ymmetry  -'the  midpoint  of  segment    AA'  . 

\       A  transformation  pf  the  plane  into  itself  is  called  a  sym-r 
.  metry  about  a  center,  or  a  central  symmetry,  if  to  each  point  A^ 
is  assigned  its  symmetrical  point    A'    with*' reference  to  a  given 
.  ice^ter    0  .  '  J 


As^may  readily  be  verified,  symmetry  &bi)ut  a  point  is  also  a" 

one-to-one  and  bi-continuous  transformation, 
I        ,  /  ' 

,    />A  central  symmetry  is,  of  course,  ja  rotation  dftiie  plane 

*  ^  ^  If  . 

throu^  180^  about  the  -Center  of.  symmetry  [14]  . 

Thus,  central  symmetry  does  not  confront  us  wJjth  any  new  ' 
trans  format  ion'yf  the  plane;  in  this  it  differs  from  the  ,case  of 
axial  symnetry.  "  ,  ^ 

A  ^Qentral  symmetry,  iike  every  rotat'^ion  of 'the -plane  about*  a 
§01^^  is  p^e  sum  of  two  axial  symmetries  whoi^e  ^xes  palas  through 
the  center;  \  At  this  case  the  axes  of  symmetry  are  perpendicular 
to  each  othei^.  ^      ^     ^    - .[ 

Theorem.    The  stirn  of  two  central  symmetries  ^f  ^he  plane 
with  djf^f eirent  \^centers  is -a  translation  in  the  plane. 

Proof;    We\know  that  the  sum  of-  two  rotations  of  the  plane 
about  two  different  ^centers  is  *a  motion  of  the  first  kind  in  the 
'plane  (29)*    Every  morioff'oT^tTTi^^  first  kind  is  Completely  dgter- 
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mined  liy  giving  two  pairs  of  correspondinl*^  points,  or  —  what  is 
the  saiie  thing  —  by  giving  a  pair  of  corresponding  segments.  A 

rotation  gf  l'8o^  about  c^*fer   ok  ^transforms  the  given  segmeat 

AB  inio  segment  A»B«  ^parallel  to  AB  but  oppositely  orj^ented 
(fig.  178), 


Pig,  178  ... 
A  second  rotation  through  l80^    about  center  , Og    transforms  seg- 
ment   A»B»    into  segment    A"B"    parallel  to  ^A^    and  having  the  ' 
same  orientation  ag  the  latter.    But  such  a  transformation  of:  AB 
~into~- A''B'^    i^a  translation,  q.e.d. 

Conversely,  every  translation  of  the  plane  is  the  sum  of  two 
-^^entra"!  symmetries,  one  of  whose  centers  cam  be  Arbitrarily 
cho^n.  > 

'    me  proof  of  this  assertion  is  suggested  as  an  exercise. 


■  V. 
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.39.     TJCS* METHOD  OF  SYMME^^Y  IN  THE  SOLUTION  OP  CONSTRUCJlOiLl^ 
PROBLEMS  '^'^^ 

In  the-«^3olu;tiorf  of  clnstructibn  problems  it  is  often  advan- 


.  tageous  to  subject  a  figure  or  part  of.  one  to  a  ayrametry  trana- 
formation  which  will  enable. the  figure  or  part  to  be  constructed. 
By,  a  second  symmetry  the  figure  can  be  returned  to  its  origl^nal 
pos^ltion. 

Qther  applications  of  symmetry  are  also  possible. 

^ry  is  best  elucidated^ by  examples. 

<  * 

Problem.    Gjytfi  "two  points    A    and    B»  on  the  same  side  of 


.  (fig.  179)    To  find'  on  line    a    a  point    G  such 
Ehat    /  AGP  =  /  BCP,    where-  CP    is  the  perj)eridLcular  J;o  JineL^a 


p 

B 

c 

a 

4 

'    .  Fig  ^79 

Taking  point    A*  ,  symmetrical  with  point    A    about  line    a  ** 
we  fin(^    /_k\C?*  »  /^ACP^«  /_^PCB    .  ,  •  , 

Consequently,  the  segments    BC    arid    CA*^  lie  on  the  straight 
line  \    The  required  point    C    is  obtained  by  Joining  B 

with    A*  ,  the  point  symraetrical*'with  point    A    a^out  line    a^  . 

If  *sA  is  a  lujn?.no,i4s,'Point,  all  rays  issuing  'from^it  are  , 
reflected  from  the  mirror  a  in  accord  with  the  foregqing  4aw, ' 
and  it  will  appear  that  they  issue  from  pointi  A'  ,  thfe  image  of 
point    A  •  . 
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In  th^  same  way  exactly,,  if    A*  \s  a  billiard  ball  and  a 

A  ...  ^-  .  .>  .       ,        ,     /  '       ,  • 

the°  cushion;  in  order  piat  ball    A,,  Upon  its'  retjbui^  from  the.^ 

cushion,  shall  strike  ball    B  •  it  is  necessary  ,to'  %hQOt  ball  A 

in.  the  direc*^io"n  of  point    C  (fig.  179)-^      *       '    .      '  ' 

Furthermore,  it' is  clear  that  »the  length    ACv+  CB    o^' the 
broken  line    ACS    is  the  shortest  distance  from    A    to.  ^B    by  way 
of  aAy  p*oint.  on  line    a    »       ^  -        '  / 

Problem.  To  find  t^he  patih  from  'A  to  B  of  a  billiarcj 
ball /whijLch  f^hall  ^ebound^from  two  cushions  during  its  travel  ' 
b^tjtf^egi  these  point:3    (fig.  l8o). 


* 

'5 

E 

F 

Pig:  180 

On  the  basis  of  the  precxeding  problem,  we  Join  points  A* 
and    B'  ,  respectively  symmetrical  wit'h    A    and    B    about  the    *  • 
ax6s<  EP    and    FG  .   The  broken  line   ACDB    is  the^  reqt^ired.path. 
)         'The  investigation  as  tp  what  the  position  of  tbe  balls  A 
and    B    njust  te  in  order  that  a  solution  of  the  pxroblem  be  posai- 
ble  is  recommended  as  ail  exercise. 

Problem.    To  construct  a  pentagon,  given  the  midpoints  '  ^ 
0^*>  Og,  0^,'  6|^,  0^    of  the  five  sides.  • 
,         Let  the  required  pentagon  be    aIcdE  (fig.'lBl); 


I 
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Fig.  181  \^ 


If  point    A    were  known,  then  by  taking  the^feolnt  symmetrica^  ip 
A    with  respect  to    0.    we  would  have  ,  B  -j  yerte^   C    would  be 

symmetrical  with   B    about    0^  ,  and,  so  on;  i^'^fiflth  symmetplcal 

'>v 

polfit,  relative  to  center   0^  ,  would  be  the  starting  ^^nt_  A  ^'.  ^ 
.  Let  us  take  an  arbitrary  point    P-  and  fl^  successively  the* 
'symmetrical  points    P.^  p  '^2  '  ^3  '  h  ^  ^5    ^e^ative^to  the 
.centers    o'^^  ,  0^^,  03,0^^,0^.    By  the  properties  'of  •  ce^itral 


symme-cry  weT^in^r     "    .  .  ' 

AP  -  BPj^  =  CPg  «  DP3  -  EPi^'- «  AP5  ;  ,  - 

furthermore,  aJrf^  the  segments  entering  intd  this  equation  are^  , 
parikllel  to  eacl^\9ther  and  each  has  an  orientatioh  oppositely  to  the 
preceding  one.    From  t^i^s  it  follows  that  the  required  Vertex   A  ,\ 
18  tlje  midpoint  of  se^SenB"^^^  .    Thus,  startltig  from  &n  ai^bltrary 
lioiht ;  •  P^  we  caii  construct^  vSiWx   A  ;and  thdn  ^all'  the;  a^emi^^ 
vertices  of  the  required  pent*fi(pn.  »  *         ^  «^ 

^  Prove  as  an  exercise  that  th6 .  foregoing  cons^rfuctlon  ,  ^  s 
,ia-.^ppllcable  only  to  polygons  with  an  ode?*  ntamberjc^^ slides.  * 

Further  examples,  as  well  as  Inaispensdble'  problema 
for  independent  work  will  be  found  in  I.  I.  Aleksapdrov:  ^  .  ^  ^ 
"Collection  of  aebmetrlcal  Construction  ProbSLems.^' 
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40.-   SYMMETRY  OP  SPACE  ABOUT  A  PLANE  ^ 

.  I>olnt3    A    ana   A!    are  said  to  be  symmetrl^cal  ^Ith  respecrt 
to»  the  plane  cc  If  they;  l)  ITe  on  opposite  sldes^  of  plane    ^  ; 
2)  lie  on  the  same  pi^rpendlcular  to  plane  cC  j  and  3)  are  equl-  . 
distant  from  plane  oc  . 

,  g&ne   PC  Is  called  the  plane  of  symmetry  of  points  ^A  and 
A  -  \  .  • 

The  points  'In  the  planle  of  symmetry  are  symmetrical  with  ' 
.  themselves.   '    ,  ,  *  , 

A  transfoirmatfon  of  spiiace  Into  Itself  which'  assigns  to  ei^ch 
polpt^  A    the  point    A'    symmetrical  to        about  some  plane  Of 


is  calledT'^symm^ 

also  called  a*  reflexion  In  the  plane. 

The- following  properties  of  symmetry  ebout  a  plane  are  ' 
familiar  from  secondary  -  school  geometry ' [17].    ^  \ 

1.  .  Two  points  have  only  one  plane. of  symmetry. 


2.    EvelV  PQlnt  lying  .In  the  plane  of  •symmetry  of  two  poljita 

equidistant^         these  points.       '  •  ' 

"    .1    3^;    If  a  point  Is  equidistant  from  two  given  points,  it  lies 

ffi^'the'^  plane  of  symmetry  of  these  points.  • /'  ^  ^ 

'  ^  X  -                    t  ' 

4.    If  any  two  points  on  one  line  are  symmetrical  about  a 

'           '  '    \'  • 

given  plane  with  two  points  on  aJsecond  line,  then  all  points' erf 
'  "the' first  line  are  symmetrical  with  the  points  of  the  second  line. 

i  '        '   '  .  "     *  :  , 

Thla^  property  jnay  also  be  formulated  as  follows:    A  symmet 
Ibout  a  plane  transforms  lines  into  lines./ 

*  Thla^  property,  is  most  simply  verified  by^passing  thij)ugh  the 
line  to  be^transfgrmed  a  plane  perpendicular  to  the  plane  of 

*  ^'  )  ■  •  * 
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symmetry,  and  taking  the  line  in  the  constructed  plane  which  Is  ^ 
symmetrical  to  the  given, line  with  respect  to  the  lime  of  inter- 
section  of  the  two  planes* 

^  ^' 

,      5.  '  If  ^any  three  non-collinear  points    A  ,    B    and    C    in  one^ 
.plane  are,  respectively,  s-ymmetrical  to  three  points^A'  ,   'B  _ 
and    CJ    in  a  second  plane  with    respect  to  some'  third  plane,  .then  ^ 
•  all  points  of  the^  first    plane  are  symmetri'cal  with  the  points  of 

the  second  plane. 

Thiq  property  can  readily  be  established  *ith  the ^aiS  of  the^ 

preced'ing  one. 

^\Proof:,.   lines    AB  ,    BC  ,    CA    are  transformed,  by  the  pre-  . 
ceding 'property,  respectively  into  lines    k'B'  ,    B«C«  .and   .C/A»  . 

.  We  draw  a  line  through  an  arbitrary  point    M    in  the  first  . 
plane  and  mark  Its  points  of  intersection  ■  D    and    E    with  any 
two  of  the  three  lines    AB  ,    BC  ,    CA  .     Points  -  !>•    and    E'  , 
^  symmetrical  with  reject  to'  the  'third  plane  to  points    D    and    E  , 
.  lie  on  those  two  of  the  three  lines  ^A'B»  ,    B«C«       C»A'  which 

are^he 'images  of  the  first  two.    Consequently,  line    D«E«  ,  sym- 
'   metrical  to  line    DE  ,  belongs  to«the  seco'nd  plane;  but  this 
means  that  point    M'  ,  symmetrical  with  point    M,  lies  inr  the 
second"  plane,  q.e.^.  ^  ,       '    .  . 

■  In  brief,  we  may'  say  tlpat  a  sypnetry  about  a  plane  transforms 
.    V      '  -         .»  -* 

a  plane  into  a  plane.  .  ~"  • 

'  Analogously  to  the  caSfe'of-  the  plane,  it  can  be  shown  that 
'    two  successive  symmetries  of  spacig  about  parallel  planes  are 
equivalent -to. one  translation;  and  conversfe'lV. 


id 
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It  can  also  \)p  ahpfn  that. the  &unhof  two  aymmetrleg  ab.oufr^ 

intersecting  planes  is  equal  to  jt  rotation  of  space  about  the 
 ^  ^  * —  T  ' 

line  of  intersec.tion  of  these  planes  through  twice  the  angle  r 
between^hg  planes,  witrf  the  orientation  takerr  from  the  first 
plane  of  symmetry  to  the  second,  * 

The  ^stance  between  two  point3>  the  angle  between  two 
planes,  the  angle  between  two  lines,  the  angle  between  a  J.ine  and 
a  plane  ajl^are  invariants  under  a  symmetry  about  a  pl^ine.    ^  v 

It  is  also  easy  to  demonstrate  that  the  set  of  symmetries 


about  all  planes  in  space  i-sT  not  a  gi^p,  and  that  a  symmetry 
about  a  planA{J.s  ^*  one-to-one  and  bi-continuous  transformation, 
that  is^'^to  say,  it  is -topological.  ' 

Let  us  consider  thfe  tetrahedron    SABC    ahd  its  symmetrical* 
J.mage    S'ABC    relatiye    to  the  plane    ABC  .    These  two'^etra- 
hedrons  are,  as  we  know,  ^apposit-eiy  oriented.    It  is  not  possible 
to  make  their  corresponding  vertices  coincide.by  ^  motipn  of. 

space.  .  ^  ^ 

Two  figures  are.  sai<3  to  be  symmetrical  about  a 'plane  if  a 
symmetry  about  this  plane  transforms  one  figure  into  the  othtl'. 

Figures  symmetrical, about  a  pla^e  are  in  general-not  con- 
gruent.   By  congruent  figures  we  understand  those  which  can  be 
made  to  coincide  by  a  motipn  of  the  first  kind  in  space;  for.  % 
example,  by  a  helical  motion  such  as  we  have  previously  studied. 
Thus,  one's  left  hand>is  symmetrical  with  his  right  relative  to  a 
plane,  but  not  congruent  to  it.*  >  ^  ^ 


Ul.    SYMMETRIES  OF  SPACE  ABOUT  A  POINT 
Points   A   «n&         are  said  to  be  gymmotrloal  vtlth  reopect  to 

I 

a  point    0   if   0    is  the  midpoint  of  oegment ,  AA*  •    Point    0  lo 

'  called  the  center  of  aymroetry  of  poin^fl    A    an^   A  •  • 

A  t.ranaformation  of  apace  into  itself       cialled  a  oymmetry 

»  »        »  » 
a^out  a  center,  'or  a  central '  symmetry ♦  if  Jt  assigns  to  every 

point    A    the  point    A*    Bymmetrical 'with    A    about  tbef  givoft 

center   0  .  '      ,  * 

The  following  propert i'es  of  a  central-  symmetry  should  t)e 

recalled  from  secondary  -  school  geometry  [17^  .      v  " 

1.  Ti^o  paints  ^A^  and    A*    have  only  one  centra  of  tfynunetr^.  ' 

2.  -The  point  symmetrical  with  the  center  of  symmetry  is  t>te 
center  itself.  .  "      ^    .  '      *  'li*^ 

3. ^    If  two  points  of  .one  line  are  symmetrical  with  respect  to 
some  center  with  tWo  points  6&  a  second  line,  then  all  points  of  S« 
the  first' line  are  symmetrical  with  respect  to  the  same  center  ^Hh. 
points  of  the  sec^d>line. 

Evliry  line  passing  through  the  center  of  symmetry  is  symmetri- 

Let    a  jpe  a  line  not  passing  through  "fche  center  of  symmetry. 


0  •'^.We  patis  a  plane  through  "line    a   and  -.po^ttt  ^  0   and  construct 
.In  this  plane  line    a*    symmetrical  with  line  'a  T   Line    a***  is 
alsp  the  image  of  line   a    under  a  (Symmetry  of  ^pace  about  center 
^  0  i  ,        *    •  '  .  ' 

In  brief,  a  central  symmetry  transforms  a  line  ipto  a  \ine.  \ 
4,  '  If  three  non-collinear  points    A  ,    B   and    C    of  orie 
^\  ^  plana  are  symiSetp.cal  with  respect  to  some,  .center  with  three  'points  f 
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A*      B»  ,  C    of  a  second  plane,^  then  bH' points  of  the  first' 

plane  ai*e  syimnetrical  with  respect  to  the  same  center  >iith  points 

of  the  second  plane. 

The  proof  is  a  formal  repetition  of  tlie  proof  of  proposition  .5 

of  the  preceding  section,  and  is  left  to. the  student.  ^ 

In  brief,  ^.cejj^tral  symmetry  of  space^  transforms  a  plane  lntt> 
'  ^  '. 

a  plan6.  '         '  >  • 

# 

It  is  recommended  thai  the  student  also  prove  that  tvfo  planes 
which  are  syimetrical  with  respect  to  j^center  Bite  parallel. 

^  ^  '  In  con^^st  to  a  centra^  symmetry  in  a  plane,  a  central  sym- 
metry of  space  cannot  be  reduced  to  a  simple  rotation  of -space. 
."On-  the  other  hand  a  symmetry  of  space  about  an  axis  ^  nothihg 
other  than  a^  rotation  of  space  through  l8o-°  about  this  axis. 

Two  figures  symmetrical  about  a  paint  are  in  general  not  con- 
gruent, that  is,  the  one  cannot  be  trans^brmed  into  the  other  by  a 
motion  *in  space. 

For  example,  a  spherical  triangle  is^in  general  not  congruent 
to  the  triangle  which  is  symme^jrical  with    it  abou1M>he  centjer  of 

it 

the  ^sphere. 

•  Itj  is  suggested  that  the  student  prove  that  the  spherical 
triangle    A*BIC*    symmetrical  about  the  center  of  the  sphere  with 
tfte  given  sj^erical  triangle    ABC  ,  can  by  a  rotation  6f  the 
sphere  about  its  center  be  l^rought  into  the  position  '  ABC"  ,  where 
C"  ^is  the  point  symmetrical  with  point    C  /relative  to  the  plane 
of  the  circle    AB  ,  oi^as  we  say,  spherically  symmetrical  about  the 
great  circle  APs. 


Er|c  ^>i5 


'  (    ^  •  ' 

-Due  to  the  facfc^that  At  la  impossible  to' make  the  surface  of 
a  sphere  coincide  withMtself  "aft:er  turning  it  over*'  (/s  can  be 
done  with  a  plane),  the  distinction  between  syimnetrical  and  con- 
gruent  .figures  on  a*'sphere  is  an  essential  one. 

It  is  6asy^  to  ^rify  that  the  set  of  central  syiranetries  of 

space  about  all  points  is  not  a  group. 

.     3  .  ,  . 


4 
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42.  .SYMMETRY  OP  FIGURES  IN  A  ?LP^ 

Let  us  colisidpr  symmetrical  figures  in  a  plane.  ^ 
^    A^flgure  ia  said  to  be  symmetrical  about,  aome 'axis  if  by  a 
symmetry  about  this  axis  it  /is  transformed  into  itself. 

We  shall  consider, some. examples  oi^plarte  figures  which 
possess  axlaX  symmetry, 

1^.    An  isosceles  triangle  is  symmetrical  about  its  al'^itud^, 
which  is  at  the,  same  time  also  a  median  and  an  angular  bisector. 

In  proof,  let    CD    be  the  altitude  of  isosceles  triangle*  ABC 
with  base    AB  ffig.  l82). 


Fig;- 182-^"-        . .  .  . 
since  segment.  AB    is  perpendicular 'Hio  'CD.  and    AD'=  BD  ,  point  B 


is  symmetrical  with  point    A    with  respect  to  the  axis    CD  ; 

point  "c    is  symmetrical  y*lth  itself.    Consequently,  jfhe  symmetry 

about' the  axis  CD  transforms  the  zero-dimensipnial  triangle  *ABC' 
•  into  itself.  ^ 

Further,  line    AC    is  trans-formed    by  this  gymnietry  into 

line  BC  and  line  BC  into  AC  ,  while*  AB  is  transformed  into 
^tselfl^    It  folipws  that  the  symmetry  about    CD  , transforms  the 

linear  isosceles  triangle    ABC    into  itself.. 

It  can  be  proved  analogously  that  the  two-dimensional  isos- 

celes  tj?langle  ,ABC    is  also  transformed    into  itself  by  the  ^ 

symmetry  about    CD  .  . 
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^'     2^.  ♦  An  equilateral  triangle  has  thre^  axes  of  symmet-ry.  ^ 
This  assertion,  is  a  corollary  of  the  preceding -one. 
The  set.  of  all  sVn|metries  of  an  equilateral  triangle  ,  that 
is,  of  al,l  njotions  (in  space  or  in  the  plane)  which  cause -this 
triangle  to  coincide  with  itself,  constitutes  a  group. 

This  group  consists  of  a  third-order  cyclical  subgroup  of 

.  :.  '      ^   •  •  . 

rotations  aCbout  the  center  of  the  triangle  ^nc^  of  tHree  turning^- 
ov^r  (symmetries)  about  ^the^three^  axes  of ' symmetjry . 

This  group  of  six  alements  is  designated  as  the  group  of  the 
triangle  (20).  '    ^  '  V  ^ 

3^.     A  rectangle  is  symmetrical  about  a^  line  Joining  \he 
midpoints  of  opposite  sides. 

-The  proof  is  suggested  as  an  exercise.     The  student  shcJuld 
a'^so  prove  that:  ^  .  * 

k^.'  A  rhombus  is  symmetrical  about  each  of  its  diagonals,  * 

As  a  direct  corollary  to  the  two  foregoing  assertions  we  have: 

5^.     A.  sqijare  is  .symmetrical  about  the  lines  joining  the  mid- 
points of  opposite  sides  and  also  about  its  diagonals.  '^Consequent- 
ly, a  square  has 'four  axes  of  symmetry,  "It  is  recommended  that 
vthe  student  prove  that  a  square  has  no  other  axes  of  symmetry  lying 
^In  its  own  plane.'  _  ■ 

The  set  of  all  symmej/ries  of -the  square,  that  is,  of  motions 
in  the  plane  or  in  space  which  cause  the  square  to  coincide*  with 
itself,  consists  of  the  following  transformations:     rotations  of 
^the  square  around  its  center  which  ^kuse  it  to  coincic^  with 

itself  y|hese  rota^t'l^sV^florm;  as  Vie  know,  k  fourth-ord^  -cytical 
'  subgrpup  of  the  group. of  all  symmetries  of  the  square; ' this,  sub- 

e  4 
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group  ciinslsts  of  four  rotations.  Including  the  Identity  rotation) 

'  and-  of  four  turnings-over  about  the  four  axes  of  syhime^y.  .  These 

,  transfomitlons  form  an  elg^xth^rorder  group,  the  group  of  the  square. 

•        6^,    A  regular. polygon  of  -  n    sides  has    n    axes  of  symmetry. 

In  the  case  In  which    n'  Is  even,  the  axes  o^  Si^mmetry  are 

.5    lines  joining  pairs  of  opposite  vertices  of  the  polygon  and 

lines  joining  the  midpoints  of  pairs  of  opposite  sides.    In  the 

case  in  which    n    is  odd,  the  axes  of  symmetry  are  lines  Joining 

\  the  vertices  with  the  midpoints  of  the  opposite  sldes^. 

Before  examining  the  set  of  all  symmetries  of  a  regular 
*  '  ^  /  ^ 

polygon  of    n    sides  we  shall  make  th^  following  general  remark, 

to  which  we  shall  have  frequent  occasion  to  refer. 

'  *^ Remark.     It  is  easily  seen  that  all  the  symmetries  of  a 

figure,  that  is,  all  motions  of  the  first  or  second  irtnd'wh^ch 

cause  the  figure  to  c^^clde  with  Itself,   constitute  a»grbup. 


^oof:     the  sum  of  two  moti^^^whioh  cause  the  figure  to. 
coincide  with  ^tself  is  a  motion  which  is  llkewlle  a  dl^lacement  . 
of  the  figure  into  Itself.    We  thus  have  closure  of  the  operation  ' 
of  addition  of  symmetries.    Furthermore,  '  the  addition  of  symme-  /v 
tries,  like  that  of  motions'  in  general,  possesses  the  property  of 
associativity  I    There  exists  in  the  aggregate  of  symmetries  of  a 
figure  a  neutral  element,  najnely  the  motion  which  leaves  every 

0 

point  of  the  figure  in  its  original  place.  Finally,  for  each 
symmetry  of  the  figure  there  exists  also  an  Inverse  symmetry. 

,We  have  already  co/isldere9  the  examples  df  the  groups  of 
synunetries  of  the  equilateral  triangle  and  of  the  square. 

•  - '        '    :       .  ■ 
V      ■  ■•  '  , 
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Let  us  study  in  more  deta"!!  the  group^  of  symmetries  of  the 
regul-ar  polygon  of  "n    sidesv    We  shall  show,  first,  that  the  a.^ 
rotations  of  the  n^sided  polygon  "about  iTs  center  and    n  symme- 
tries about  the  axes  of  "symmetryT-'OT  turnings-over  about  .the  axes, 
Exhaust. the  entire  set  of  displacements  of  the  regular  n-sided. 
polygon  into  ^tn^^^'.    Every  rotation  of  the  n-sided  po'lygon  about 
its  center  is  a  motion  in  the  plane  of  the  first  kind.    Everj; ' 
turning-over'bf  the  planfe  is  ajiotion  of  the  sec<^nd  kind.   .  • 

The  addition  of  symmetric  of  the  first  Kind  yields  a  sym- 
metry of  the  /first  kind;  thejad^ion  of  symmetries  of  the  first 
kind  to  symmetries- of  the  secoad  kind  yields  a  symmetry  of  the 
second  kindj#and  finally,  the\sum  of  two  symmetries  of  the  second 
kind  is  a  symmetry  3f  the  first  kind. . 

The  symmetries  .of  .the  first  kind  form,  as  we  have  noted,  a  . 
cyclical  group  of  rotations  about  the'  center  of ^the  n-sided  poly- 
gon through  the  angles  r         '  ' 

.     •     There-exist  .  n    symmetries  of  the  first  kind,  and  they  con- 
stitute a  subgroup  of  all  symmetries  of  the  n-sided  polygon. 

,    We  shall  examine  an  arbitrary ,  symmetry  of  the  second  kind  and 
'show  that  it  coincides  with  one  of  the  previously  mentioned  turn- 
ings-over of  the  n-sided  polygon- about  one  of  its  axes  of  symmetry, 
X      After  the  performance  of  a  given  symmetry  of  the  second  kind, 
we  carry  out  some  turning-oyer,  chosen  once  and  for  all,  of  the _ 
h-sided  polygon  about  one  of  its  axes  of  symmetry.       ,  ,^ 

The  sum  of  the  two-  symmetries  in  question  will  be  a  symmetry 
of  the  first 'kind,  that  Is,  a  rotation  of  the  n-sided  polygon 

^  > 
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*  I 

about  its  center.  ^  .   j  ,       .  * 

yhus,  any  symmetry  of  the  second  kind  when  followe(3  by  our 
fixed  turning-over  resu^s  in  some  symmetry  of  the  fdrst  kind; 

^2  ~  ^1  ^  '        *        »  ^ 

Where -'Xg    is  any  symmetiTf  of  the  second  kind,    ag    is  a  turning- 
o.ver  abooit  some  fixed  axis^of  symmetry' of  the  polygon,  and  x^^ 
the  sum  —  is  a  symmetry,  of  the  first  kind. 


Prom  the  above  it  follows  that 


Consequently}  every  symmetry  of  the  second  kind  is  the  sum  of  one 
of  the  rotations     x.-j^    of  ^the  n-sided  polygon  about  its  center  and 
a  completely  determined  turnlng-over^C-ag)  about  a  fixed  axis  of 
symmetry,  r  ' 

But.  there  exist  exactly  •  n    rotation  symmetries;  consequently,* 

there  also  exist  i^iot.more  than    n    symffietries  of  the.  second  kind. 

 •   / 

But  since  n  symmetries  of  the  second  kind.--  i.e.  turnings-over 
-about  axes  of  symmetry  —  are  known  to  exist,  these  n  turnings- 
6ver  exhaust  all  the  symmetries  of  the  .second  kind,  .  q.e.d. 

At  the  same  time  we'have  established  that  a  regular  n-sided 
polygon  has  no  further  axes  of  dynvnetry  than  those  already  indir  * 
cated.    Prom  the  foregoing  it  also  follows  that  the  group  of 
symmetries  of  a  re*gular  n-sided  polygon  is  generated  by  two' ele- 
ments:    a  rotation  through  the  angle    —  ,  and  any  one  turning- 


over. 


The  group- oTN^ymmetries  of  .'the  regulai^  n-sided  polygon  is  of 


order    2h  . 
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7       Every  diameter  pf  a  circle  is  an  axis  of  symmetry  of  the 
circles       ,  .  ^      ^  . 

*'    •  8^.    Two  J.ntersecting  ^ines  have  two  %xes  of  symmetry,  ^m^-^y^ 
the  mutuklly  perpendicular  bisectors  of*  the  angles  formed    by  the  ^ 
giv^n  lines.  *  ,t  \ 

9^.    Two  parstllel  lines -haye  an  infinite  set  of  axes  of 
symmetry.  '  /  . 

With  ^fcMs  we  conclude  our  consideration  of  axial  symmetry  of 


^fcMs  we  conclude 
1  the  plane  an^^^ 


figures  in  the  plane  an^..turn'  our  attention  to  central  symmetry  of 

figures  In  the  plane^?>       .  *         ,         *  . 

 ■ —   .  ,  * 

A  figure  is  said  to  Jbe  symmetrical  with  j?espect  to  a  point  if 

by  a*  symmetry  about  this  point  it  is  transformed  into  itself/^  ^  ^ 

Since  a  central  symmetry  in  the  plane^-  Is  equivalent  to  a  ^ 

rotation  through  the  angle    ir    about  the  center  of  symmetry,  this 

rotation  transforms  a  figure  symmetrica^  about  a  point  into^  itself. 

i 

Since  a  rotation  about  a  point  through  the  angle  *  tt    is  equal 
to  the  sum  of  two  symmetries  about  mutually  perpendicular  axes,  a 
figure  symmetrical  with  respect  to  each  of  ^two  mutually  perpen- 
dicular axes  is  symmetrical  w\tf\  respect 'to  the  poi^t  of  inter- 
section of  %hese  axes. 

^The  converse  proposition  is  not  true.^   A  figure  can 'be  sym- 
metrical about  a  point  but  have  no  axis  of  symmetiri^.    As  an 
,example  of  this  vie  may  ta^ce  ^  parallelogram  oA;her  than  a  rectangle 
or  a  rhombus ,  .  ■  '  ^r^ 

A  regular  n-sided  polygon  tras  a  center  of  symmetry  only  when  - 
n    is  even.    The  center  of  a  circle  or  of  a  disk  is  its  center  of 
symmetry.  H 
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i^3.    THE  SYMMETRY 'OP  FIGURES  IN  5PACE 


A  figure  Is  said  to  be  symmetrical  with  respect  to  plane  tt 
If  It  Is  transformed  Into  Itself  by  a  symmetry  of  space  about  this^ 
plane.         *  •     '  .   '  '      ,  , 

Plane    ir    Is  called  the  plane  of  symmetry  of  the  figure.  * 

A  figure  Is  said  to  be  symmetrica^  \iXth  respect  to  a  point  0 
If  It  Is!  trfl^jsf ormed    Into  Itself  by  a  symme^^  about  this  point. 

Point    0.  Is  called  the  ce'nter  cf-gymmetr^  of  the/figure. 

A  figure  Is  said  to  be  symmetrical  abouy  the "axis- X  If  It  Is, 
transformed  Into  itself  by  a  .symmetry  about  thls-ax)is.    ^  ; 

Axis         is  called  the  axis  of  symmetry  of  the  figure.  Upon 
a  rotation  of^l80^  about  this  a^fls  the  given  figure' coincides^  with 
Itself.  '  '        '  '  -I  I  . 

This  axis  Is  also  called  an  axis  of  symmetry  of 'the  second 
order  because  under  a  complete  -petat4on  of  the  gl\^en  figure  aboul^ 
'this  axis  the  figure  wlll^  in  the  process  of  rotation  twice  'ccrln- 
clde'wlth  Itse^lf.    <  . 

*  If  under  a  complete  rotation  of  a  figure  about 'some  a:jfls  the^ 
figure  coincides  with  Itself  several  times  during  the  process  of 
rotation,  such  an  axis  is  said  to  "t>e  an  axis  of  symmetry  of  hlghey 
degree.  .The  order  of 'an  axis  of  symmetry  is  the  number  of  dis- 
placements of  the  figure  into  itself  which  occur  during  a  complete 

o 

rotajbion  of  the  figure  aboutKthe  axis.  .  ' 

In  defining  an  axis  of  symmetry  of  higher  degrea'the  motion 
of  the  figure  may  easily  be  stripped  of  its  kinematic  character 
and  use  made  only  of  the  geometric  concept  of  a  motion. 

'  ^^'^'^  ^         '  *  ''''  . 
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For  this  purpose  we  note  that  the  set  of  all  dlsplacemen^gXJg 
au  figure  Into  Itself  occurring:  during  Its  rotations  about"  an  axis 
of  symmeti'y  Is  a  group >  r^his  group  Is  cgilied  the  grQup  of  the 
axial  symmetry  of  the  figure >    The  order  of  this ^group  Is  also  the 
order  of  the  axis  of  symmetry.  example,  the  perpendicular  to 


the  plafie  of  a  regular  n-slded  polygon  passing  through  tlie  center 

of  the  .polygon  Is.  an  axis  of  symmetry  of  order    n    of  ti^e  n-slded 

polygon.     "^"N  ^  ' 

Let  us  examine  the  axes  of  symmetry  of  a  r^gui^ar  tetl^hedron* 

About  the  tetrahedron  may  "be  circumscribed  a  sphere,  whose  center* 

is  called. the  center  of  the  tetrahedron^    The  center  of  a  tetra- 
 -    -  ■■  —  % 

hedron  Is  equ\dlstaat  from  Its  vertices. 

Since  under  all  displacements  of  the  tetrahedron  into  itself 
its  center  pres.erves  the  same  position,  all  the  symmetries  of  the 
tetrahedron  are  rotat.ions  about  a  point.    But  every  rotatior^  about 
"a  point  is  a  rotation  about  an  axis  (33).  , 

Thus,  any  symmetry  of  a  tetrahedron  is  a  .rotation  about^ome 
axis  passing  through  its  center.    This  axis  is       axis  of  symmetry 
"-of- the  tetrahe<jronr.  -  -    —        -  -  "     '  '^"^ 

It  is  thus  easy  to  find  the  total  number  of  symmetries  of  a 
regular  tetrabedron.  '  * 

We  drop  from  any  vertex  of  the  .tetrahedron  a  pei^pendicular  to 
the  base.  "This  perpendicular  is  >s*9en  to  be  an  axis  of  syir^etry^of 
the  third  order.  Thei^e  will  .be  fj)ur  third-order  axes. of  symmetry, 
one  for  eacb  vertex  of  the  tetrahedron  (f^g.  l83)'. 


c 
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Fig.  183 


These  axes  of  symmetry  are  also  axes  of  aymmetr^r  for  the  redjf>ec- 

tive  sides  of  the  tetrahedron.    ^  ,       -  ^ 

^        Edges  of  the  tetrahedron  not  having  a  common  vertex  are  * 
.  called ^opposite  edges/  By  Joining  the  i^idpoints  of  opposite  edges 
we  obtain  a  further  three  axes  of  symmetry  of  the  tetrahedron 
which, are  of  the  second  order  (fig.  l84).'  " 


J 


'  .      Fig.  l8^^ 

The  tetrahedron  has  no  other  axes,  since  an  axis  of  symmetry 


must.pfia^  either  through  a  vertex  or  through  the  centei^^of  a  fllde^ 
or  through  tJ\e  midpoint  of  an^  edge  of  the  tetrahedron. 

The  fuH  number  of  symmetJ^ies  of  the  tetrahedron  may,  now  be  * 
easily  calculated.      '    '  *  ^  .  - 

Each  third-order  axis  of  symmetry  furnishes  two  symmetriefir ^^y^ 
wl:^icTi  are  not  the  identi1?y  transformation,  and  .each  second^order 
axis  of  symmetry  furnishes  one.    Consequently  the  full  number  of 
the  symmetries  of  the  tetrahedron,  including  the  identity,  fs 
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2-4  +j|^3  +  1  =  12.    We  note  that  the  total  number  of  symmetries 
of  the  regular,  tetrahedron  is  equal  to  twice  the  numbB^  of  its 
edgesv  •  "  '       ,  . 

•The  set  of  all  symmetries  of  the  tetrahedron,  or  what  is  the 
same,  the  set  of,  rotations  about  its  sfeven  axes  of  symmeti^,^  is  a 
group.    This  group  is  called  the  group  of  the  -tetorahedron.     In  „ 
*this  group  there  are  eight  proper  subgroups.     Of  these,  seven  are 
cyclical  subgroups  corresponding    to  rotations  of  the  tetrahedron 
about  each  of  the  axes  of  s^mmeti^  of  the  tetrahedron.    The  eighth 
proper  subgroup  consists  of%  all  the  rotations  about  the  ^hree 
second  order  axes  of  symmet,i^  and  the  identj>ity  ;rotation. 

It  is  suggested  as  an  ex,ercise  that  the  student  find  all  the 
pla'^ies  or  symmetl:^  of  the  tetrahedron. 

V/e  turn  to  the  determination  of  the  axegr  of  ^symmetry  of  the 
cube.    We  observe  that,  as  in  the  case  of 'the  tetrahedron,  under 
all  symmetries  of  the  cube  its  center  preserves  its  position  un- 
'  changed.     It  follows  from  th^s  that  all  symmetries  of  the  cube  are 
rotations  of  the  cube  about  axes  passing  through  its  center.  These 
axes  are  the  axes  of  symmetry  of  the  cube. 

^       We  shall  begin  with  the  axes  passing* through  vertices  of  the 

cube.  '  Through  eaoh  verte:J^t'A    pass  three  distinct  edges  ofthe- 

i 

^cube,  .  AB  ,  AD    and    AE  (fig.  185) . 
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The  other  ends  of  thes^^edge^  determine  the  equilateral  triangle 
BDE  ,  which  foms  the  base  of  a  regular  pyramid  with  vertex  at    A  . 
The  axis  passing  through  vertex    A    and  perpendicular  to  the  plane 
BDE    i$ -an  axis  of  symmetry  of  the  cube,  since  a  rotation  of  the 

vregular  pyramid    ABDE  \bout  its  ^altitude  which  displaces  the 
pjTramid  into  itself  is  at  the  same- timfe  a"  symmetry  of  the  cube. 

*  There  exist  four  distinct  axes  of  symmetry  of  the  cube  which 
pass  through  its  vertices.    This  is  ^ecause,  for  instance,  the  axis 
of  symmetry  passing  through  ^vertex    G    of  the  cube  will  be  peri^en- 
jdicular  to  plane    CFH  -  which  is  parallel  to  plane    BDE    and,  like 
the  firs^  axis  will  pass  through, the  center  of  the  cube.    Conse-  ^ 

^uently,  the  axes  of  symmetry  passing  through  opposite  vertices  of 
a  cube  are  ident^al. 

In  the  same  nty  we  establish  that  there  are  t^iree  axes  of 

symmetry  etch  perpendicular  to  a  pair  of .opposite  sides  of 'the  c  "L- 

.    ^  ^  «>  "*      »  . 

cube  and  passing  through  t>\eir  centers^  ^thes-e  are  fourth-order 
ax§s  of  symmetry.    The^^e  exist  Six  axes  of  symmetry  passing  through 
the  midpoints  of  pairs  of  opposite  edge.s  of  the  cube;  these  are 
second-order  axes  of  symmetry* 

Thus,  the  cube  hag  thirteen  axes  of  symmetry:     four  diagonals, 
three  lines  Joining  .the  tnidpoints  ^f  opposite  sides  of  the  cube, 
and  six  lines  Joining  the  midpoints/of  .opposite  edges'  of'^tj^f  cube* 

The  set  of  all  symmetries,  of  the  cube  coni^tlt'utes  a„  group, 
which  is  called  the  group  of  t^ie  cuUe.    Let  us  calcul£^t*e^'the  ni&m-, 
ber  of  the  elements  of  this  group.       y/.x  '  •       *  '  '  5!^'  'i\ 

'  Aside  from  the  .identity  symmetry 'wfe*  have:  two  rotations  about-^ 
^ach  axis  passing  through  a  vertex;  three  rotations  about  each  axis 
passing  ;bhrough  the  center  of  a  side;  one  rotation  about  each  ax^.s 
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Joining  midpoints  of  opposite  edges.    Including  the  4dentlty  sym- 
^         metry  we  have^^ln  ail: 

+  3-3^  1.6  +  1  =  I 
The  ^roup  of  the  cube  Is  a  ^rpup  of  order    24  .  The  number  of  al 
symmetries  of  the  cube  Is  twice  the  number  of  Its  edges.- 

"  AS  an  exercise  let  the  student  find  all  the  proper  subgroups 
of  the  group  of  the  cube.    Find  also  all  the  planes  of  symmetry  of 
th^^ube.    It  will  be  a  useful  exercise  to  find  the  group  of  sym- 
metries of  teach  of  the  regular  polyhedrons  and  their  subgroups. 

[^],  [17]  •  ^  ^  ^ 

To  conclude  thi|  sectipn  we  shall  give  a  general  definition  of 
, symmetrical  figures  which  is  due^^the  eminent  Russian  crystallog- 
raphe r  and  mathematician.  Academician  Y.  S.-Peodorov  (1853-1919). 

"A  symmetrltSal  figure  is  one^hich  can  be  made  directly  to 
coincide  with  itself  in  various  positions  or^else  9uch  tt\at  coin- 
cidence in  various  positions  can  be  produced  if  we  replace  it  by  

a  second  figure,  related  to  the  first  as^  a  mirror  Image  to  th^ 
abject  mirlH)red  .••  that  form  of  symmetry  under  which  in  order  to^ 
'make  the  f^i^re  coincide  with  its  original  position  it  is  nec^apary 

simultanepusly-to  rotate.it  about ^ome  axis  through  a  determined 
/angle  and  to  replace  it  with  its  mirror* image,  I  call  complex 
symmetry  ...'the  most  general  motion, is  a  helical »motion  ...  In 
general,  therefore,  if  a  figure  can^e  made  directly  to  coincide 
with  itself  In  vefrious  positions,  we  can  always,  find  this,  helical 
axis  of  symmetry*"  [^5] 

.  Peodoro\^  shows  that  for  finite  figures,  the  parameter  of  the  - 
helical  motion  (see  34)- Is' zero,  and  furthermore,  for  finite 
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figures  the  axes  of 'symmetry  always  intersect.    For  Infinite 
figures  an  axis  of  .helical  motion  with  helical  parameter  differing 
from  zerO'is  possible.,  as  are  non-intersecting  axe's  of  symmeti^. 

Peodorov  introduces  the  concept  of  regular  systems  of  figures. 
"By  a  regular  system  crf^  figures  I  mean  an  aggregate  of  finite  ^ 
figures  extending  infinitely  in  every  direction  such  that  if  in  - 
accord  with  the  law's  of  symmetry  we  bring  into  coincidence  two  of 
"the  component  figures  of  the  system,  all  the  figuTOs  of  the  system 
are  majle  ^to  coincide  simultaneously  [^5]. 

/  ^    Peodorov  proves  that  exactly  230  regular  systems  of'  figures 

exist,  and  determines  all  of  them,  and  at  the  •same  time  solves  the^^ 

iff  '  ,  ^ 

problem  of  the  possible  structure  of  crystals.    E.  S.  Peodorov^s      -  • 

results  constitute  one  of  the  great  achievements  of  science. 


i 


J 
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.    "     ^  Chapter  VII      /  ' 

SIMILARITY 

Xn  this* chapter  we  shall  study  the  transformations  ^ 
of  the  plane  and  of  ^ace  known  as  central  similitudes . (*) 
In  connection  with  central  similitudes  the  general  group 
of  similitude  transformations  and  Its  Invariants  will  be 
considered,    A  theorem  I3  proved  which  asaerts.J;liat  a 
gerieral*»lmllltude,  .distinct  from  a  motion.  Is  the  sum  - 
of  a  rotation  and*  a  central  sltnllltude,    A  definition  of 
similar  figures  is  given  and  their  properties  are  studied. 

In  i?-8  we  present  the  method  of  similarity  in  the 
,  solution  of  construction  problems,  *  .  ^ 

-       44,     CENTRAL^SIMILITUDES  OF  THE  PLANE 

A  point    A*    of  a  plane  is  said  to  be  centrally  similar  to  a 
point    A    with 'respect  fo  a  center    0    if  the  following  conditions 
^'^re  fulfilled: 

1)  Point    A*     lies. on  the  line  OA 

2)  the  equation    OA*  =  k»OA  holds  good,  where  the  jgiven 
number    k  ^  0; 

3)  if    k  >  0',  point    Q    lies  outside  the  segment    AA'  , 
while  if    k  <  0  ,  point    0    lies  between  points    A    and    k\  . 

A  transformation  under  which  every  point    A    of  a  plane  is 
mapped  into  a  point    A'    which  is  centrally  similar  to  point  A 

•  '  '   ^  ;       \     T  ' 

with  respect  to  a  center  0  ,  with  the  number  k  constant  for  all 
points.  Is  called  a  central  similitude  of  the  plane* 

Point    0    is  the  center  of  similarity >    The  number    k  is 
the  coefficient  of  similarity*  ,  (  * 

For  k  >  ,0 'a  central  similitude  Is  said  to-be  direct;  for 

(»)    Also  known  as  Homothetlc  transformations  -r-  tra,nglatol"s . 
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The  cernter  of  similarity    0    is  the  only  point'  wh^ch.goes 
*over  i\ito  itself 'under  a  central  similitude  {it    k  ^  1). 

It  follows  from  the^def Initlon  of  a  central  similit^e  that 

it  is  a  one-to-one  transformation.  !         '  — ^ 

-    ,  -       -  ^         ■  '         :  — -  ■^--'K—  '  ~ — '  f~—  —  -- 

The  following  properties  of  central  similitudes  are  familiar 

from  secondary  -  school  geometry  [17J.  i  ^  ^ 

1  ^  •    A  SQgment    AB^  not  lying  on  a  line  passing  through  the 

center!  0    is  transformed  into  'the  segment"  A'B'    parallel  to  the 

ERLC    .  i  ,  ■,    i     ^  ; 
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given  segment,  and  " 

A«B'  =  k.AB  . 


This  eqyation  follows  ^directly  Crom^.tfhe  similarity  of  ^i- 
angles  '  OAB    and    OA'B«  (figs.  l86  and  1&7)/ 

2  .    Under  a  central  similitude  >a  straight  line  is  trans^ 
formed  into  a  straight  line  parallel-  to  the  given  line>  ^ 

3^.    Angles  between  lines  prese]^ve  their  maghitudes»  that  is, 
the  angle  is  an  invariant  of  central "siWlitudes> 

.   This  'property  is  a  direct  coj^oTlary  of  the  preceding  one. 

4^.    In  every;  pair^f  centrally  -similar  figures,  correspojid- 
ing  segments  of  straight  lines  are  proportional  and  corresponding 


.angles  are  equal. 

5       Under  ^  central  similitude ,a  circle  is  transformed  into 
ft  circle,  the  image  of  the  center  beliig  ,the  cent^  of  the  trans- 
formed circle  and  the  ratio  of  the  radii  of  the 'given  and  the 
transfoipmed  circles  equal  to  the  coefficient  of  similarity*     )>  .^ 

Making  use  of  this  property,  it  is  not  difficult  to  prove 

that  a  central  similitude  is  not  only  one-to-one  but  also  bicon- 

tintious,  i..e.,  ifi^  a  topological  transformation. 

6^.    The  ratio  of  the  area  of  a  figure  obtained  by  a  central 
—  p  \  

similitude  to  the  area  of  the  given/figure  is  equal  to  the  square 
■of  tlie  coefficient  of  similarity.'      -\  i  , 


.  If    S    is  the  area  of  the  given  figure  and    S'    the  area  of' 
';      its  image,  then    S'  =  k^tS  .       "  ,  ^ 

The  following  further  properties*  of  ^tentral,  similitudes  are 
inmiediately  obvious. 

'  Any  two  centrally  similar  trianfelesi  have  the  same 

•       \"     .  , 
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orientation;  any  two  corres poinding  p.ngles  in  centrally  similar 
^ — '  '  '  ^ 

figures  have  the  same  direction*  (figs.  186  and  l57). 

8^.    Any  two  centrally  similar  vectors  have  the  same  orienta^* 
'  tion  under- a  direct  similitude  (with    k  >  'Q  )  and  opposite ^orienta-- 
tions  under  an  inverse  similitude  (with    k  <  0  )^  (figs  l86,  18?) . 

In  contrast       the  elementary  transformations  already  studied, 

^  ^under  central  similitudes  (with    k  /  1  )  the  distance  between  two 
—  \  

'  points  jfs  not 'preserved,  : 

•   The  length  of  a  segment  is  not  -an  invariant  of  similitudes 

(if    k  /  1  ),  whereas  the  property  of  being  a  ^segment  is  an 

invariant  property. 
» 

Three  points    ABC  have  an  invariant  namely,  the  ratio  of 
the  distances  of  any  one  of  the  tl^ree  points  to  the  two  others: 

AB 


•A 


■^^pls  invariant. 
Proof:     the  transformation  takes  points    A,  B    and    C  into 
points    A'  B»  C    where    A'B'  =  k^AB    and    B'CX  «  k.BC  . 

The  invariance  of  the  ratio  in  question  follows  from  the 


above,  that  is,  '  .       '  I 

A'B'  AB 

In  particular,  if  the  three  points  are  collinear  there  exists 
invariance  of  the  ratl<^  in  which  one  point  ^divides  the  segment 
Jbounded_by ^ the  two  othe r g .  -  ^  


Under  a  central  similitude  the  sh^pe  of  a  figure  is  invariant, 
but  th^  dimensions  of  the  figure  (if  ^  )    ^"^^  changed^ 

conclusion  we  shill  prove  the^4:heorem  on  three  centers  of 
similarity:  .  *  ^ 
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The  centers  of  almllarlt/  of  three  figures  which  are  palrwlae 
similar  ile  on  a  straight  line. 

Let  ,         >  ^23  centers  of  '^similarity  of  the 

figures  whoae    numbers  appear  In  the  subscripts  (fig.  l88)..  We 
shaljl  denote  by^  s    the  line  '0 
passes  through  point    0^^  , 


'23  ^13  show  that  line  s 


Pig,  188.  .    ^  . 

Let  us  consider  line    s    as  a  part  ^  figure  one.  Since 
line    s    passes  thr^ligh  the  center    O^g/  under  the  similitude  ' 
having  this  center  and  taking  ^figure  one  Into  figure  three  the  V 

idne         goes  over  Into  Itself. 

^  'I 

Now  let  us  consider  llnfe    s    as  a  part  o!*'  figure  three.  The 

T   'i  C  '        '  '  . 

similitude  bavlng  the'  center    0^^    and  taking  figure  three  Into 

figure  two  al^o  takes  lli>e    s    Into  ItseJii/ Prom  this  It  follows 

that  the  line*   s    which  Is  part  of  -figure^  tw6  corresponds  to  the 


same  line    s    as  a  part  of  figure  ono'.    Thus,  the  similitude^  havl|?g 
center    O^g    arld^taklng  figure  one  Into  figure  two  takes  line  s 
Into  Itself.    This  Is  possible  onl^  In  the  case  that  line  s 


f 
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1)  '  .  - 

passes  through  ce^er   0^^  *     ^Q.e.'d.      ^      ^  ^ 

'he  line    s    is  .  called  the  axis  of  similarity  of  the  three 
pairwlse  cfent rally  simiislr  figures. 

As  an  exercise,  define  the  central  similitudes  of 
^  s^ce  and  establish  their  properties,  analogous  to  those 
of  the  central  similitudes  of  the  plaqp • 


7)    If  we  denote  by    SiJ    the  similitude  with  center    OiJ  and 
^    .  taking  figure  -  i    into    figure    J    (i,  J  -  1,  2,  3)    then  an 
implifeit  assumption  in  the  proof  is  that  if    S^g    carries  anj^ 

point    P    of  the'pia^e  into  anoint    P«    and    Sg^   .carries  P« 

into    P"  ,  then    S^^    will  carry    P    into    P"  .  '  This  may  ?ither 

be  considered  as  a  part  of  the  hypothesis  of  the  theorem.  How- 
ever, we  may  consider  the  hypothesis  to  be  merely  that  S^^ 
carries    P    into    P"    when    P    is  a  part  in  figure  1,    That  this 
is  true 'for  an^  poi^^t    P    in  the, plane  will  then  follovf^  easily 
from  the  propositit)n  that  the  sum  of  two  central  similitudes  is 
either  a  translation  or  a  central  similitude  (end  of  46).  - 
Translators  ,  -  ' 


327. 

45.  Similarity  op  circles 

*Any  two  unequal  and  non«- concentric  clrcleg  can  be  regg^^clecl  ^3 
*  ^cenjraliy  similar;  ar?b  this  can  be  doBe  In  four  different  vfaya> 
That  l3  to  say* that  there  exist  'four  central •almllltudea  of  the 
plane  under  which  one  circle  la  transformed  into  the  othg r. 

In  order  to  find  a  central  almlljjbude.  it  la  neceaaary  to  dla- 
cover  its  center  and  Ita  coefficient  of  almllarlty;  for  this  it  la 
aufficient  .to  know  the  end-polnta  of  two  parallel  correaponding 


aegmenta  having  the  aame  or  oppoalte  orlentatlona 

^  Let  S-^  and  "  Sg  be  the  centera  of  two  unequal  circlea,  the 
radii  of  w^hlch  are    R^    and    Rg    {/Ig,  I89) 


'    '      '  '  '  Fig. ^189.        .     \  ' 

If  the .  re^iu Jred  tranaformationa  are  to  ti*anaf6rm  the  firat 
^  /  ,    *    /  • 

circle ''into  the  aecond,  then  th^  Coefficient  of  similarity  mjiat  be' 

 .  '  '  k  ^  V 


In  order  to  find  the  centers  of  the  required  sir^jj^litudes,  we 
draw 'the  diameter    A^A'g    of  the  second  circle,  and  parallel  to  it 
V  the  radius    S^A-^    of  the  first  circlp^;    Regarding    k-^^   and    Ag  as 
corresponding  points  under  the  required  similitude  we  find  the 

ERIC  '  '         "^^^  ;  ^ 
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Center*   0^  .  of  the  similitude  as  the  Intersection  of  the  l,ihes 
'  A'^Ag    and    S^Sg    ,     If  and  are  regarded  aS  correspond- 

ing^points,  the  center  of  similiarity  will  be  point    0^  .  ' 

We  have  thus  found  four-  central  similitudes  which  transform 
one  of  the  given- circles  into  the  other.    The  first  transformation  ' 
with  c^enter    0^    transforms  circle    (S^)    iiito    circle    (S^)  ;  its 

coefficient  of  similarity  i.s  ^  .    The  second  transformation, 

^1  '  • 
with  the  same  center-  0^    but.  with  the  coefficient  of  ^similarity 

kg  «»    1    ,  transforms  circle    (Sp)    into  circle    (S,)  .  Sfn  exactly 

the  sam4  way-  there  are  two  transformations  with  center    O2  trans- 
^nning  the  first  circle  into  the  second  and  vice  versa.  ' 

Point    0^    is  the  exterior  center  of  similarity  of  the  two 
Tlh.TClBB;  point    Oo    is  the  interio^ center  of  similarity. 

If  the  centerB    0^    and    0/   of  the  circles  coincide,  the 
^common  and  unique  center  of  thevtwo  centraJ  similitudes,  inverse 'to 
each  other,  which  transform  these^cpncentric  circles  one  into  the 
♦other  will  coincide  with  the  common  center  of  the  two  circles  and 
the.  coefficients  of  similarity  will  be:^ 

It  follows  from  the  one-to-one  property  oycentral  similitude 


transformations  that  tangents  drawn  from  tt)e=^xt^rlor~ center  of" 
similarity  of  two  circles'"  to  jone  o<£--the  circles  ai:e  also  tStngent 
to  the  oth^  circle.^  The  same  statement  holds  good  relative  to 
the  interJ.C|r  center  of  similarity,  p^^iding  that  this  center  does 
notHie  within  either  of  the  given' cii;»cles  (fig.  169).' 
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From  the  theorem  on  the  three  centers  of  similarity  presented 
^in  U6  thero  follows  the  theorem  on  the  six  centers  of  similarity  of- 
.three  circles.    »         ^         .  ^  . 

If  the  centers  of  three  circles  no  twd"  of- which  are 'equal  are 
not  collinear,  then  the  six  centers  of  similarity  of  pairs  of  these 
Circles  lie  in  sets  of  three  on  each  of  four  "'straight  lines. 
(fig.  190).    The  proof  is  left  as  an  exercise  for  the  student. 


it 
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4 

ir\  the  diagram  the  six  ^centers  of  similarity  are  desijsnated 
toy  letters  with  appropriate  subscripts:  O^-g*         $         '  ^*12  , 

-The  /our  lines  on  each  of  which  lie  three  of  the  centers  of 

similarity  of ^the  three  circles  are  called  the  axes  of,  similarity 
of  the. three  circles.  - 
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THE  GROUP  OF  SIMILITUDE    TRANSPORMATI(»iS  WITH  A  COMMON  CENTER 

The  set  of  all  central  almllltudes-^f  the  plane  uhlch  have  a 

»   \ — 5  '  T 

common  center    0    constitutes  a  group* 

Proof:    the  sum  of  two  such  transformations  with  coefficients 
and    kg    and  common  center    0    will  be  a  similitude  with  the'^.,- 
coeffrcient    k  «  *^i**^2  center,  since 

/       '  0M«  •«  k^.QM  ;  OM"  »  kg*OM»  -  k^^k^^OM 

and  the  points    0  ,  M  ,  M«  ^  and    M"    are  collinear. 

•  The  requirement  of  the  existence  of  a  neutral'^lement  is 
satisfied:    the  identity  transformation  is  the  similitude  with 
coefficient    k  «  1       The  requirement  of  the  existence  of .  an 
inverse  for  each  element  is  also  satisfied.    The  central  aflmilitude 
with  coefficient    ^  i«  inverse  to  the  similitude  with  co- 

efficient   k,    and  the  same  center   0,'  Thus,  all  the  requirements 
for  a* group  are  satisfied  and  the  assertion Cis  proved. 

'  The  group  of  similitudes  having  a  common  center  is  isomorphic 
to  the  group  of  alf  non-aero  real  numbers,  with  respect  to  the  . 
^opejffation  of  multiplication.  , 

if  to  every  similitude  with  center    0    and  coefficient    k  /  0 
is  assigned  the  number   k  ,  a  sum  of . similitudes  will' correspond 
to  the  product  of  the  numbers  assigned  to  each  of  the  similitudes 
added*    This  isomorphism  shows  that  for  the  group  of  similitudes 
with  a^ common  center  it  is  more  gonveiiTent  to  employ  the  terml-  , 
nology  6f  multiplication  (20). 

The  set  of  all  possible  central  similitude  transformations  in 
a  plane,  with  al'l  points  of  the  plane  as  centers,  does  not  const i^ 

,- — ' — J-       "  .     ■  \ 
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.^tute  a  group.    In  order  to  verify  t^ia  it  itf  aufficieift  to  find 

even  one  example  of  a  sum  of  tvip  transformations,  elements  of  this 2 
1^  set,  which  is  aot  a  central  similitude;  since  this  ^^Id^^^ 
the  requirement  of  cl6su3?e  of  the  ,operatlon,^of  .additioif^w^nQ 
satisfied.    It  is  in  f^ct  easy  to  find  two  c^entra!  similitudes,  ; 
elements  of  this  set,  whose  sum  is  a  translation  and -therefore  not 
a  central  similitude.  > 

Let  there  be  given  an  arbitrary  translation  in  a  plane,  trans- 


it^ 


storming  points    A    and    B    respectively  intp  poiiits*  A"  ,  and  ,B? 
Let  us  select  the  center   0^^    of  a  similitude  which,  as  ^  \ 
\y    indicated  in  figure  I9I,  wi|^  take  points    A    an^    B    into  points 


V 


Or 


Point    0^  ,  the  interseCjtion  of  lines    A 'A"    and   B»B"  ,  will  be 
the  center  of  a  second  similitude  which  takes  joints    A'    and  B< 
respeptiVely.  into'^points    A"    and  »  B"  .    The  irequired  similitudes 
have  been  constructed,         q.e^d.      *  ^ 

s      Proposition.*  The  sum       two  similitudes  with  coefficients 
and    k^    is  a  translation  when    k^k^     1  ^  and  a  similitude 
ttuns formation  otherwise.  ^ 

-  Proof ;^  Let  ,  be  similitudes  with  coefficients  k^  , 
Jt^  ,  and  let  +  Sg    be  their  sum.    Let    A  ,  B  be  any  two 
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»  * 

points^    A*  ,  B'  ,  their  images  under  and    A"  ,  B"  the 

images  of  A'  ^  B«  under  Sg  Then  the  segments'  AB  ,  A«B«  and 
A"B"    are  parallel  and    A"B"  -  k^k^  AB  .Vlf    k^kg  »  1  then 

m  7^  ;  hence    AA^»  ^  ,  and    S3    is  a  translation.  If 
•  k^^kg  /  1    then  lines  AA"    and    BB"    intersect  at  a  point    0*';  We 
shall  show  that  .  0    is,  fixed  under  the  transformation   S3    .  For,^ 
if    0"    is  the  image  of    0    then  the  segment    0"A"    is 'parallel .to 
OA  '  and  since   A"    lies  on  line    OA    so  must    0"  .    Similarly  0" 
lies  on  line.  OB  .    Therefore,    0-0"  .    We  shall  now  show  that 
.any  line  passing  through    0    is  transformed  into  itself  by    S3  . 
F6r  let    P   ^e  any  part  and    P""  its  image  then  the  image  of  the  ' 
segment   OP  .  is  the  ""segment    OP"    which  is  parallel  to  it  and 
passes  through    0  .    Hence    P'    is  collinear  with    0   and    P' . 
Furthermore,    OP"  »>lc,k^.OP    .    This  shows  that    S3    is  a  central 
Similitude,  *      '-^  " 

If  we  describe  the  grojap  operation  in  the  multiplicative 
instead  ot  additive  terminology,  thenlJjiatea^  of  the  sum  we  have 
to  speak  of  the  product  of  central  similitude  transformations  ♦ 
^        It  is  suggested  as  an  exercise  ^hat  the  student 

examine  thjrT)roperties  of  central -similitude  transfpftwi-^ 
.         tions  of  space,  which  are  analoj^ous  to  the  properties  J>f 
i         central  similitude  transformations  In  th*  plane  Just. 

studied.       .       .  <p 
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^7.-  THB  GENERAL  CASE  OP  THE  SIMIIARITY  OP  PIQURES  IN  THE  PLANE 

Let  UB  consider  the  one*t9-one  transformation  of  the  prane 
intd  itself  possessing  the  property  that,  if    A»    and    B'    are  the 
Images  of  €Wo  points    A    and    B  ,  the  ratio  of  segment    A'B«  to 
segment  .AB    is  a  constantr  for  ^11  li^irs  of  points    A    and    B  in 
the  plane:  V 

A  IB' 

-^g —  =  k  =  const. 

The  constant  ratio    k    is  called  the  coefficient  of  similarity. 
The  mapping  itself  is  called  a  similitude  transf ormation^  or  simply 
a  similitude.  *  ^ 

'  •  That  such  transformations  .exi^st  may  be  shown  by  means  of 
^uaplas.    Any  motion  in  the  plane  ^  is  seen  to  be  a  similitude 
transformation:,    its  coefficient    k  »  1  .    Any  central  similitude 
with    k  >  0    is  likewise  a  similitude.    The  identity  transformation  ' 
of  the  plane  is^a  similitude. 

We^  shall  consider  some  properties  of  similitudes. 

Is    Under  a  similitude: transformation  a  line  in  the  plane 
goes  over  Into  a  line,  that  is,  colllnear  points  are  transformed 
Into  points  whlc^  are  likewise  colllnear.  ' 

In  proof,  let  point    C    lie  on  thq  segment    AB    and  let  the 
Images  of  points   .A  ,  B    and    C    be    A'B«    and    C»  ',    Prom  the 
^definition  of  similitude  we  have: 

  A«C«  :  AC  «  C«B«  :  CB  -  A«B«  :  AB  *, 


whence 


'  (A^CC^f  C«B«)  :   (AC  +  CB)  «  A«B«  :  AB 


/  ^  • 
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Thu8,  from 'the  equations 


AC  +  CB  *  AB 


It  follows  that 

A»C«      C«a«  =:  A«B«  . 


^  But  the  last  ectuation  Is  true  only  on  the  condition  that       ;  . 
point    C»  lies  on  the  segment    A'B'  i      q.e.d.  '  ^  * 

,  ^       It  follows  fTOm  the  foregoing  that:  ^*  * 

2.  A  segment  is  transformed  by  a  similitude 'into '^a  segment; 

(  , 

a  ray^  j.nto  a  ray;  a  half-plane  into  a  half-planer  an^  angle  into 

an  angle,  ^    *  j  ♦  ^. 

3.  "  The  angle  between  two  lines  is  an^  invariant  under  ^  simil- 
iiude>  *  I  ' 

jThis  follcfws  f^m  the  fact  that  under  a  dimilitude  any  tri- 
angle*  ABC  '  ds  transformed  int9  a  triangle    A'B"C/    similar  to 
the  first  since  by ^EHe^  definition  of  similitude  transformations  we 
have  /  \  *  ,  ' . . 

A*B«  ;  B«C«  :  C«A'V«  AB  :  BC  :  ^A  .  ^  * 
^        Th6  following  property  pertains  to  the  construction  of   .     ^  ' 
similitudes.  ,  .  ^ 

4.  A  similitude  is  completely  determined  by  ^ving  two  pairs 

of  corresponding  points  and  the  orientation  of  the  image  of  ajhy 

1)  ^ 
triangle.    '  ^ 

 ^  ^  ^  \  ^  , 

1)    In  th§  following,  we  take  for  granted  the  following  property 

of 'similitudes:    a  similitude  of  the  plane  either^preserves  the 
orientation  of  all  triangle  or  jpeverses  the  orientation  of  all 
.triangles.  —  Translators. 
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Let    A'    and    B'    be  the  images  of  pdlnts    A    and    B  (fig. 192) 


7^ 


.   ^  *  Fig.  192,^ 

The  coefficient  of  jsimixarity  is  determined  by  the -relationship - 

4  '  • 

Let'^us*  construct  the  "image  of  aa  , arbitrary  point    M*  as  the 

vertex    M'    of^  a  triangi^  A>B>M»  ,  -which  is  similar  to  triangle 

ABM    if,   M    does  not  lie  on  line    AB  .    If,  triang^les   -AMB    and*  * 

yA*ll<B«^  have  the  same  orientJation  we^have  a  proper  similitydej  . 

•nith  opposite  .Orientations  we  have  a^miiror "similitude. 

*  •        >   — 

^    *  The  relationship   -  •  ^  ' 


^A«M< 
AW 


B«M» 
BM 


^eEpws  also  how  to  cdnstruct  the  image    M"    of  point    M    in  the 

.case  in  wiiich    N  »li68  on  Ijjie    AB  . 

V  The  construction  of  correspon(^ihg  point s^ -under  a*  similitude ' 

has  thus  been  indicated-.    From  the  cons-t ruction  it  follpws  also  ' 
i   ^that  ^a.  almij.itude^is  uniquely  ^determined  by  giving  two  pairs  of- 
^    co««8ponding  joints  apd  th^'  pre'serv'ation  or  reversal  of  the 

oriexttation.    Furthermore,  it  ,is  clear*  that  kny  two  pairs  pf  qor- 
.   responding  poihti  under  a  similitude  <iompletely  determine  thl6 

tranaformation  if  orientation,  is  pres6;?ved.-.  \. 

^   »     Two'  figures  In  a  plane  are  similar  if  one\cah  be  Vranst^orme^ 

Into  the  otJfiii^  .by  a  similitujje.* 


Corresponding  pointja  under  a  similitude  are  called  analogous 

points.         .      -  '  * 

Corresponding  se^nts,  lines,  etc.  of  two  similar  figures 
are  called .similiax  lines,  similar  segroentSt  etc."* 

5^    Every  proper  similitude  which  is  not  a  motion  or  a  central 
similitude  is  the  svmv.of  a  rotation  of  the  plane  about  some  point 
O^and  a  central  similitude  with  its  center  at  that  point. 

Note  that  in  such  a  case  the  point    0  *will  be  a  fixed  point 
undei?  the  transformation,  that  is,  it  will  coincide  with'  its  image. 
VTe  shall  give  a' method  of  f^jidlng  the  fixed  point  which  will  at.the^ 
same  time  enable  us  to  find  the  rotation  and  the  central  similitude,, 
the  sxim-of  which  will  be  the  given  proper  similitude. 

'     Let  us  suppose  that  <>0    (fig.  193)  is  the  required  fixed 
.point  of  the,  similitude  determined  by  the  two  pairs  of ' correspond-* 
ing  points 

A— >A«    anb    B^^B^  .  \ 


Fig..  193. 


Fig.  19!i. 


Since  by  assumption  the 'given  sllllltude  Is  not  a^motlon  and  not  a 
^  central  similitude^    A«B«  j(  AB    and  the  segment    A^B»  'is  not  paiv 
allel  to  *the^  segment  .  AB  .  •  ^  -  y 

'  Let    S    be  the  point  of  intersection  of  lines    A*B«    and    AB  . 
Triangle    0A«?*    is  similar  to  trlkngie  '  OAB.  Consequently, 
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/  OAS  •  ^OA'S  ;  but  thia  means  ttwit  the  ^our  points    0  ,  S  ,  A' 
and    A    lit. on  a  circle.    Similarly^  the  points    0,^  S  ^  B    and  B* 
also  lie  on  a  circle.  '  ^ 

Thus,  the  fixed  point    0    is  a  point  of  intersection  of  the 
circle  pa^saing  through  points  .S  ,  A    and    A'    with  the  circle 
passing  through  points    S  ^  B   and    B*  •    The  given    imilitude  is 
the  sum  of  a  rotation  about  center   0    through  the  angle 
^  •  Z^AOA '    plus  a  central  similitude  having  the  same  center  0 
and  the  coefficient    k  - 


.      .      .  AB  • 

The  analysis^ of  the  case  in  which  the.  fixed  point    S    and  the 

point 'of^  intersection    0    coincide  la  suggested  as\in  exercise. 

In  order^  to  avoid  such  a  coincidence  it  is  auffj.c^nt  to 'take  any 

other  corresponding  points  distinct  from«  say^    B   and    B*  .  The 

theorem  ^a  pro\jed.  ^  '     ^  ' 

^      At  the  aame  ^blMje  it  has  b.een  shown       that  under  every  proper 

Similitude  ojp^  the  plane,  which  Jja  not     translation,  the>e  exj^ts  a^ 

^mique  doubJLe  point    0  .  '       ,  ^ 

1),  .Although  what  the  author  seems  to  have  given  is  a  i>rocedure 
for  finding  the  fixed  point    0  .  on  the  assumption  that  it  exists, 
the  student  will  find  after  a  little  reflexion  that  we  have  here 
.also  a  proof,  that  a  fixed  point  does  exist.    Thus  if  the  circles 
determined  by  3  ,vA  ,  A^    and    S  ,  B  ,  B'    interliect  in  a  second 
point    0  ,  it  is  easy  to  see  that  the  triangles    OAA*    and  OBB* 
have  corresponding  angles  equal  and  the  same 'orientation.  Hence' 
the  point    0    coincides  withvits  own  image.    If  the  circles  deter-* 
■mined  by    S  ,  A  ,  A'    ^nd    S  ,  B  ;  B''   intersect^.only  at    S,  ,  it 
is  easy- to  show  that 

.  i  ^  .         SA«    A'B«  ^ 

SA  "  "AB" 

,  which,  in  turn,  may  £)e  used  to  derive  that  ^S    coincides  with  its 
image.    Thus,  in  all  cases,  a  fixed  point  exists  und^r  a  pz^^or 
similitude.  —  the  Translators.^  '^^^ 
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6.  Every  mirror  similitude  transformation  which  Is  not  ^ 
motion  of  .the  second  kind  Is  the  aiom  of  a  central  slmlJttude  about" 
ao;^  point  .  0    and  a  reflexion  about  a  llnd  passihg  through  tjt>at' 
poli^t ,  *      -  "  ' 

Let    0    be  the  center  of  the  required  similitude  (fig,  194). 

Since  line    OA'    must- be  symmetrlcJsil  with  line    OA    and  line^  OB^ 

with    OB  ,  the  axis  of  symmetry        must  bisect  the  angle    0  In 

triangles    AOA'    and    BOB*  ,  and  consequently  must  pass,  through 

points        and    Q    which  dArlde^the  correspondjj^  segments  AA' 

and    BB»    Irv  a  ratio  equal  to  the  coefficient  of  similarity    k  : 

A^P      OA.*     A'B*       .    .  B2«      0B»  A<B' 
•      PA  '  OA        AB    *  ^  '  oF"  "aB^  "  *^  • 

*N        Taking  segment  symmetrical  with    AB  ^about  axis   ^  , 

we  find  center    0    as  the  point  ©f  Intersection  of  axis  JL  with 
line    A^A'  .  ♦        .  \       ' .  . 

^  The  Investigation  of  the  case  when  lines        and    A-^A'  are 
parallel  is  suggeeted  as  an  exercise.  ^  ' 

It  follows  from  property    6    that  under  every  mirror  simili- 
tude of  the  piarie^  which  is  not  ,a  motion  there  .exist  a  double  point 
0    and  two  mutually  perpendicular  double  lines  Ji    and    m'  passing 
through  point    0  (fig.  194).  '    .  '  ^ 

7.  'The  set  of  all  proper  similitudes  of  the  plane  constitutes 
,a  group, 

l)    Here  also,  the  authors  seem  to  begin  by  assuming  that  a  fixed 

point  and  an  axis  of  symmetry  exist  'and  merely  gives  a  procedure 
for  finding  .them.    The  student  should  prove  Jiiiat  the  point  0 
determined  by  this  procedure  Is  a  fixed  point,  and  the  line  X 
la  ,an  axis  of  symmetry.  —  the  Translators. 


Motiobs.  of  the  second  klftd  constltute^a  subgroup  of  this 


group.  , 

L8.    oaie  set  of  all  similitudes  of  the  plane  constitutes  a. 
up.  * 

The  proper  slmllltude€  form  a  subgroWo^"  this  grdup.    The  ^ 
set^  of  mirror  similitudes  Is  not  a  group.  4     '  v. 

The  set  of  all  motions  of  both  the  first  and  second  kinds, 
l,e.,  the  9et  of  all  orthogonal  transformations.  Is  also  a  sub- 
group of  the  group  of  similitude  transformations. 

The  detailed  proof  of  these  last  assertions  Is  sugge'sted  ai  , 

an  exercise.  ♦ 

^         ^The  group    of  similitudes  Is  precisely  that  group  the  Invar-, 
lapts  of  which  ~  ahd  the  Invariant^  of  whose  subgrbups  —  are  < 
studied  m  efementary,  geometry.    We  note.  In  particular,  that  two 
ijglnts  have  no  Invariant  under  similitude  transformations.  Three 

•"^^ points    A  ,  B  and  C    have  an  Invariant.    This  Invariant  Is  'the 

ratio  of  the  distances  of  one  of  the  three^ points  from  the  other 

 —  / 

two    :    ^   la  invariant  :*  const.  - 

If  th^e  points  are  colllnear,  this  Vnvs^rlant  of  the  three 

poSr^tft  ls»  the  ratio  In  which  one  point  divides  the  sisgmtent  bounded 

th& other  two.  ^ 

-  Analogously  to  the  case  of  the  plane  Just  consldered^lt '  Is 
^eass^io  establish  the  properties  6f  slmllltude^transf dn^tlbns  of 
space  Into  itself. 

'in  conclusion,  we  shall  point  out  that  the  group  ol^lmlll- 
tudes  la  only  a  subgroup  of  the  broader  group  ^  afflne  transforma 
tlons.    Orthogonal  transformations  and  similitudes  are  afflne. 
The  stretchings  conslde'red    in  I9  are  al^o  affine  transformations. 
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The  general  deflnltnoi\  of  an  afflne  tranaf ormatlon  of  space  4a 
as  follows:    a  one-to-one  mapping  of  space  onto  Itgelf  Is  said  to 
be  afflne  If  every  colllnear  triad  of  points  1,8  mapped  Into  a^ 
colllnear  t^^lad  of  points.    That  such  transformations  exist  Is 
shcJ'wn  by  the  examples  given*.    Starting  f^rom  this  definition,  we 

can  obtaln'all  the  properties  of  afflne  transformations, 

'         it  ■  '  ' — '  ' 

viTlTtf^'set  of  the  afflne  transformations  of  space  Is  easily  seen 

to  constitute  a  group,,  known  as' the  group  of  afflne  transformations. 

The  study  of  ^-the  ^Invariants  of  this  group  of  transfoj?i^tlon3  and  of 

the  properties  of  the^rou]^  Itself  forms  the  content  of  afflne 

f21 1  ^^^^^         '  ' 

:  geometry,  ^     -      ,  "  . 

In  this  geometry  there  Is  no  notion  of  angle,  of  length,  no 
ratdo  jDf  non-parallel  segments,  no -notion  of  area,  since  all  these 
magnitudes  are  not  Invariants  of  the  afflne  groupof  transfdrmatlons* 
The  ratio  9f  parallel 'segments  and  the  ratio  of  ai*eas  ai*e  invar- 
iants,   ifhe  study  pf  afflne  geometry  Is  ouSslde  the  scope  of  the 
"present  text. 
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46.'    THE  METHOD  OP  SIMILITUDE  IN  THE  SOLUTION  OF '  • 
CONSTRUCTION  PROBLEMS 

The  method  of  similitude,  lil^e  tli^e  methods  involving  the"  other 
elementary' transformations,  is  often  useful  in  solving  many  con- 
struction problems.    Namely,  it  is  sometimes -easier  to  construct  a 
figure,  or  part*of'  one\  which  is  similar  to  the  required  figure. 
This  may -be  the  cas^,  for  example,  when  one  part  of  the  conditions 
"'bf  tlie  problem  determines  the  shape  of  the  required  figure  .and 
another  part  determines  its  size.    Setting  aside  the  second  part  of 
the  conditions,  we  proceed  to  construct  a  figure  similar  to  the 
required- one.    The  construction  of  similar  figures  amounts  in  prac- 
tice'to  the  construction  'of  centrally  similar  figures  (44  and  4?)  * 
Problem.    To  inscribe  a  square  in  a  triangle.  * 
We  construct  the  square    BCDE*  'on  the 'side,  BG    so  ^hat  Vertex 
A    and  the  constructed  square  lie ^an  opposite  sides  of  the  line  BC 
.(fig'.  195)* 


Fig.  195.  ... 

The  required  square    B»C»D»E»    is  centrall^y-Bimilar  to  square 
BCDA  ,  the  center  of  similaritjf  being  point    A  .    Prom  this^J;he 
construction  of  'the  required  square,  becomes  olear.   -  ^ 


Problem^.    In  a  given  triangle    ABC    to  Inscribe  a  second' 
triangle  whose 'sides  are  parallQj>- to  the  given  lines    u  >  v  and 
^(rig.  196).  .\  \ 


We  draw  arbitrarily  a  line  MN  parall^  tu  line  u  and 
Intersecting  sides  AB  and  AC  '  of  the  given  triangle  sTt  M  and 
N  .  Through  points,  M  and  N  we  draw  lines  ML  a^d  NL  ,  res- 
pectively parallel  to  lines'  v  and  w  .  We  mark  point  L' \>.,the 
Intersection ^o^yllne  AL  with  side  BC  .  The  required  triangle 
M^L^'N^  is  similar  to  triangle  MLNjwlth  the  center  of  similarity 
at  point    A  . 

Problem,    Qlven  three  lines,    a,  b^  and    c  »  passing  through 
point    (X   (flgli  iltf). 


A 

c 

,  Pig-  197.       .  ,  Fig.  198. 

•  To  describe  a  Qlrcfde  tangent  to  line    a  ,  having  its  center  on^' 


N-Jinp    b    and  cutting  off  on  line    c    a  chord  of  a  given  length 
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Prom  an  arbiti3^?7>oint    S    on  lii^    b    as  center,  we  draw  a 
.    circle  of  radius    r    tang?nt  'to  line    a  .     Let    AB  =  m  >  be  the 
'  ,  Segment  cut  off  by  this  circle  on  line    c  .    The  required  circle, 
with  centlr    S'    and  radius    r'  ,_is  one  similar  to  the  first 
circle,  the  center  of  similarity  being  ^t  ijoint    0    and  the 
coefficient    k  the  radius    r'  =  k-r 

<  Problem.,  •  To  construct  a—tr:] 

In  the  first  place  we  note  W  the  altitudes  of  any  triangle 
are  inversly  proportional  to  the  cort^spondiAg  ^ides: 

^In  proof  9f  this,  we  .have  the  following  expression  fo^r  twice 
the  area  of  a  triangle: 


/ing  given  it^  altitudes 


whence 


ah. 


bh. 


ch 


2S 
a 


2S  , 

2S  .•  2S  1. 


1_ 
b 


c 


In  exactly  the  same  May>  the  Equation., 
r 


a  :  b 


^a ;  ^ 


holds  good.  '  '  ■.. 

With  this  in  i^nd,  we. construct  a  triangle  the  sides  of  which 
are  equa^  to  the  altitudes  or  ,the  required  ^riangle:    by  what  we 
have  just  proved  we  have  for  the  altitudes  of  the-' constructed 
,  triangle  the  expression' 

'  h«     :  h'v.  :.  h« 


1_  _1. 
-J'a  -  ^ 


»  a      b  :  c 
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This  means  that  the  required  triangle  is  siiifilar  to  the  tri- 
angle whose  sides* are  the  altitudes  of  the  triangle  with  sides 
ha  '  \    and    bj.  .• 

# 

The  construction  of  the  required  triangle  follows  from  this'. 

^onstruct  a  triangle  with  sides    h^  ,  h^  ,  h^    and  having  found 

its  altitudes    h»    ,  h'r    and    h'      we  construct  triangle  A'BC' 
a         D  c  i 


with  sides  equal  £o  these  altitudes  and  then"  enlarge  its  dimensions 

\ 

by  means  of  a  similarity  with  center  at  point    B  ,  as  shown  in 

^fig.  198-    The  construction  also  makes  evident  the  condition  for 

the  possibility  of  a  solution  to  the  problem: 

+  h,   >  h^  / 
a       b  ^    c  ^ 

Further  examples  and  es^ntial  problems  for  independent 

work  are  to  be  fiDund  in  the -book  Jby  I.  I.  Aleksandrov  ad'ready 

mentioned.  , 


/ 


/ 


i 

i 


Chapter  ^ 


INVERSION 


In  Chapters VIII  we  study  inversions  of  the  plane 
and  of  space,-  In  51.  the  application  of  inversic^  trans- 
formations to  the  solution  -of  geometrical  canstf»uction 
problems  is  considered^  and  in  connection  with  that  the 
question  is  answered  '^s  to  the  possibility  of  solving 
with  the  aid  only 'of  compasses  which  can  be  set  without 
restriction  as  to  radii  all  construction  problems  solv- 
able with  compasses  and  straight-edge.    In  the  selection 
of  examples  those  problems  are  examined  which  will  be  of 
basic  importance  for  the  interpretation  of  the  geometry 
^  f  Lobachevskii,  to  be  studied  in  Part  IV, 


Among*  the  invariant  properties  of  figured  under 
inversion  transformations,  emphasi>5is  given  to  those 
properties  having  the  greatest  importance  for  th'e  'study 
of  Lobachevskian  geometry.'  ^  ^       "       ^  . 

^  /49.     INVERSIONS  IN  THE  PLANE 

Let  there  be  given  a  circle  with  center"*  0    and  radius^  R,^  ^ 
Point    M»    is  said  to  be  inverse  to  point    M    with  respect  to 
the  given  circle  if:  j 

1)  points    0,  M -and  M'    lie  on  the  same  ray  issuing' from  the 

cenl^er    0;  ^  .  ,  ^'  • 

2)  the  following  equation  Holds:  ^  '    •  -  ^  -  ^  ^  ^  ,  ^ 

OM'.OM  =  R^.  -  '  ' 

<  The  point  inverse  to  poin?  M'  will  in  turn  be  point  M,, 
Hence  points  m'  and  M»  are  said  to  be  inverse  to  each^ other 
with, respect  -to  the  given  circle. 

-  A  transformation  of  the  plane  under  which  to'eabh  point    M  ^ 
there  is  assigned  its  inverse  point  ,M»,is  called^  an  inversion  of 
the  plane  with  respect  to  the  given  circle,  or  simply  an  Inversion. 
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The  given  circle  jrs  called  the  circle  of  invepaionj  its  center, 

3     the  center  or  pole  of  inversion;  its  radi\jC  the  radius  of  inv^^ionr 

the-  square  of  the  radius,  the  degree  erf  inversion. 

Two  figures  which  correspond  to  each  other:  under  an  inver^lon^  ^     . ' 

are  said  to  be  inverse  to  each  other.  %  *  \, 

The  pole  of  inversion  has  no  inverse  point,  and  for  thi^'  reason  ^ 

9>n  invet-sibn  is  not  a  one^t'o^one  tran^.ormation  of  ♦the  plarie  into 

itself.  ^  *  ^ 

We  have  already  encountered  such  a'  phenomenon  in  studying  the 

stereographic  projection  of  the  sphej:»e  onto  a  plane  (17.  f. 

^  In  what  follows  we  shall  be  deling  with  a  pl^ne  "punctured  ^'J' 

at  the  pole,  that  is,  a  plane  with  point    0  removed/ 

An  inversion  i&  a  one-to-one  mapping  ontb  itself  of  the  plane 

punctured  "^at  the  pole  of  inversion. 

One  considers  'also  the  transformation  known  as  an  inversion  of  ^ 

v-negative  degree    -R^,  by  which  is  jofiderstood  the  sum  of  an  inversion  '  ^ 

.of 'degree  and  a  symmetry  about  the^pole  of  the  inversion.  ^  ^ 

Prefixing  the  signs  plus  'or  minus  to  oriented  segments  of  an 

-  -  >  axis  passing  through  the  center  of  inversion    9,  we  can  wi€te  for 

points    y[    and    M«    under  an  inversion  of  negative  degree  the'' 

*  i 

equation     i  ^ 

"  ^  '  .  OM«.OM  =  -R"^.  '  ^  /  • 

.  An  Inversion  of  negative  degree  does  not  have  a,  circle  con- 
sistirig  of  double  points.    The  circle  of  inversion  remains  invar-. 
\'  its  points  do  not  preserve  their  original  position. 

Hereinafter  we  shall  be  speaking  of  inversions  of  positive  degree 
unless  the  contrary  is.  stated. 

\ 
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As  an  .exercise  it  is  suggested  that  for  each  property  of  , 
inversions  studied  hereinafter  the  student  should  formulate  and 
prove  the  corresponding  property  fqr  inversions  of  negative  deg^e. 

Wes^  shall  give  methods  for  the  construction,  of  the  inverse  ^ 
point  M«  of  any  point  ."M  once  the  pole  and  cirdjLe  of  the  inver- 
sion are  known.       '        .    '      '  /  * 

1.  The  following-  con^t'ruct^on  takes  thejilef inition  of  • 
reciprocally  inverse  points  as  its  po^Lnt  of  departure:  X  ^ 

a)  Suppose  point    M    to  ]^ie  inside  the  circle  of  inversion. 
We  draw  through    M,  perpendicular  to  the  ray    OM,  a  chord,  T-^^T^, 
of  the-circle  of  inversion  (fig?  199).    We  construct  the*tangents  ^ 
T-j^M«    and   T^M*    to  the  circle  at  the' endpoints  of  tMs  chord.  ,The 
point  which  these  tangents  intersect  be  the  point 


inverse  to  point  M. 


Fig.  ^199.  ^ 

.    The  closer  point    M    is  to  the  pole    0,  the  farther  away  will 
be  its  inverse  point    M^'^if  the  center    0    is  taken  as  point  M, 
the  tangents  at  the  ends  of  a  diameter  wil^  be  parallel  and  have  no 
point  of  intersection.    The  closer  "point  ..,M^is^  to  the  circTe^'of 
inversion,  tha;^ closer  to  this  circle  will  the  inV^erse  point    M«  be 
also.  '  '  •  ^  /  .     *  ' 


*  '  ''^  r*  r» 


.  Every  point  P  of  the  circumference  (fig.  199)  is  seen  to  be 
fixed  upder  ^the€inv§rsion  of  the  plane,  since    OP»OP  =*  R  . 

b)  Suppose  point    M\  td  lie  outside  the  circle  of  inversion. 
Since  the  image  of  points  is  point    M,  the  same  construction, 

performed  in  the  opposite  ord^r,  will  yield  the  required  point. 

We  draw  from  the. given  point  M»  (fig.  199)  tangents  MT^ 
and  MTo  to  the  circle  of  inversion  and.  Joining  the  points  of 
tamgency  and^^.Tg,  we  find  the  required  point    M    as  the  mid^ 

point  of  this^chord,  * 

Before  presenting  a  second  method  of  constructing  inverse 
points  we  shall  prove  the  following  lemmas: 

Gc)  If    A,  'A*^  atnd    B,         aye  two  pairs  of  reciprocally 

inverse  points  atnd  the  points    0,  A    and    B    are  not  collinear, 

the  triangles    QAB    and    QB>A.>  (O  being  the  pole  of  inversion)  are 

mirror-^similar, 
_  •       *  . 

-By^-the  definition  of  inverse  poinjbs,  -^0,- A — and--A_! — lie  .on  _ 

one  ray,  as  46    0,  B    and    B»    (fig.  200),'^and 

'  ^        ^         '  OA».OA  =       J  0B».OB  =  R^. 

Consequently,  in  the  triangles    OAB    arid    OA»B»,  having  a  common 

angle  at    0,  , 

.  '   1  0A»    OB'^     •  , 

c 

which' proves  the  proposition.      . -  ^ 

'*  ^  * 

The -converse  proposition  is  also  true,  ,as  cam  be  verified  » 

 ^   '     *  .  ' 

without  difficulty.  " 
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If „ triangles    OAB    and    OB'A',  with  the  angle  .0    in*.  ^. 
common^  are  mlrrqv--slmllar^  then  the  pairs  of  points    A,  A<  and 

B.'    are  pairs  of  Inverse  points  under  an  Inversion  having  .  0  as 
its  center,  ^         '  /  ^ 

Prom  the  foregoing  It'  follov/s  alsq  that  a  circle  may  be  clrcum»* 
scribed  about  the  quadrilateral  AA^B*B> 

•  2.  If  the  pole  of  Inversion    0    and  one'^alr  of  reciprocally  ^ 
Inverse  points    A    and    A«    are  given,  the  constinictlon  of  a  point 
Inverse  to  a  point    B,    Is  performed  as  follows. 
We  draw  ray    OB    and  lay  off  on  It  the  segment    OA.    equal  to 
segment  OA    (fig.  200).    On  ray    OA    we  lay  off  segment    OB^  ^^^^ 
to  segment    OB.    Drawing  from  point    A«    a  line    A^<    parallel^ tb 
line    B.At  ,  we  find  the  required  point    B«    as  the  lntersectlon> of 
lines    AtB»  •  and  OB. 


Fig.  200.  '  ,        ,  \ 

The  construction  Is  bksed  on  the  propositions  just  proved.. 
This  construction  Is  no  t)ther  than  the  decomposirtrlon  of  a  mlrror*- 
simllarlty  trans £iMTn*fei<5h  Into* the  sum  of  a  symmetry  about  the  axis 
^  dnd  a..slTnilarlty  with    0    as  center  (fig.  200). 

37"Th^~conrstnicin>on^  inverse  point  using  compagSBg  only. 
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Vfe  knQW  (11*)  that  every  construction  possible  with  the 
free  use  of  compasses  and  straight-edge  can  also  be 
carried  out  with  the  use  of  compasses  only.    This  pro- 
position was  established  by  carrying  out  successively 
the  five  basic  construe ti'ons  (la)  using  only  a  pair  of 
compasses.    It  is  possible,  however,  to  seek  a  desired 
construction  with  compasses  directly,  v^ithou't  reducing 
it  t6  a  chain  of  the  basic  constructions.  » 

Let  us  find  the  point    Af    inverse  to  a  given  point 
A    with  respect  to  a  given  pole    0    and  circle  of  in- 
version r  (fig.  201)'.    With  radius  .AO    and  center  at* 
A    we  drav;  a  circle  and^^note  'by  and  the 

intersections  of  this  circlB  with  the  circle  of  inver- 
sion   r        (In  fig.  201,  point    A  —  the  center  of 
circle    U^OUg  — <'is  not shown;) 

J 


Fig.  201. 


With  radius    U^O  =  U^O    and  centers  at    U-^^    ahd'.  *  . 
Up    we  draw  circular  arcs.    Their  point  of  intersection 
distinct  from  pole    0    will  ^\>e  the  required  pointy  %^ 


inverse  to  point  *  A, 
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fvooti    Points    A    and    A<    lie  on  one. ray    OA,  . 
and  from  the.  similarity  of  the  isosceles  triangles 
"  OAU^    and .  OU^A«    it  follows  that  '      ^  , 

0A>      ^^1  0A«-  R 

^  oir  '  ''''      =     '  . 

2 

that  is  to  say,    OA>«OA  =  R    ,  q.e.d.      .  .  ^ 

This  construction  can  alV^ays  be  cstrried  out  for 

'  points    A    which,  are  exterior  to  the  circle  of  in- 

version.    If    A    is  a  point  interior  to  this  circle, 

* 

the  circle  drawn"  from'^^A    with  radius    OA    will  inter- 

1 

sect  the  circle  of  inversion  only  if    AO  ^ R.  . 

Thus,  the  above  construction  does  not  possess 

the  necessary  generality.    It  is  suggested  that  the 

student  develop  a  generally  applicable  construction 

of  the  point  inverse  to  point.. A,  using  only  Ohe  pair  « 

< 

^         of  compasses. 

Let  us  exkmine.some  properties  of  inversion. 

1.  A  line  passing  through  the  pole  of  ifTverSrion  is^ transformed 
under  the  inversion  into  itself. 

This  follows  from  th^  first  clause  of  the  definition  of 

r  ^ 
inverse  points.  ^'  - 

Points    M    on  the  radius    OP    in  fig.  199  are  transformed  into 
points  of  ray    PM',  while  points,  on  radius    OQ    are  trans- 

fomed  into  points  of  the  ray  (JN.  Point  0  has  no  inverse  point. 
{ ^  An  ^^version,  like  k  Symmetry,  turns  aroun.d  every  r»ay  OP 

about  poiht    P  (about  the  tangent  to  the  circle  of  inversion  at 
point    p\,  the  radius    PO    being  at  the  same  time  stretched*to 
infinity  while  the  .infinite  ray    PM«    is  shrunk  to  the  dimensions 


35^.         -  ^         '  . 

of  radius    PO.  •  ^  ' 

A  synunetry  is  a  half  turn  of  the  plane  about  an  axis  of  ,  ' 

*  • 

symmetry;  in  an  inversion,  the  role  of  the  axis  of  symmetry  is 
played  by, the  circle  of  inversion. 

If  the  radius  of  the  circle  of^'ii^ersion  ijl  "larg.e",  then 
the  circle  of  inv,ersion, "  "differs  little  from  a  straight  line", 
and  "in  the  neighborhood"  of  the  circle,  the  inversion  transforma- 
tion  is  "approximately"  a  symmetry. 


2.    A  circle  having  its  center  at  the  pole  of  inversion  is 
transformed  into  a  concentric  circle.  '        '  . 

'Prom  the  definition  of -inversion  it  foMqv;s  tli^t  a  circle  of 
radii^s'  OM  is  transfonhed  into  a  circle  of  radius  OM*,  Vhere  M 
and  are  reciprocally  inversfe  points,  ^    ^  ^ 

A  circle  concentric  with  and  interior  to  the  circle  of 
inversion  is  transformed  into  b*  circle  exterior  to ^trf^  latter,  and 
conversely,    Tlie  smaller  the  raJsius  of  such  an  interior  circle, 
'the  larger  will  be  the  radius  of  its  image.    An  inversion  toasts 
all  the  points  interior  to  the  circle  of  inversion  out  into  the 
exterior  region  of  the  plane,  and  gathers  "all  of  the  exterior 
regipn^into  the  inteniorl    At  the  same  time  the  circle  of  inversion 
Itself  remains  ihvariant^  ,    ^  * 

3.,  A  circle  which  ^intersects  orthogonally  the  circle  of 
♦inversion  is  transformed  into  itself.  ^  '  * 

•  ^  Let  a  circle  intersect  orthogona^y  the  circle  of  -inversion 
at  points    P    and    Q.    The  radii    OP.    and    OQ    are  tangent  to  the 
orthogonal  circle  at  points  ^P    and    Q    (fig.  202). 
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We  draw  rays    OAA«,  OBB*,  OCC where    A    and  A«, 
B  and  B^/c  and  C  ^,   ...  are  the  points^  of/ intersection  of  these 
rays  with  the  -orthogonal  circle.         ^  I 

By  the  theorem  on  the  product  lof  tnej^segments  of  secemts  we 

have:  .  '  .     ■  ^  , 

•     •  2  2 

0«A-OA  =  OB«-OB  =  OC«-OC  =  =  OP    =  R  . 

These  equalities  prove  that  an  orthogonal  circle  is  transformed 

under  the  inversion  transformed  into  it^self ,  ^that  is^  it  is  |an 

Invariant  circle,  With  the  ^exterior  arc    2k%   transfiormed  into  ^ 

the  interior  arc    FAQ,  and  vice  versa i    \  _Y  ^ 

Here  also  we  observe  the- analogy  with  a»  symmetry. 

The  converse  proposition  is  also  easily  proved: 

4.  Aj^rcle^  distinct  from  the  circle  of  inversion^  which  " 
under  the  inversion  is  transformed  into  itself^  Intersects  the 
circle  of  inversion  orthogonally. 

5.  A  cT^rcle  passing  through  the  pole  of  inve'rslon  is  trans-, 
formed  into  a  line.  .  '  '  /  ' 

Let  L  .be  a -circle  passing- through  the  pple  0  of  inversj^on 
(fig.  203).  V/e  draw  the- diameter  OA  of  circle  L  and  construct 
the  point    At    inverse  to  endpoint    A    of  the  diameter. 
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Fig.  203. 


The  line  X  passing  through    A  \    and  perpendicular  to  the  ray 
OA    will  be  the  image^fof  circle  Proof:    let    M    and    M«  be 

points  respectively  of' circle    L    and  line  lying  on  a  ray  - 

OMM«,    The  right  tri^gles    OMA    and    OA«M«    with  a  common- angle  at 
0    are  mirror- similar  and  consequently  the  points    A,  A«'  and 
M,  M',.  are  reciprocally  inverse  pairs  of  points  under  some  inver- 
sion with  *'nter  at    0,    Let  us  find  the  radius  of  this  inversion. 
Prom  the  similarity  of  the  triangles  J.ust. mentioned  wj5  have: 

Thus  the  inversion  transforming  circle    L    into  line  J>  is 
identical  with  the  given  inversion,  q.e.d.  - 
Prom  the  property  of  reciprocity  of  an  inversion ',we  haye: 
•6.  A  line  ^  not  passing  through  th^  pole  is  transformed  by  . 
thQ/4nversion  into  a  circfg"   L    passing  through  the  pole»^-  0, 

It  is  particularly  simple  to  consti^uct  the  image  df  a  line,  or 
of  a  circle  passing  through  the  pole,  when  this  line  or  circle 
intersects  the  circle  of  inversion  (fig.  20.3),  since  we  then  know 
two  double  points    P    and         of  the  given  figure. 
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Prom,  lemmas  OC  amd  ^  there  follows  the  property: 
7.  A  circle  passing  through^  two  reciprocally  Inverse  points  A 
and    A<  'is  transformed  Into  Itself^  and  consequently  Intersects 
orthogopally 'the  circle  of  Inversion  V  (fig,  204). 


Pig.  204, 


Llne^  OAA«    is  the  radical  ^Is  of  all  circles  passing  t*hrough 
the  Inverse  points    A    and    A«    (fig.  ^04).    The  set  of  circles 
having'  a  common  radical  axis  Is.  called  a  pene-dTl  of  circles. 

Every  circle  of  the  pencil  In  question  Is  transfomed^  Into*  J* 
» Itself  under  the  Inversion  amd  Intersects  orthogonally  the  circle  of 
Inversion   V  .    For  all  the  circles  of*  the  pencil  we  have 


OA '.OA  =  R  ; 


r 
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but  this  means  that  the  lengths  of  the  tangents^Trom  the  pole  of 
Inversion    0    to  all 'the  circles  o.fL  the  per^l  are  equal  and  th6 
locus  of  the  points  of  tangency  is  the  circ>le  of  inversion  with  the 
exclusion  of  its  point  of  intersection  with  line  AA». 

Recalling  the  definition  of  a  radical  axis  we  find: 

8.  Given  a  pencil  of  circles  and  let    P    be  any  point  on  the 
radical  a^^i's  (exterior  to  the  cigcles  of  the  pen<jil).    Then  there 
exists  an  inversion  whose  pole  is  at    P    and  such  that  every  circle 
of  the  pencil  is  orthogonal  to  the  circle  .of  inversion  and,  con^>5^ 
quently^  invariant  under  the  inversion,  ^ 

The  pencil  df  circles  with  radical  axis    a^    (fig.  204)  is 
said  to  be  elliptical;  the  pencil  with  radical  axis    ap,  parabolic; 
and  the  pencil  with  radical  axis    ag,  hyperbolic. 

The  circJ.es  of  the  ellipticar  pencil  have  ti£a  common  points; 

those  of  the  parabolic  pencil,  one  common  point;  and  those  of  the 

hyperb61ic  pgncil^have  no  points  in  common, 

Tha  set  of  circles \>rthogonally  intersecting  a  given  circle  1 

•  .  n 

is  called  a  sheaf  of  circles The  inversion  with  |t?e spec t  to  i 

trsm'sforms  every  circle  hf  sucrf^  sheaf  into  Itself, 

The  best  method  of  stud^ring  the  geometry  of  circles  is  ^ 

by  the  independent  solution  of  a  series  of  appropriately 

ordered  .problems ,  ^"^^The  solution  of  each  problem  does  , 

not  offer  any  great  difficulty,  and  the  aggregate  of 

anqh  prqljlems  makes  the  student  well  acJiuainted  with 

an  important  .part  of  elementary  geometry  having  broad 

 i  ^    -  •  

(1)  A  set  of  well  chosen  problems  are^rpund  in  the  book  by  '  ^ 

B.  Delone  and  0,  Zhitbmirski:  "Exercises  in  Geometry>^' 
'(Zadachnick  po  geomet^ii)  GostechizKiat  19^9  [20]. 
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application  in  the  tlrsbry  of  electromagnetic  fields. 


,  V,.  '*  '"^M  '       a,erodynamics,  in*  heat  theory  and  in  many  other 
.  (i^f^iplines.  ^  Of  no^l^s  importance  is  the  problem- 

V^**'^     :  sMmt^B  skill  gained  from  such  exercises. 

tfifeA  circle  not  passing  through  .t^e  pole  of  an  inversion  is 


t^^ansf.o^Iaed^  by- the  inversion  into  a  circle. 

The  ca%^' where  the  given  circle  contains  one  of  its^ image 


point,  is  al'tea<i'y  covered  in  proposlrtion  7  above.    We  may,  therefore 
^6nt%ne  o.ur  -proof  to  the  case  where  the  given  circle  ^d  its  image 
M^^^ot  intersect. 


1 

r 

Fig. 

205.  ,  . 

J  ' 

Let    AB    be  the  diameter  of  the  given  circle- which  passes 
through  the  pole    0,  and    A«    and    B«    the  images  of  points    A  and 
B    (fig.  205).  M«  .is  the  image  of  an  arbitrary  point    M  of 

the  given  circle,  the^  triangles    0AM    and    OM  ^A  <    as  well  as  t^he 
triangles^  OBM  v^nd    OM«B«    are  mirror-similar,  'and 'consequently 
DAM  =  /  OM  «A  t  =  oC  ,  and  /  OBM  :^  /  QM'^B  ^  =  /  . 


z 


But 

whence 

[ 


/  OAM^  -  /  OB«M«  =r  oC  =./  AMB  =  -J  ,  . 
Z  ^•.^=  Z      'A  t  -  OM«B  •  =  c^--y5,  =  5 


) 
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Point  possesses  this  property,  that  segment    A«B«  sub- 

tends at  it  a  right  angle.  'Thus,  the  locus  of  the  points  M« 
inverse  to  the  points  oi*  the  given  circle  is  4  circle,  q.e.d. 

'It  must  be  emphasized  that  the  image  of  th^e  center  of  the 
/  .  » 

>givep  circle  is  not  the  center  of  the  transformed  circle. 
 1  ' 

' j  The  propositions  proved  enable  us-  to  say  that  the  set  con- 
sighting  of  all  straight  lines  and  circles  is  J;ransf6rmed  by  an 
inversion  into  itself. 

,'!      10.  (Invariance  of  angles  under  inversion,)    The  magnitude 
of  the  angier*  between  two  intersei^ting  curves  is  no€^  changed  by  an 
inversion.  ^  * 

Let  curves  Y  and    S  ,^  intersecting  in  point    A,  be  transformed 
'  by  an  inversion  into"  curves    r«    and  S  t  ^ (fig.  206).    The  point  of 

,  i 

intersection    A«    of  curves    V«   'and   ^  «  .  is  the  image  of  point  A.\ 


Pig.  206. 

We  draw  through  the  pole    0    a  line    OS   ^and^mark  the  points  M 
and    N,  and  their  images    M«  "and    N«,  at  which  the  line    Of'  inter- 
sects the  four  curves, ^ 

(1).  If  the  line    OS^   intersects  one  of  the  curves,  say  nr'  ,  in  more 
than  one  point>  then  we  take  the  point  of  intersection  M 
closest  to    A    (i.e.  there  is*  ho  other  point  on  V  between  *  A 
and  i4    which  also  lies  on    OS.)    Since    v  »    is  the  ^mage  of 
y   ,  M«  V  the  image  of    M    wilL-be  the  point  of  intersection 
of    OS    and    7^  closest  to    A  ^  -.-Translators. 


1 
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The  triangles    OMA    and    OA«M^    are  mirror-similarj  conse- 
quently \  ^      '  '       /  " 
'    '             Z  OMA  =  Z  DA        .  ' 

It  likewise  follows  from  the  mirror-similarity  of  triangles 
ONA    and    OA«N«    that  -f^    •  # 

^  ^  "/  ONA  =  /  OA  «N «  . 

Prom  these  equations  we  obtain:  ^ 

/  MAN  =  /  OMA  -  /  ONA  =  /  OA  «M  «  -  /  OA  »N  «  «  /  M  «A  «N « . 
This  signifies  that  the  angle  <f>'  between  the  seccints    AM    and  AN 
of  the  curves  T  and  S  is  equal  to  th^  angle^  0^    between  the 
secants    A«M*    and    A*»N»    of  the  curves  T«    and         .  ^ 

Passing  to  the  limit  as  OC— >0,  we  note  that  points^M?  aiid  N. 

will  tend  toward  point    A,  while  points    MV  and    N«  wilFtend 

toward  point    A«;  the  secants,  AM,  AN,  A«M«  and  A«N«   ^0lX  tend  to" 

take  the, position  of  tangents  to  their  respective  curves/^  Thtfs 

have     '  ^  '  '       .  ^''^"A< 

^lim  ^  =  lim  <p^.  «  "  ' 

dC-*-0  dr^O 

What  this  means  is 'that  the  angle  of  intersection  o^  curves  and 
S  is  equal  to  the  angle  of  interse(;tion  of  curves  and  \ 

since  the  angle  between  curves  is  defined  as^^^the  angle  between 

-    J  * 

their  tangents  at  the  point  of  "intersection;  q.e.d.        /  - 

Inversion  is  thus  ^ -conf ormal  transformation .(  ,  ^*  . 

Note  that  an  inversion/  while  preserving ^the ^magnitude  of 

angles^  Changes  their  orientation  (in  comglet/fe  atnalogy  with  a 
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^    Prom  the  property  of  Invarlance  of  angles  it  follows  that  If 
two  curves  are  tangent  at  point    A>  their'  Images  under  an  Inver- 
sion are^also  tangent  at  point  the  image  of  point  '  A, 

Let  us  note  two  Important  propoBltlon^Vwhlch  will  be  very 
useful  to  us  lately.  ^  ^ 

If  A.    If  we 'take  as  the  circle  of  Inversion  any  circles  V  which 
Is  orthogonal  to  a  given  circle  r(flg,  20^),  then  this  InverslOR^ 

maps  the  closed  disk       onto  Itself,  -  ^ 

'  n 

.       In  this  mapping  the  part  of  'disk  i   external  to  circle  'r  Is  . 
'  tpai\sformed  Into 'the  part  lying  Inside  circle       \  and  vice  versa. 
Disk  P  Is  as.lt  were  turned" over  onto  Its  ot^er  side  about 
the  arc. of  circle  >  lying  within  disk   J?,,  which  Is  completely 
'analogous  with  a  symmetry,  the  letter  being  Indeed  the  limiting  / 
case  of  an  inversion  with  respect  to  an  orthogonal  "arc".    If  the 
radius  of  circle  y  increases  without  limit, while  the  orthogonality 
of  this  circle  to  circle  P  is  preserved,  the  afrc  tends  towar^d  a 
diameter  of  circle  P  ,  and  the  inversion  tends"  to  become  an  ordl- 
nary  symmetry,       *  •  '  . 

!rhe  second  proposition  consists  in  the  following,*  Evidently, 
two  arbitrary  points  have  no  invariant  under  an  inversion.,  Llke-^ 
wise,  three  points  do  not  possess  any  invarle^nt,.  , 

Howeverj^iPXir  points  have  an  invariant  under. inversion.  In 
•  order  to  describe  this  invariant  of  the  four  voXhts    A,  B,t-,C,  C 

"         / '      .  /^^^^ 

we  tijtrpduce  the  following  definition;  |^  ^  ,     '  ^ 

J'    ^By  the  cross,  ratio  of  four  points    A>  B, -C,  .-A^-of  a  planey 

taken  in  that  order,  we  mean  .the  j?a€lo  of  two  ratjps 

,       '  AC  .  BC  ' 

^  •     V  ,      115  •  515  •  • 
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— ^'ttia  cross  ratio  of  four  points  is  denoted  ,by  the  symbol 

AC  .  BC 


(teCD),  SO  that    (AB"Ci>)«^-7n5^.LBE  • 
'  An  invariant  of  four  points^^'ABCD  -  under  an.  inversion  is 

the- cross  ratio     .(ABCD)<^  ^      '  ^ 

In  proof,  we  note  that  from  the  mirror-similarity  of  triangles 
OAC    and.-  OC  »A  »    it>  follows  ^  that 


A»C» 


QC  '*QC 
OA  .OC 


OA- 66 


(1) 


H^re  A.t  and  C  »-  are  the  points  ir^ersB  to  A  and  C,  R  *  is  the 
radjJjLQ  and    0  -  the  pole  of  tlfe  inversion.  'In  the  ^ame  way  we  have: 


A»D« 


and 


l2 
,2 


R' 
OA'OD 


.  Sir  .=  ■SE^w-  - 

Prom-  these  four  equations  we  obtain: 


(2) 
(3) 


A'C  ' 
A«F« 


B'C  ' 
B«D« 


AC 
AD 


BC 
BD 


'or    (A»B»CtDO  =  (ABCD),  ' 

This^  meaJs  that  the  cros^  ratio  of  four  joints  is  not  changed 

by  an  inversion,  q.e.d.  '^r''     * ,  I 

/  Remarks ;    1.  The  four  points  whose  cross  ratio  we 
have  defined  need  not  -be  collinear/  they  can  be  any  four 
points  of  the  plane/ excluding  the  pole  of  the  inversion. 

fe.  .An  inveriion  does  not  tl^ansf^orm  straight^iine 
segments  into  straighti-line  segementsj  the  straight-line  ^  ^ 
segments  referred  to  in  the  cros^  rktio    (AtBtCtb^-)'  I 
not*  the  images  of  the  segiiient^ef ^rred  to  in  the  crosa  ^ 
ratio     (ABCDb).  -  '      .  .  -  - 
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X  50»     INVERSIONS  IN'  SPACE 

Two  points    M    and    M»    in  space  are  said  to  be  invense.  to 
•  each  o^ther  under- an  inversion  with  pole    0    and  radius  of  inversion 
.  R    if : 

1)  points    M    and    M«    lie  on  one  ray  issuing  from  the-^pole  0; 

■f 

2)  • the  equation  t         -        ^        '  ' 

,  holds  good.  '  ^  - 

mapping  of  space  (with  the  pole  ^0    removed)  onto  ^itself 
^  under  which  to  every  point    M  ^  there  is  assigned*"  its  inyerse  point  ' 
M»    ig^bailed 'an  inversion.  ' 

All  points  of  the  sphere  with  center  at*        pole    0    and  radius 
are  transformed  into  themselves,  i;e.  are  double  ^points  of  the 
inversion.  .  This  sphere  consisting'  of  double  points-'is  called  the  o 
sphere  ^f  the  Inversion.     -  *  •  ^ 

Prom  this  definition  it  follows  that  every  plane  passing 
through  ttxe  pole  of  inv^rsioji  and  perforated  at  this  ppint    0  is 
V  mapped  bnto  itself  bj^  the  *inver8ion  of  space.    Moreover,  this 


mapping  of  the  plane' onto  itself  is  an  inversion  in  the  plane  with 
^pole  ^'0^  a«d  i?adius  .R^  >        •  J     *     ♦     ^  y 

*  •      .  •  o 

Prom^hls  remark  and  the  properties  of  an  inversion  ih  the^ . 
«tit  f  dllows  thfiK^  :  i^.  ^     "    '    - , 

^^^i^s^^^BSlng  thrbughfthe  p^le  of  inver;^4K>n    0  'ar6.(with 
le  exception  of  the^poinft r-0)^J6ransf ormed  into  themselves: 
2)  a  sphj^ere  with  center  at        pole  of  TinV^ersiqn..^;^^^  . 
\   transformed oirito^  a  concentric  Q^ere;  ^  %        \,  -i  ' 


^  .  ^  *  365. 

3)  a  sphere  orthogonally  intersecting  the  sphere ^of  inversion 
is  transrormed-into  itself;  ^  ' 

3»)  a  circle  orthogonally  intersecting  the  sphere  of  inversion  • 

^  J 

is  transformed  inlJo  itself;  ^ 

k)  B,  sphere  other  them*  the  sphere  of  inversion  vrtiich  is  trans-  ^ 
formed  into' itself  under  the  inversion ^inters^cts  orthogonally  the 
sphere  of  inversion; 

4»)*a  circle  not  belonging  to  the  sphere  of  inversion; which  is 
^ran^ormed  into .  itself  under  the  inversiojn  intersects  orthogonally 
the  sphere  of  inversion; 

5)  \a  sphere  passing  throu^  the  pole -of  inversion  is  trans- 
formed  into  a  plane.  '        '     *  .  • 

In  particul^ir,  if  such  a  sphere  is  also  tangent  to  the  sphere 
of  inversion  at  a  point    P,  then  the  pian.e.\7r    intp  which  the  sphere^ 
is  transformed  is  tangent  to  the  sphere  of  Inversion  at  the  same 
point    ?•  • 

Stereographic  projection  'Is  seen  to  be  an  inversion  transfer-  ^ 
mat'ion  of  the  sphere  into  the  plane    tt  (figs.  II7,  II8,  122,  *124)j 
The  point    S    serves  ais  the  pole  6f  the  in>^^sion,:  ancj.  the  radius  of 
the  Inversion  is  equal  to  SP. 

As  an  exercise  the  student  should  derive  the  properties  of 
stereographic  projection  considered  .in  17.  fijom  the  projJ.erties  of 
inversions.  {  . 

5»)  a  circle  passing  through  the  p^re  , of  inversion  is  trans- 
formed  into  a  line;  •  i 

6)  a  plane  not  passing  .through  t^e  pole  c5f  inversjJbn  is  ;fc^an8~-^ 
formed  into  a  sphere  .which  uaeses  through  the  pqle  of  inversion 

^  m    ,  f  h      ml   %     '  \ 
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6*)  a  line'Hot  passing  through  the  pole  of  an  inversion  is 
transfoiTned  into  a  circle  which  paj^es  through  the  pole  of-,  inver- 
sion; 

7)  a  sphere  passing  through  two  .reciprocally  inverse  points 
A    and    k\    is , transformed  into  itself  and  consequently  it  inter- 
.  spcts  orthogonally  the  sphere  of  inversion/  /  : 

,  8)  an  inversion  of  space  preserves  the  angles  bet^ween  surfaces, 
^^.etween  curves,  and  between  curves  and  surfaces'. 

In  concluding  this  seption  wb  shall  note  an  important  propo-  / 
sition  which  will  be  of  use  to  us  l^ter.      *  '  . 

If  as  the  sphere  of  ihy^ersion  we  take  any  sphere  >  orthogonal 

to  a  given  sphere  P  ,  then  this  inversion  maps  the  closed  solid 

o 

'  sphere  T  into  itself.  *         ^  *^  ' 

The  detailed  carrying  out  of  simple  proofs  of  the  enumerated 
properties^ of  inversions  of  space  is  left  as  an  exercise. 


.1 
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51?    THE  APPLICATIplf  OP  INVERSIONS  TO  GEOMETRICAL  COIJSTRUCTIONS 


'  iiwersion 


Inversion  transformations  can  be  applied  very  effectively  to 

tlie  solution  of  construction  problems  and  in  proofs. 

^  ■ 

We  shall  study  .the  application  oT  the, method  of 
'transformations  by  means  of  examples*.    The  choice  of  examples  will 
be  dictated  in  part  -by  their  usefylness  later  on. 

Problem.    Through  two  given  points    A    and    B    lying  withip  a 
given  circle  V  ,  to  draw  a  circle  orthogohal  to  the  given  circ3.e-. 

The  required  circle' is  invariant  under  inversion  with  respect 
to  circle  r  .    The  construction  follovfs,  from  this'.    Taking  P.  as 
.the  circle  of  inversio/i  we  cons^fruA  point    A<    inverse  to  point  A. 
The  circle  circunfecribed  around  the'  triaitgle    ABA  J    will*  be  the  re- 
^.^red  circle  (fig.  207).  '  ,  ' 


■  Fig.  208.       '  •         ■'■  ,    ^  . 

If  the "^ven,  points    A  ^  and    B.  are  collinear  with  the  center 
0    of  circle    A,,  the  required  ♦circle  degenerates  into  a  line".  HW^ 
problem  has  a  unique  aolution*'  ' 

Problem.    Throu^  a  point    A    to  draw -a)  circle  orthogonal  to 
two  given  circles  which  are  orthogonal  to  each  other.    -Point  A 
lies'  Inside  one  of  the  Riven  circles. 

~    '>    Let  r  and  a,  of  fig.  SOS'be  the  given  orthogcOnal  circles. 


^The  required  .circle  will  be  invariant  under  ^ach  of  two  inversioni?_ 
having  X?  and'  ^  as  their  respective  circles  of»  inversion^  This 
detennlnes  the  construction.    Taking^ T  as  a  circle  of  inversion  we 
consti*uct  poinx    A'  inverse  to    a1    Next,  taking  ^  as  a  circle  of 
inv^ersion  we  construct  point    A"    inverse  to  A. 

Th.e  circle  circumscribed  about  triangle    AA«A"    will  be  the 
required  circle.  .  ' 

It  may  happen,  that  the  three  pointfs    A,  A*  and  A"    will  be 
collinear.    In  such  a  case  the  line  of  c'enters  of  the  given  circles 
will  take  th6  place  of  the  required  (iircle.  * 


4\ 


The  problem  Has  a  undj^ue  solution.^ 

Remark .  The  indicated  -construction  does  not  require 
that  the, given  circles  1^  and  ^  be  orthogonal.  We  chose 
such  an  arrangement  of  these  circles  with  later  needs  in 


mind. 


Problem.    Through  a  given  poi^t    A    to  dyaw  a  cii|cj.e  tamgent 


tc|  one  given  circle  ^  and  orthogdhally  intersecting  ^  secoijd 
given  circle'  P  ,  the  ciitcleg   ^  a|nd  V  being  orthogonal  to 


otheY  (fig.  209). 


each 


The  required  circle,  being  orthogonal  to  circle   i  ,  must  be 
transformed  into  itself  under  inversion  with  respect  to  circle  . 

this  "S^e 


•Circle 


is  invariant  under  this 


e  inversion,. 

•  Since  the  point  of  tangency    P    of  the  .required  circle  vdth 
the  given  circle  ^  is  tremsform^d  intio  the  point  of  teingency  of  ♦ 
these  same  circles,  point    P    is  a  double  point  under  the  inversion. 
This  m^auis  that    P    lies  on  the  circle  of  inversion    V  .  f 

From  this  follows  the  construction  of 'the  required  circl^.  We 
mark  a  point  of  intersectj^n    P^  of  the  circles  T  and  ^  and  after 
finding 45oint  .A^    inverse  to  the  given  point    A    with' rfespect  to 
D   we  pass  a  circle  through  the  three  pointy   A,  P  and  A^^  The 

 ^   i  \  -s^ 

circle  thus  consti^ucted  is  a  solution. of  the  problem;    Since  the 
given 'Circles  J?  and^  ^  intersect  ' in  two  ^points    P    and    Q,  the  / 


problem  has  two  solutions.  ^ 

/if  the  points    0,  A  and  P    are  collineai*,  the  r^uired"  circle 
degenerates  into  i  line  pa^i^Bing  through  the  c^»tei|    0    of  circl^  J^* 
'^at  f  oriA;  do4s  the  constructioi  take  if  point    A    lies  on  ov 

r?      .  I 


^outside  of ^circle 


Problem, 


Gilven  'Circle  C  and  two  circles 


and 


orthogonal  to  f    and  pass lny»  th-rough  point  ^  {fig.  210),  to  con- 


stiaict  a^cI^TQle  orthogonal  to  circles  J^'eind eind  teinfeent  to 
circle- 


\ 
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As  in  the  preceding  problem  it  is  evident  that -the  point  of 
tangency  of  the  required  circle  with  circle  JLs  a  double' point 

under  inversion  with  respect  to  circle  F  and  consequently  jjiust  be 
the  point  of  intersection  of  circles   C  and  Thus,  the  problem 

is  reduced  to  that  of  drawing  through  a^i-ven  point    P    a  circle 

 „   .      .  „   and  The  center    S    of  the 

required  circle    p  "^lies,  at  the  ii^3?'s^ction  of  the  tangents  PS 
and    P^S    to  circle       iat' the  points-    P    and    P-^^  (fig.  210).  The 
problem  has  not^. more  than  four  solutions.    Its  cbmplej;^  investlfea- 
'tion  is  recommended  as  an  exe:^clSfe;  .  . 

Problem^    Given <a  circxe^  1  >  and,  "^he  t^o  circles*  apd 
having  no -points  in  coinmon  and  both  orthogonal; 'to  circle  P '( fig 
211),  to  construct  a  circle'  Qj^ogonal  to  all ^  three  of  tihe  givers 
circles .  ^  , 


Fig.  211. 


J. 


^  '  Wfe  ^^]^^  already  (in  7.)  solved  this  problem  in  a  more^^general 
form  witn  the  aid  of  the  concepts  of  the  radical  axis*  and  radical 

■    '     '    \   '  '  •  ■  • 

center.  ^        )         *  ^  ' 

We  construct  the  radical  center    S    aand  from-  ,S    as  centei?. 


waw  a  circle  with  radius  eqtial 
gents  from    S    to  th^'  three  giv£ 


o  the^  common  length  jof  the  tajh- 
Circes.    TOie  .probi 


Unique  spl^ion.'^ 


f 


)biem  hasya 
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We  Shall, describe  a  solution  of  this  problem,  more  complicated 
in  construction  but  very  instructVve,  which V&  based  on  the  use  of 
an  inversion  transformation.'      *   \       C  ^  ^ 

He  transform  the  given  figure.,  that  is,  the  three  given  circles 
i.  ,         and  by^means  of^an  inversion  having  its  pole  at  ^  Q, 

the  intersectior?  of  circles  P  and  and  an  arbitrary  radius  of 

inversion    R.    We  shall  describe  this  inversion  without. actually 


.4 


carrying  it  out. 

The  circles  P  and  since  they  pass  through  the  pole  Q, 

,are  transformed  into^the  lines-         and   a.A,  with  the  preservation 

*       '        -      "  / 
of  the  "a^gle  between  them  at  their  point  of  intersection  *which 

is  the  image  of    P    (fig.  212).  ^P^int    Q    has  no  ima^e.,  ^ 


;    Pig;.  212. 

^rcle          not  passing  through  the  pole  Q,  i^  traniformed 

into  circle         ^orthogonal  to  line   T «,  that  is,  with  its  center 

on  line  T        (It  must  be  remembered  that  thje  center  of  the  image 

is  not  the  image  cf£  the  original  center.)  .  ' 

With  the  aid  gf  thh  inversion' the  problem  ha s'^^'^e^ reduced 
to^the  following: 

Given  two  perpendicular  |ines          and  and  the  circle 


with 


its  center  on  line  F  >    and  not  Intersecting  line  , 
to  co\struct  a  circle    p»    orthogonal  to  the  given  lineiS'^P^  and 
'  a4^  to  the  given  circle         .      ^  ^  •  - 


♦  The  solution  is  extremely  siinple.  ,  Since  the  required  circle^ 
p'    is  or,thogonal  to  lines   i?  «^  and         ,  its  center  must  be  ^t  P'^ 
the  intersec^^Sn  of  these  lines/  and  its  radius  must  be    P'T  equal 
to  the  length  of  the  tangent  from    P«    to  the  circle  *  (^ig.  212). 

This  problem  is  solved.  '  > 

'Phe  same  inversion  with  pole  at    Q    transforms,  in^tne  other 
^i^rection,       .  •  ,       ■       ^  * 

and  the  circle  into  the  circle  ^p    required  in  the  original 

problem.  ^  ^       -  * 

.Since 'the  images  of^ points,  lines  and  circles  under  an* inver- 


sion 'caa  be  constructed  easily  (even  with  a  single  ^ir  of  com- 

passes),  we  may  find  it  helpful  to  solve  a  problem  by  solving^the 

"problem  transformed  by  inversion"  instead  of  the  original  otie. 

The  choice  of  pale  and  circle  Of  the  inversion  is  at  our  disjiosal 

and  often  can  tre  a  means  of  simplify j#ng  the  problem. 

is  an  exercise  the  student  should  rework  all  the  probllems 

solve!  in  this  section,  inverting  the  cir.cle  P  into  'd  line  P' 

and  fprmulating  and  solving  "the  inverted  problem". 

Problem.    Given  only  the  pairs  of  points    ^^.'^1  -^^^    A^B-g,  ' 
~       ^    I    \        ^  *  / 

tK)  construct  the  point  of^  intersection  or  the  lines    A^B^  and 

.1  '      ,  :  ' 

>  using  compassed  only. 
'As  a  preliminary  we  shall  learn  how  to  construct  with  compasses 
only  a  circle  inverse  to  a  line  which  is  given  by  means  of  two 
points    A    Und   V.    The  'pole    0   ^d  ^ircle  JT  of  the  inversion  are  | 
'assumed  given  (if  ig^.  *  2l|:j)'.  ^  | 


Fig,  213, 


The  method  of  construction  of*  iht  image  of  the  l^e  conBists 
in  the  following,  '  I*/ 


We  obstruct  point    C\'  svprtfnetrical       the  pol-e    0  rUbout  ^he 
given  line  .  AB,  -which  is  eas jay  done  by  drawirig  circles  i/ith  cen 
ters    A    and    B,   "and'  radli    Ao/,and    BO   "respectively;.  -  ' 

Point    c/-^*^  inyer^e^'to.  poijif";'C«,  is  the  center  of  the 
"';^equired  Circle    gj~  knowing  th'^ts 'point  we -construct  this  circle 
ph  centei?    C    and  radiua  *  CO.-  '      '■^,„  ?  , 
/''\  Prooffe    Let  ^pT-aAd.   P^,  .inve'^s^  to  each  o^her,  be  the  points 
""iDf*  inters Jction  of  liV*'   .oe]  with  line  '  AB    and  with  the  required 


r 


c-ircle  g.  (Thdfee.  i)aihts;are/n/ot\sho^n  in'  the  diagram, ) 
^      /  In  virtue  of  the  ^ej5ri9'tryi^^  have;^ 

-     oc«.  =  ^'OP  yir-OH-op  =  R  ,  qc'-oc.=  Rt,, 


and  consequently 
whence  'oP'  =  2«00,  q.e.d. 


y0 


1 


9P  •  •  OP  ' '4i:0C  •  •  OC  f=..-2'«t)P •  oc  , 


(1>  The  coi>struction,  with  compa^s^s  only,  of.-a  point  inverse  to  a 

gfVen  ^oint,  has'  alreadjr  be§*fi:  studied  in  53.  .  7 
(2)  By  iref  erring  ^o  fig.  203,  the  student  will  see  that    OP"  is 
■  the  diamel^er  of  the  required  circle    gA  IV  fallows  then  from 


OP'  ^  2-OC    that  C 


i&.vthe  center. 


—Translators, 
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,  We  have  now  the  means  of  solving  easily  the  orjLgipal  problem, 

:W§^  invert  the  lines  determined*  by  the  given  points    A^B^  and 
'  ^"^2    wi^^^^^sp^c^       an- arbitrary  pole  and  radius  of  inversion,  , 
Me  find  the  point  of  intersection  *  S    of  the  circles  inverse  to 
these  lines  and  construct  point    S  «    inverse  to    S    under  the  same 
•  inversion.    S «'   is  the  required  point  of  intersection  of  lines 

^1^1  ^2^2"    "^^^  c6nstruction  has  been  accomplished  using  only 

a  pair  of  compasses.  . 

By  an  analogous  construction  we  can  find  the  points  of  inter- 
section of  a  circle  with  a  line  given  only  by  two  of  its  points. 
It  is  precisely  this  method  by  v/hich  it  is  most  simply  pro*;ed  that 


all  problems  solvable  with  compasses  and  straight-edge  can  also^be  s» 
solved  using  compasses  only. 
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52.    THE  PROBLEM  OP  APOLLONIUS 
...  -  \  «' 

The  problem  of  Apollonius  consists  in  constructing  with 
compasses  and  3traight-ed|^e  a  circle  tangent?  to  thrfee  given  circles^ 

This  problem,  of  great  importance  in  the  elementar^ develop- 
•^ent  of  the  theory  of  conic  sections,  Is  interesting  with  regard 
both  to  methods  of  solution  and  to  the  large  number  of  li^nlting 
cases  dealt  with  in  the  secondary^  school  course. 

The  limiting  cases  of  this  problem  ariseN^hen  any ^ of  the 
given  circles  become  points  or*^^nes/  -  ^  *  v  • 

Let  us  examine  some  Ijinviting  cases. 

l.-'If  the  three  circles  degenerate  into^  points  we  have  the 
^familiar  problem:  to  circumscribe  a  circle  about  a  triangle^ 


In  this  formulaticfn  we  exclude  the  case  in  v/hich  the  three^ 
are  callinear.    If  one  given, point  is  left  undetermined, 


pointy 

then  by  letting  this  third  point  vary  we  obtain  the  lo<Sus  of. 

^  I     '  ' 

centers  of  circles  passing  through  the  other:  two  points.    This  will ^ 
.  be  the  perpendicular  bisector  of  tVie  segment  joining  the  two  pointy. 
-  2*    If  the  three,  circles  degenerate  into  lines,  we  again  havb 
a  familiar  pjt^obiLem:     to  construct  a  circle  tangentJ  to  three  given  ' 
lines .  .  j  '  ' 

Let  two  of  the  three  given  lines  intersect,  and  the  third  line 
be  undetermined;  then  letting  the  third  line  vary,  we  obtain  th^ 
locus  of  centers  of  the  iircles  tangent ^o  the  two  f^xed  lines. 


is^ocus  Is^  the  paif*  of  bisectors  6f  the  angles  between  these 
^o  given  lines.    If  two  1  of  the  givel^  lines  are  parallel,  ^nd  the 


thi^  line,  assumSd  to  J 


itersect  them,  is  undetermined,  we  bbtain 


the  locus  of  the  centners  of  ^  the  circles  tatngent  to  th^^'two  parallels^ 
which  is  the  parallel  lying  midway  betwej^HrTthem. 


3.    If  two  of  the  given  ciccles  degenerate  inj^  poi/its  -and  the 
third  into  a  line,  we  have  the  prablem:  to  construct  a-^Gircle  * 
passing  th^-ou^  two  given  points  and  tfeingent  ^o  a  given  line. 

PQX\this  construction  to  be  possibj^e^the  glv^  iWlnts    A  and<» 
B    must  not  lie  on  opf)osite  sides  of  jjbhe  given  line    a    (fig.  21^1). 


✓    ^  '  Fig.  214.  -  ^ 

/ '  The  solution  presented  in  secondary  school  geometr;y.  courses 

consists  in  f  inding^  the  point  of*'  tangency  T  of  the  required 
circle,  with  the  given  line  a,  anc^lrs  based  updn  the  equation 
ST^  =  SA*SB/  where    S    is  the  point  of  int^r^e^ion  cif  the  lines 


AB    and  ,  a. 


'  I     Having  found  the.  Segment  ^sf    we  3;ay  ^it  off  cjn  line  ^a    in  ' 
bdth 'directions  from  M  .and  obtain  tM, two-  solutions ^f  the  * 
\pioblem.    Only  one  of  Ha-circl^s  has  been  constructed  irt  fig.  214. 
.        If  lines    AB.  ^nd    a    are  paral^^l,  the^  point  re- 
quired circle  fies  on  th'^-lino  ^'erpendicular^to  both,  and  bisecting 
segment-    AbT   The  student  should  carry  out  the  comp]>ete  invest;:^ga- 
tion^of  this  projblem  as  ani  exeJci«e.  ^   \         \l      '    ^       I  ^ 

With  the  aid  op  inveirsion' the  problem  «can  be  solved  aa 
follows:    making  one  of  the  given  points^  A^  the ^ pole  of  ok 
'  |.i,inve:*si^j^,ive  inuert  line         intCkjxircle    a»i  the  required  circle 


L  )  -377. 

%  ,  ^  * 

wlilnov/*be  a  line.    Tl\o  problem  io  x*oclucod  to  that  of  drawing,  fram 

pdirit    B*,  the  image  of  pointy  B,  a  tangent  tj  circle  a<. 

'  ■^Tj'.'ftepeating  the -same  inversion  wo  obtain  the  solution  ui'^  th?; 

original  problem.  .       '    ^  .  ^ 

'As  an  e^cercise  the  stjiident  ts?»^'^^^^  a;:tjaliy  carry  out  thli:  . 

coilstruction.  .  >' 

Mf  one  of  the,  t;;i/en  point  J,  let-  u*.;;ay  p^dnt         1/  undetct!^  - 

InifWd,  Uv  locu-u  ^r"!  the  centerb    K    ;:>rth-.  circles  pasJing  ^through 

the  .given  point    A  .  aaxi  :;angont       line    b    is  a  parabola. 

.  Proof:    'Since    VJk  ^  r»?r,  the  point    K    is  vquidista^it  from  the* 

given  point    A    and  the  giv^en  line    a,  point    A    is  the  focus  of 

the  parabola/and  line    a    1%  its  directrix. 

^.  .ICtwo  of  the  given  circles  degenerate  into  lines ^nd  the 

third  int^  a  point,  we  have  the  problem;    to  c'bnstruct  a  Wrcle 

tangent  to  two  givon  Un«g  and  passing  throuf^  a 'g:iven  point. 
*-  '  •         •  ,     ^  ^  ^ 

^     WitS  the  aid  -Df  an  inversion  having  the  given  point  aa'it^ 
.  •     •  ■  ^  ' 

pole  the  problem  ii^  reduced  to  that  of  drawing  a  line  tangent  to 
"  two  circles.    The  coifplete  investigation  of  the  prdblem -arid  €he 


'  oonstaniction  are  suggested* as  an  exercise. 
,  ^     3.    tf  tvfo  of  ^the  given  circles 'degenerate  into  points  vfe 
have  the- problem:  *  to  construct  ai  circle  passing;  thrdUKh  two  given 
points  and  tangent;  to  a  given  circle.   '         •  , 

^  By  in  inversion  having  its  pole  tft  one' of  the  given  points  t/e 
reach  the  J*in^erted  problem":  '  throu^  a  Ptlven  point  ta  draw  a  ^ 
tangent  to  a  ffiven  circle.       .  »^  ,  <  . 

^  Th^J  construction  an^  investigation  *^of  1?his  pr^oblem  is  sug-j 
ge'stdd  AS  an  exercise.         -        •  •       •  . 


If\on%«^r  the  gi*i/cn  po-int;i,  let  us  say        is 'undo terminer ^ 
then  by  ^Let^ting        varj^,  wc.  ♦obtain  the  locu^       thfe  cQn^j&rs  of  tho 
clrclcis^ai^i^g.  tiirox^x  p^int    A    and  tafigont  to  the  glvan  circle 
ir      .lf\ point    A    lies  outside  circle  C  ,  the  lacu^  la  question' 
310  a  brahdh.oX  an  ^ferperboXar.  if  point    A    lies  IriSlde  circle 
It  is  an  0llf'0se,  ■  . 

Tlie'coin^ectneos  of  these  assertions  follows  from  the  ^equations 
OM  -  VJJ  ^  OP  «  const,  (fig.  a^ia) 

'     '  '    OM  4  I'iA  ^  OP  r.  const,  (fig.  '21$b), 

0;    If 'one  of  the  given  .circles  degenera^s  into  a  point,  we 
have  the  probierrt:    to  construct  a  circi.e  passing  through  a  given 
\     point  and  tangent  to  two  f^lven  circlesi  F,    and  £  ^  » 
,   ^         -PcrXorming  an  inversion,-  of  any  radius,  with  point    A    as  its 
pole^  we  obtain  the  fcfmiliar  problem:    to  construct  a  tangent  %0 
the  tv;o  circles  and         .    Here  ■        and  JT^    are  the  linages 

or» circles  and    F^   under  th^  inversion  portoj^^^^ 

Constructing^  the  common  tangents  4!o  circles  F^  and  F^  and 
thereafter  repeating  the  s^e  inversion^*  we  obtain  thd -solution,  of 
the  original  problem,  w^jic^  thus  has  npt  more  than  four  solutions. 

^irhe^  ^:^tudent  should  Xhvest;igatQ  this  problem  and  perform  the 
construction  a*,  an  e;^ercis0.    He  should  also  give  the  constructions 
and  carry  out  the  investigations  for  th^  remaining  limiting  cases 
of  the  problem, of  Apolloniusr.  . . 

Returning^  to  the  general  problem  of  Apollonius,  we  nbte  that 
it  can  easily  be  reduced  to  the  foregoing  limi4;itig  case  number  6. 
to  .do^  this  we  can,  without  alti?rlng  the  loQ^tion  of  the  centers  of' 
t^^  three  given  circles  or  of  the  center  of  the  requlreil  circle,  , 


. ;   ■  ;  •    •  J79. 

Shrink  qno  of  the  $lvot\  c^lrcleu  tJ  a  pointy  T<?<J'u<Jing  its  rattiii?  to 

/  zero  and  aimroprlateiy  altei^ing  tho  radj.!,  uf  tho  .j^cmainlng  circloa, 

^  I         '         .         •  , 

without  d/>atroylng  UiO  tangoncica* 

^If  ^w^r'circlo^  aro  tangent  tu  each  other  internally,  and  we 
change  thol radius  of  a;<<r^  the  eirel-dtJ  whili)  maintaintng  the  con- 
dition of  tangoncy  and  the?  position  if  the  et\ntqrs,  th^  radiua  of 
the  other  circle  will'  change  In-thtL*  aam*^  manner,  either, both  in- 
creaoing  or  bktn  deci*tjasing.    When  thu  tartRency,  howevor  is  exter- 
'  nai,  thon  as  oW*  of^  thf?  radii  Incrcas^a  th^»  other  wlli  decrpaae, 
and  vice  vet*&a. 

Suppose  nowXtnat  t^*;?  radlup  of  one  of  th(?  K^^ven  circles.,  hay 
aecreain^..W  radium  ./f  the.  r^iquii^ed  circle*  will  In- 

cxjoaoc^  or  decreaai> 
Internal.    (In  caao 
'  of  coiiirse,  contain 

.tlriuca  to  be  int*eri/al  until       -  ahri'nks  to  a' pointy) 

•  •  AD  the,  radiuo^.o?'  the  required  circle  change«V  the  radii  of  iho 
^  \other  two  ig^v^>n  c/ircl^a         and  T3   will  alao  change.    Th<j  change 

'  will  be  of  the         kijid      t>ath  radii  Lricreasffie  or  both  de.preaalng 
wheh  the  tJkj4;enclea  of '  the  two  circleo  to  the  required  clrcl^^  are 
♦  of  the|*:?amo'k/nd  (both  iritor^^al  01:  both  external)/ •  Otherwise,  one 

•  of  the!  radii/ will;  increaa.e; and  the  other  will  decrease. 

'  '/  /  «'•  *>  I  jin 

A!f€|r/  the  Indicated^  tranaformatldn  of  the  given  circlea  ~  Pi 


ccaixlij*ig  as  its  tangency  to  Tj^    ia  external  or 

of  internal'  -tangcncy,  the  rvjquire^  tfirclo%ill. 

Pi    i'n  ita  ihUjrior  so  thax  the  tangency  con- 
1  ♦  ... 


Into  .t 


genew 

draw  a  circle  'paoalnp:  thi*ourti  a  ^i^eh  point  [  'A   and  tftngont  to  two 


problem  of  ,A]^ollonluo  turns/into'^  the  limiting  oabo:  ^ 


V  " 
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V 


i 


^iyen  ciis:I<^^  V an^^  Pj.  .  Vo  UaVo  already  dealt  with  proD- 
l^m.  .        pXttti  for  Wit*  4i^|utlan  >f  ti^^  problc-6  s»r  Apolijonius  lo 

Wfi^  ct*ntor5^  an<i  ra<^il  >f  bUi?  .giv^n  circles  T^-*  i'^^*  ^3 

'     •  r  -  " 

tHii^0cti\**iX'j  w^,  0^    and  ^       Purtner^^  lot  ud  ausumo 

thai    r.  <        and    r/<  r,  »    About  polrtt  .        vfc?.daocrlbe  clrcloa 

and     ^    witn  radii    r  ,     r^    and    r^,  •  i*^;  abqut.  point  0^ 
in  ilH**  irat/?»cr^%;  di*acrib»?  .circ\-t?s  Pj    and  radii 
^3  ^  ^1  "       •  ponatruct  circlt*o  p^aaipg  through 

point  '0^    ar,-i 'tangent  in' the  ^ame  Rsann^r  to  cii^ciosl  and  Tj  ^ 

1  ^  •  ^/ 

aa  9*x>il  aa  Uvt  clvei^a  pasaih^  thr^u^*    0,    ani  tangmt  in  the  aamo 

jnanner  tu  clcMos         mid,  T^l'  ♦        obtain  faur  solutipno: 

We  nt?,^t  construct  circlos  paatiing  througli    Oj^    which  aro    \  . 

tangent       circles         and  f  ^   and  to  circioa         and  f  j  ,  in 

oppo0tt<?  taann«r.^  i^ittiin  eacn  pair.    Wo  obtain  foiir  m/rc  so^Mtionai 
The  fight  c ire  10a  which  (in  t'h^  general,  caao)  wi  .havo<  found  ^ 

Kill       c^xi^ontric-  ^ita  UkC  required  eia*cloa  and  thoir  radii  i^y  be: 

oaaiii^  dv»t«^t^M«d,  probletn  has  ngt  sioro  than  oi^t  nolation9*' 

,  -  I       r  ^  '   ^  ' 

It  ia  hi^Uy  dcoirable  that  th^  student  (JhouliJ  If  ami  I  iafis^ 

-     ~    ^       ^  '         ^  ^    '  /'  '    ^        / '  ' 

J^imsclf  witn  the'  various  motn^a  of  aoi^Jtloh  of  th^j  problem  pf 

•        ^  I 

Apolioniuo  given  In  the  existing  li-teratu,re  (31,  (/jl,  (1). 

/  . 
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let.  Ci»^pt<^r  \%  w  0xaml*ie  iht*  eemparlsoo  of 

Urn  tncuiaurtEKmofjt  oJ^  vm?  icngtn^,  of  0<?|jmont8  of  ©traignt 
Urmd  ^fM  tfu7  ari?^a  W  slmj^ic  polygons  lo  prosejnte^*  * 
jb^Joa  l«i  giv^n       tri<?  c^at^  of  m^^.ourllig  .trto  areas 
of  p^anc^*  rt^roiii  afu  Urn  ar<?'a»  of  ^urvoa  wrfaiioe*.  A 


gvon  befan*  Introauclng  Uitr  s-ynci?pt  uf  longtH*  we  may  ^ojsparo 

ar^  o(imil,  whicif*  of  thesA  U  i^rgor,,  which 'li*  ^malUr,  divide  a 

Th^  notion       equality  uf  angmonto  io  acc^rpted  ab  a/primai*y 
noMon  not  jlrectiy  4^fin<?j,.  '       foilowtog  axiomff^-^^  or  con^niengo 
Qt  mmmxt^^  oorve  a§  an  Indirect,  iiWinltXon  of  the  concept  of  .  . 
^qUttUty  ^  or  <songruonco#  of  ttegmento  •       _    *  .       ,  ^>:^ 

f  .^^^^       ^^^1*    ^^Pfi?^   ^  ^,        ^^^^  ftointg  on     lino  f[>  and 

A^    10  ^  poXnt  or>  the  Un<g   a/    (whioh  m^y  or  ma^  not  coAneltio  vitti 
iim  tk)  .  '  *^0n  it  ig  al^rfagg  pooolbXo  to  f^rit^  at  yolnt         tying    .  ^ 
ok^^t^^  Ijttp   a  I    on  a  jsr^on  0id0  or  tho  &oint>  A  %  ouch  that  tho   ^  - 

>„.nJ.yJ^...n..l^:.:.^.  '  ^>  ■  ^   ^■■*»>...    ^  f   '^^ -^'^-^  '   ^ 

'•(i)  AP^^^notot  "In  Part  IV  of  tnttj'book  wo  ohalV«lVo>  full  ^.lot^,  %, 
V       tho  axiotfto  of  goomotry.    Ttio  numbor^j  used  horo  oorroopond  »  . 
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V..J-: 


tho  oaneUHienc0  uf»  tiic  oo^onts    AB  and/  A'B'    liJ  Uonoted  by 

Bits  axiom  merrjl^  staton  u*at  1^  Is  p(/j^oiblQ       lay  off  it 
0*^jipt,m^t*  sallurjlt*^  Uic  ^ivon  coniltluna,  /Hvat  onXy  ono  ouch 
0«?jpiont^<sa>  ;e  lalJ  uff  may  t»c  Memonotrajtou       a  thoonom  (13)  • 
'    nip.    If  th0  oe^montu    A''B'    ana  Uro  congt*uont  to 


Uii?  yun<?  fit^gmont    Afa;>  then  tno  3e.g?ftc 


ana  M  B  '  ,  g 
ticnt/  A«B»    is  al 


alagi  congt^ont 


ik«.^i.J^Sffil£i* V-  A!! ^rlgf  iy^  If  twu/gogmontQ  arc  co^^jj^ruont  to  a 

Ucka  ux4o5-5  III,  ana  HI.,  itr/ia  posalble  to  ,prov«  as  a 
theorem  U>*H  «very  augment  ia  equai*  jix)  itaolf. 

^roof .  ^aup^oae  wt*  aro  t^lven  a  aegmont  AB^  Wo  lay' of f  on, 
any  ray  a  de^*ent  A*B*  *cqual  t.o  tne  aogment  AB* '  Thla  cm  pi  ^ 
aone  L^y^.ixio^'ft  Hi,.        'Chen  have,  the  congruenoo 


ibi^a  con^jvuaoet?.  masc  W  wit  ten  ^gain, 

AB^A«B» 


(>) 


Ciyhgruonc<sa    (tfT)    a^na    {  /5 )    may  be  .read  aa  'f^ilowo:    *i^o  •  ' 
oegmenii   AB.  ani  (ia  this  caw  th^  .two  'fiegmcnta  cbihalde)  .  ; 

arq  !?6ngruont  \u  a  third  .segment    A.».B»*    Conatrtjupntly  by  axiom 

'       ■  ^  •  -   \  ♦  .V     '      ^  ♦ 

llj^  U^eij^T^s^r^onta  aVe'tJcjual  to  oach  other:    AB~  AB>  q.e.U.  \ 

Hei:e\ii/*»iiv'^  ah  instance  of  the  proof  of  a  theorem  wh^q,  yaCflf-   .  • 

cvl^<^eo*\  is  not,  Itjoa  ttia^  that  of  the  simpioat. axiom.  , 

I    'fhe\f3roparty,of  a  sogntenl  Jusp-  Jemanotr^tod,^  tHa.t  of  .being 

'  ^qual  to 'i  tdoir, .  ia  caaiea  'ref  Ic/xiVenqos  ^   It  la-alao'eaoy  to  ahow- 

^      •     >\  '  *  ' >  .    *      '    /•  ♦  >  ' 

th^t  equa^it^  uf^segmenta'/iao  'the  properties  of  'aymmegry  anu  ' 


.  ^  •      .  ^  383. 

By  aymmotry  wc  mean  tha*t  from  the  equality 

.  tjjcre  follow^  the  equality  (or  congruence)  \  v 

Lcjt  uo  prove  this:  .  Prom  tne  p^roperty  of  refli^xlvcness  we 


get 


A*8*  sA'B/.     Ifi  aaviitlon,  'we  are  given  tiuit  -AB  ^sA^B*. 
'Riis  means  ^tha^  *j:;hc  \^wo  oet^^ehts  \rA^B'    ana    Ai>  are  congruent 
'to*B.  thi^  segment    A'B'.    E^y  axiom  III^  we  conciuao  tmt 

4       ,     -         ^    -       '      •  r- 
>'  •..< 
^  tmi\gltivlty  we  mean  tnat  £rm  tAe  equalities 
^  .   :  r-^  >,.        .  •  ' 

°.       :  AB^A'B«   .,     A'B'  ^A"B" 

■  ~  -       \       .  ^  '  ■ 

ther.e.  fol'lowQ  the  equality  '  •  ^ 

^       -     '  AB'^A^B'*     ,      '         n       ^  ^ 


*&ie  proof  is  obtained  ^  noting  Uiat  Trom  the  seconct  equality, 
AtB«^A^B",  we  have  by  s^et^ry    A"B"^A\B«^    We  then  a'pply 
axiom' Ilig.  *      '         •    .  I  ;  ' 

ihe  thira  axiom  pe;:talnins  to  the  propei:^ies  Sf^  equality  of  ' 


,    aejcments  states;  .  *        -  *         ^  r 

^^1*3 •    Suppose  that^  AB  and    BC   are  two  segments  of  a  line 
^  --having       Interior  points  in  common >  and  suppose  further  that 

.  •   ^    A^B*    and  3*C^   are  two  segnents  on  ^he  same  Ifne  or.  another  Aine 
S  also  having  no  interior  points  in  common.  (fig«  ^16);  if  we 

^'"V'  'AB'^A.'B'  'and    BC  «B'^C«     ,      .  ' 

then    '  \  V  '  .  . 


AC  ^A«C«* 


.  l>"»lso'  true* 


Is^:'/  •.       ,f        v:,; -.v^^ 


'    T^fiis  aiciom  Jjiiplies  tho  possibility  of  addjlng  segments. 

Let  us  nowVefi'ne  the  concept  of  Kre*at£i^  and  smaller  as^ 

applied  to  so'gments. 

Jtfc  aay  that  t^e  segment/  .CD    is'  greater  than  thp  segment  AB> 
w 

*  i  .  -  ,     -  - 

and  write       .  ^  ^  ^ 

o  /    *       ^  •   CD  >  Afe, 

*'if  vupop  laying  eff^'iin  accordance  with  axlpm  III,)  on  the  segment 

CD       segment  equal-to    AB   we  obtain  a  point    B'  lyjng 

bet)^en  ppints    C    and    D    {flgr217).'  ^    ,  .  • 


Fig.  210. 


X 
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If,  as  the  segrjipnt    AB  ,is  laid  off  on  the  line    CD,  the 
-  point    B'*   falls  outsjde  the  s6gment    CD  (in  which  case  the'  ^oint 
£)   wij|i  llii  SetWeeh  ttie  points    C    and    p)    we  say  that  the  sjeigment 
CD.  4.S  less  thun  segment '  AB.       '  ,  ,  .     ^  v'- 

.  Fot  two  given  segments  cC  and  b   one  and  only  one  c^f  the  ' 
following  three  statements  is  truje.:'-^. 

1.    a  <  b  and  b  >  a; 
•     '        2»    a  ^t); 
*  '      3 .    a  >  "b  and  b  <  a  < 

Hie  comparison  of  segments  with  respect  t^  magnitude^  is  ^  .  * 

transitive^  that  is,  from  each  of  the  threeT  propositions : 

' '  ^  '  \  ^  ■ 

(l)  Poothote:    It  mu^t  be  emphasised  that  we  are  here;  simply 
4enoting  segments  by  single  letters;  it  by  no  mea'ns  follows 
^  'that  thiBse  letters  denote -numbers.  —Translators.' 


(1) 


,3.    as  b,  b  >  c» 
it 'follows  that       ^  ^  '  ^ 

We  t>mit  the  .proof  of  these  propositions* 

In  analogous  fashion  axioms 'are  set  up  which  permit  the 

'comparison  of  angles  and  also  the'  establishment  of  the  congruence 

ofi  tfriangles, 

iinploylng  the  axioms  ,of  congruence  we  shall  prove,  as  an 
example,  the  fallowing  theorem:  "  * 

Theorem,    EVery  segmeiit  can  be  divided  into  two  equal  parts, 
and  this  division  is  unique,      «     '  '   ,  - 

Proof  of  existence:     Let  •  AB    be  the  segment  which  is  to  be 

dividecj  into  t'wo  equal  parts  (fig»  218)  •  -  We  danstruct  the 

•  '       (   .  •  <    \  ^ 

congruent  angles    MaB   and    NBA    so  that?  their  sid^s    AM    and  BN 

are  located  in  tihe  same  plane  and  on  opposite  sl^es  of  line  AB. 

Tae  PQSsibiliity  of  such  a  constr»uc'tion  is  coverd  by  an  axiom 

concernirig  angles,  analogous  to  axiom- III^  ^or  segments. 

We  further  select  on  the  rays    AM-  and  '  BN    the  points  C 

and    D    such  that'   ACsBD'    (axjLom  III,).  -  The  point  '  0    ot  the 

int^Pse'ctioiv  of  lines    AB    an(4    CD    will  be  the  midpoint  of 

segment    AB.     Proof:    Prom  ,the  congruence  of  triangles    ABC  and 

ABD  {"by  two  si<ies  and.  the'  included  angle")  it  follows  that 

CBsAD*  /  .      •  . 

(2).  Footnote:    ,A  list  of  axioms^  of  *  congruence  is -given  in 

*  Part  IV  of  this  book.  — Translators-.  • 


38.6.  ; 


'  ^     Fig.  218.  ^    -    .  ^  ^ 

From  this  we -derive  the  qongruence  of  triangles    ACD    and  , 

BDC  ("by  three  sides")  and*  conseqiilently: 

The  congruences  so^fa]/  established  permit  us  to  conclude  that 
^  •  ^  •  ■  ^  ^' 

."triangles    AGO    and    BDO    are  congruent  ("by  one  side  and  the  »- 

adjacent  angles").,  \\fhence  it  follows  th^t   ,AO^pB.     -    ,  ^ 

Ihe  proof ^of  uniqueness^  that  is,  that  the  segment  has  only 

one  mid-point,  will  be  omitted  [2^].  .  We  shall  make  use 'of  this 

theorem, in  solving  the  general  proSlem  of  the  measurement  of 

(         *     -      *  \  , 

*  segments.  , 

Having  at  our  command  the  no^on  of  the  equality  oJ^egments^ 
we  can  now  define  the  concept  of  a  motion  in  the  geometric  ^ense.* 

^The  reduction  of, the  concept  of  a  motion  to  the  concept  of 
eq^iality  of  segments  was  set  forth  in  29.  and  34.  -above.  - 

^But  the  matter  may  also  be » approached  in  another  way.  '  The  ^  ^ 

concept  of  a  motion  may  be  .regarded^ a.S  fundamental  and  undef-ined. 
•  ,  »  * 

We*  may  fonnulate  axiohs  pertaining  to  the  cojicept;of  "motion"  and 

*  ^  ^  '  *    ,    ~  '* .  '  .  ^ 
subsequently  define  equality  of*  segments  and  equality  of  angles 

■     :    ,    — -  ■  • 

in  terms  of  "motion"*.    For  example,  with  "respect  to  segments  we 
have :    two  segments  are^equal,  or  congruent, . iTf  there  exists  a 
motion  earrying  the  first  segment  over,  into  the  sfecond^^    In  this 


development,  axioms  III'  and  III^  become  theorems. 

'The  axioms  of  motioN^^re.  presented  in  Part- IV  of  this  hook, 
wh^re  there  is  also  shown  the  equivalence  of  the  two  sets  of  axioms: 
the  axioms  of  motions  and  the  axioms  of  congruence.,  Ey  the  equiv- 
alence  of  'two  systems  of  axioms  we  mean  tha't  the  totality  of*  the^ 
facts  of  geometry  rdfhaios  unaltered  by  j^h^exchange  of.  one  system- 
of  axioms  for  the  'otiher.  '  ^  ,  m 

Thus,  in/our  example  the  first  sys^em^ of  axioms  consists  of 
all  the  axioms  of  geometry  —  including  the  axioms  of ^congruence 


presented  in  the* first  list  in  Part  IV,  While' the  second  system 
differs  yTrqm  the  first  only  in  that  we  a(^opt  the  axioms  of  motion 
ii^  place,  of '  the  axioms  of  congruence  T 

To  prove  the  equivalence  of  two  systems  of  axioms  it  is 

-   ^  .  -J 

suffitient  to  do  the  i><niowing: on.  the  basis  of  the  axioms  of 
the  first  system,  to  prove  the'' assertions  of  those  axioms  of  the' 
'second^stem  which  are  not  inc3,uded  in  the  first,  and  conversely, 
to  prove  the  axiom's  of  the  first  system  using  the  axioms  of  the 
second #  *  •  '  *  .    »       '         \     *  ✓ 


'5^.    TOE 'GENERAL  PROBLEM  OP  THE  MEASUREMENT  OF  SEGMENTS 


*         .Tfte  •probl-em  of  measuring -straight-liKie  segments  consists  in 
\  ^  •    aSwSigAing  to eveiV*  segment    A>B.  a  unique  nqn-negative  number  ?^(AB), 
called  the  length  of  segment    AB,  such  that  the  following  conditions 


|;^V.  .     are  ful-filled: 


1  y(AB)  =  0,  when  and  only  when  points  A  and  B  coincide, 
2.    f  {AB)-=  7(BAk 

3..  .  If    ABgCD,  then    f(AB)  «=  f  '(CD),  that  is,  equal  length^^ 
Biust  be  assigned  to  equal  segments,  ,  ... 

14 If    AB   and  'BG    are two  segments  of  a  line  and  "have  no 
iDt;ernal  points  in.,eoipmon,  then    f(AB)  4-   f (BC)_  =    f(AC)>  that  is, 
the  sum  of  two  segment^  must  have' a  length  equal  to  the  sum  of  the 
lengths  of .  the  *added^- segments  (the  condition  of  additivity  j 

•Bie  problem  of  Assigning  to  every  segment  a  number  fulfilling 
>  •  - 

.the  conditions  1  through  4  is  known  as  the  direct , problem  of  the 
theogy  pf  measuremerit  ^of' segments  i 
s  '-^From  the  stated'cdnditions  It'Xollows  that 

'    l)'  the  length  of  tlie  sum  of  a  fl-nlt'e  number'  of  segments  must 
equal  the  sum  of 'the  lengte<is  of  the  segments  and  hence  mus'b  be  ijot 
leastthan  the  length  of  ahy  one  of.  the  added  segments.  '  ' 
.  i"  2)   »a  Aarger  segment  must  h^e  a  greater  length.  • 
"    It  is  sugges'ted  that^he  pro6f  of  thQse  two  pr'oposltions  be  ^ 
l^^  ^carried 'o^lt  as  ^in  exercise. j  ^      ,  >  ,       .  . 


-  \ 

»  -  •  - 


,    •  •         Fig.  219. 


'tr  .^ho  aoooftiatien  with  every  oegmoht  .A^       ^  number,  f  jAB) 

Ctt'pkpd  out,  wcr  oa^  mt  a  .oyaWm  <#ineasurem'eri:^jp^^ent8  or 
ft  ft^siiaro  of  IcnKthn  of  aoggnonta      has  be^TVjSOt^^^^>    In  this 
;  .  ^  'connQot^on  l,t  ia  inaiaiAhsablo  that  two.queotlona-.^*^ anowered:  does 
-   '  .  oven  one  ayUtcra  of  .mea6urcra.0nt,exl8t,  and  if;M,  how  can \e  obtain 

■  '  '  tai  tJho  oyotomo  of  meaBurement?   ^  \    ,      ^  .      '  .  ( 

>        '    ^nio  ootabliohment  of.     oyatSm  of  meaourefnent.  rcqaireo  the  . 

•V.        aoooptanci)  of  an  addl€i^nal  axiom.    Customftrily  we  empl.oy  for  this 
i         nuto^o  thd  axiom  of  Apchlroodoo.  •  .  .. 

:      ^  T         V{  (axiom-,  of  moaouJ^oment,  or  dxlorn  of  A9chlraed6s):    ffet  AB 
^  "'     and   (fl)   bo'iHtf  two  BCKmonto  wha'taoeverj  then-pn  tK»  line  Afi  '  ^ 
r      '  iphoro  oxlii»to  a  finite  numbor  of  poUits   a3^»_i^.-A3  ,:ii:i^^_8uchi  ; 

/  -that  tho  BdKmonto   A'A^  M?'.  W  are  each;g>ohgruent.^^ 

If  \    .lio  noronertt   CP  and  point   B  liet?  botftoen  A  and   A^  (figiJlSL* 
|r~"^        ^       •'^^Q  ani-om  0^ 'Arohiroedos  iB;/ftrequent;ly  given  ^he"*"*^         '  • 
i^'  .  -        "  fpllovdng  readily  grasped  fonnulati<Jnt,..,^y  segment   OD  , 
ir,        -  .     may  fte  added,  to  ^itaelf  a  Tum<?ierit  numb^  6f  timea  bo\       •  - 
iC:--^^.-r       I5hat  tho  oum  cx^cods-  any  . arbitrary  i^esment   AB»  ^    —  ^-  . 

/  Wo  shall  Ros/  provo  ttmt  condi^ions^l  through  4  uniquely  ^ 
^toCTdnd  tho  i^gth  of  dve»*r  gogment  If  a  number  equal  to  1  la 


longtho 
.arc  ioqua 


aoslgndci  to  oome^  given  segment         wltt)  dlstlnat  endpoints  -P  and 

We  call  the  segment    PQ.  'the  unit  of  measurement  of  lengtlTs 
or  the  unit  segment,  ,  ^  .      '  ^      •  *  ^ 

"  Flrot  we  shall  show  Umt  If  there  exists  a  system  of  ^tneasure'^.      '  - 

^  ment  In  which. a  seg^ejit  «PQ   Is  tha'jUnlt  of  measurement,  such  a 
oyotem  Is  unique » 

Uiua  wo  shall  start  fx^om  the  assumption  that  to  every  non-null 
^     .  sogmont   AB*  there  has-been  assigned  some  positive  number       ,  that 
th9oe  numbers  satisfy  .conditions  2  throCigh  ^f,  and  that  to  some  ' 
^  .  /  givm  sogm<:nt        ^  there  has  been  assigned  the  number  1,  i.e. 

Lot'    0   be -iJhc,  midpoint  of  segment  'PQ    (see  53.).    Since  the  " 
f(PO)    andx^ff^)    of  the  congryent  segments    PO   and  OQ^^ 

cwJrClttl(><f  3) we  have  f  ronfeaonditlon  H  ; 
,    1  -   f(PQ)  "  f{Pp/+  f  (OQ)  «  2  .P(OQ).. 
Thus,  each  of  the  .se^on^^l^a  and   ^-^-^as  ^  length  equal  to 


^^  r^/tnaiogoukyi  '  v^^^^  ea€li      thfe '^halt^  -PO^-^  arid    •  ^  ^ 

'Offf'^^f  the  segmq^T^      has  a  length  equal  to  *  ig  ,  ajadjso  on. 
.  On  the  Il|i^/rAB,  to  WHich  the  segment  -AB   belongs  ^Tieaay  off 

.  /    * 'froi^^''i'bi|^^^^^  Af  ^Ih  the  direction  oC  point    B   the  segments'   AA^,  ' 
'7    '  AnAo*  AoA'j/  .J*  congruent  to  the  anit  jsegment    PQ  (axiom  1X1^).    If^*  ^ 
ona  of  the  polrrts    A^    coincides  with  point"  B,^the  length  of 
'    ^        c^ogment  'AiB  *wlU  be  equal  toj\  -  ^  '      '     ,  , 

In  accord  with  thQ  first  inference  from,  the  conditions  ^f or  a  sysfem 
l>  /'  .^^        ilteasuroment  of  segment^,.         ^        .  •  ^ 


.If  oa  the  other  hand  no  one  of  the  points    A^*' A^,  Ag 


5* ' 


-  f 

J 


coincides  with*^oint*  B,  there  follows  from  the  axiom  of  Archimedes 
the  existence  of  two  points  ^  A^^    and        ^  -j^    such  that    B  lies 
between  them.    Since  •segment'  AA^    i3»less  than  segment    AB  !:anc[' 
segment   pJ^  _^      is  greater  than  segment    AB,^we  have-: 

<  a  </n  +  1":  ^ 

in. accord  with  the  second  inference  from  the  cond^tibns  for  a  « 
system  of  measurement  of  segments.   ^      '  \ 

TSius  t?he  length  >  cl  of  segment    AB   is  determine^  to  within 
one  unit J  ^      .       .  . 

We  ,noV  *ciivide  the'  segment    A  A-      ,    into  two  equal  parts  by^ 
tnews  ot  the  point*  ,Wie  of  three  posslWlities  will  take  /  I 

place:  ^  ^ .       ■  ^-  ,  r        .   /  \^ 

1.    Point    B   coincides  wlth'*^oint  In  this  case  ',   •  ■ 

a  =;  .f (AB)  =    f(AP^)  =    f(AA^J  +  f  (Aj:^^=  rt  +  |  "  . 

andlf  the  process  .of  measuring  segment    AB   is  finished.  / 

2..    Point  'B  olie&  between  'A^  tand  In^'this  c^i^  ^seg- 

ir  ment  AB  is  8fi»*eater  than  segmgnt  AA„  and-,  less' than  aegmgnt*  AP-. 
J!/':  .  /*  Consequently :  *         •  .  *  ' 

,  -  .  T  .  *  * 

vr^r^^,  ;^^,      3      Point    B'  lies  betweea   K  '  and    A^  ,  « .    In  this  case 

#>#'^^'   '     '   •     •    % »      '. 1   .  _ .  n  + 1  "  r    -  -  • 

AB   is  greater  than  segment    AP^'   and  less  than*  segment  \ 

fP:y^'''-  A  ' '  ,     >    !        »'  .r*  ^   '  '  ' 

^e;:^y'  AA^  j.  t    Consequently:  •         .  ^*  ^  ^  - 
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Ih  the  ^^a^rfc- tHo^cases  the  f  process  oj^^asuring  segment  AB 
Is  not  finished;  we  say  that  l."Bngthx^  of  segment    AB  has  been 
determined  to  within   ^   ^^^^x  Continuing  the  process  of  measure- 
ment, that  one  of  the  segm^ts  .  A^P^^   and    P^A^  ^       in  vrtiich 

.nt  Pg. 

Mex^  again  one ^  three  possibilities  will  hold,  e^d  so  on,    >  • 

Bte  r^^lt  of  the  measuitement  can  be  written  in  the  form 

n, .    n^.  In. 


2*^ 


'  Hera.n  —  the  integral  part  —  indicates  how  many  units  of 
measiurement  are  contained  in,  segment  AB,  Ohe  numbers,  n^,  n^, 
n^*,  n^,        are  equal  to    0^  or  to  1  depending  on  which  of 

the  successive  halves  contallns^  point    B.    Por  example,^   n^^  =  0 
If  point    B   lies  Xn  segmei^t    A^P^    with  the  eXclusi^yof  its 
endpoint    ^i',       *  ^        poi^t    B  •  is  a  point  of  ^egwpnt, 
With  the  exclusion  of  itis  endpoint        ^  j^.    We  detjej 


^l^n 


ogously  the  value  of  any 

Ihe  above  expressionjfor      ^ill  have  a  finite>number -or 
terns  if  point.  4  B   coincides  with  one  of  the"midpoiiits  c  Pg"  which 

constnlct  in  ti^^rocess  of  measuring  segment    AB;  or'^an 
inirinite  number  of  terms  jif*  point    B  does  mot  cQincld'e  with  any^ 
orn^  of  these  points 'of  division. 

Remark:    In  practicle  the  unit ^egment    PQ    is  d^vl:d 
Int^  halves  but  irtto  ten  equal  parts  by^  points- of  di\^isioru_ 
^1*  ^2*  ^'" -^8^^--%  result  of  the  measuremen|b-  is  writte 


.out  *J.n  the  form- 


4,-  n^ 
1^2 

10*^ 


10" 


o  - 


4  GO 


Hfere    n    is  the  int*o§i:al  part  and  numbppc  * 

.  ,  ....    are  each  ^qtiai  to  one  of  the  numbera  0,       2^  3,  k,  5,  6, 

7i  8**  "9*  depending  oh  which  of  t|ie  ten  oegmonto  in  ef;^h  sUccesalve 

aubdivlsion  into  terj  parto  contains  point    B.    Por^  example,  if 

point        is  found  jctween  points         and*  A^-  ^  ^    and  aftef  the 

division  of  segment,   A  A    .  ,    into  ten  equal.' parts  point    B  lies 
•  inn-i-x  ^  .... 

in  t^e  first  segfncnjt  \jP'^    then    n^  «  0,  but  if  it  lies  in  seg- 
ment   PyPg    then  7>  and 'SO  on^,  ■     -  ' 

T^e  foregoing  expression  can  be  written,  of  course',  in  th^" 
form  of  a  decimal  fraction:  •     ,  /       -  ,  , 

'      '  a  »  n-rt^n^rij •  •  .i^j^* •  •  • 

In  the  same  way  the  expression 

'  a  «  n  +  -4+^+...+^+.,., 

where-  n^,  ijgf  n^^        are  equal  to  0  or  1  and. /rv  is  a  noijt- 

negative  integer,  appears  as  the  bihary  fract^lon 
*  a  «  n.n^^ngn^ .  <.nj^. .  ^  • 

.    Prpm  the  Above  propes's  of-  mdast^rement  of  -segment  AB^.4.t4^, 
follows  ithat  it  is  possible  to  find  any  desired  digit?  in  the 
binary  (or  decimal)  representation  of  its  lerigth  eii  *  '      ,  ^ 
;  Prom  all  this  it  follows  t.hat  the  length  of  segments  is 
uniquely'  determined  by  conditions  1  through  4;  more  jjrcciseiy, 
.^if  there  e;clsts  a;  system  of  measurement  .of  segment^  iiv-Which  ^ 

given  non-null  segment    PQ   has  a  length  equal  to       then  this,  . 
-  ^system  of  measur^ent  is  urifque.  ,    ^'    •         ,  / 


f  m  J 

It.  remains  to  prove  the  existence  or  a  system  of  measurement 
of  segnfents,  that  is,  to  shov^  that  to  eVery/. segment  there  can  W 
^signed  a  number  such  that  conditipns  1  •ohrolagh  k  are  fulfilled. 

'.Let.  us  assign  the.  number  1  to  an  arbitrar:i^ly  given,  non-niill 
segment    PQ.    The  process" of  measurement,  applied  to  the  segment 
PQ,  i^lll  give  the  number  1.    In  general,  let  us  assign  to  every 
segment    AB   the  number  obtained  as  t^^  result  of  the  previously 
desc^J>ed  process  of  measurement,  '  ' 

By  this  process^  of,  measurejncnt  a  number  wi!^  indeed  be 
'assigned  to  evel'y  segment  -/the  number  zero  having  been  assigned 
beforehancd  to  null  segments.  •  \  .\  , 

It  is  necessary  to  prove  tlmt  the  numbers  thus  assifsjjied  to 
sepnents  fulfill  thfe^conkltipns  1  through  4.    •    \  *  '  ^ 

Ohe  fulfillment  of  conditions  1  and  2  is  d.elf -evident^  Ife>is 

also  clear  that  the  process  of  measurement,  applied  to  equal  seg- 

•  •  A  •  * 

,ments,  wj^ll  yield  equal  numbers;  hence  condition  3  is  also^ful- 

Before  proving  the .fulfillment  of  condition  4,  -we  shall 
establis*h  th^e  validity  of  two. lemmas  \  ^      .  ^ 

Lemma  1.    It  is  always  possible  -to  select  a  natural  number /yy 
^  sp  large  that  by  dividing  the  unit  0/  measurement    Pft  Into 
,    2^^  . equal  parts  we^olS^in  segments  each  >of  which  is  smaller 
than  a  given  segment   MN.  -  :^  :  :  ♦ 

T»ro.Q?;.  If  jwe  si^pose  that  for 'any   n  ^he  a"-th  P^a£tj6^he, 
unit  segn^ent:.  PQ   will  be  greater,  than  or  equal  to  segment  MN, 
.  then- if  we  iid  the  segment    r4N   to  itself  a  number  of  time/ e^fial 
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to  an  arbitrary  Sr  wo  ohall  not  bo  able  tO'  obtain  a  segment  which 

V                                                                            \  ' 

J  '  ■ 
exooodo  tho  unlt.oo^cnt    PQ,  thus  contradicting  the  axiom  ^fi^.^  , 

^  \        .  .....  J 

ftt»6Uittddeo.  ^       ^     ,  .          \                     :  ^ 

Lemma  2.    •If*\oegmont   A»B*  is  sroallor  than  segment   AB>  and 


Jbhe  numbers         and  b  respectively  are  oiifcained  by  measure'* 
inont  of  those  segments »  then  6*  <  * 
Proaf:  Let 


and 


n*     n*  n\ 
b»«n*+^  +  -|  +  -J  + 
^  2  2 


n„  n~ 
b.-n  +  x^  +  -4  +  -4  + 

2       2^  2"* 


+  -JT  + 

^  2 


defJUii- 


Since   A*B»  <  AB,  in  virtue  of  axiom  IIIv,-^nd  pf  the 

•     ^  ^  ♦  Ti- 

tian of  "smaller"  for  segments  thetJe  exists  on  segment;   A|B  a 

jpoiiit   B^'  such  that   AB«  «  A*B?/^       \  -x  , 

We  construct>%starting  from  i^oint   A   in  the  (jjlirectibn  of 

point   B,  the  segments   AAj^^'A^A^*  AgAg,,        eq\lal  to  th<*  uni^ 

,of  measurement    Pft.    If  even  one  point   A^  is  located,  between  B^ 

and    B>  the  integral  part   n*   of  the  number   b»   is  less  than  the 

.^AniJfigrtil^lE^rfc''       of  ^J;hd  .numbeit^Ji  whence    b*  <  b*        on  the 


;6tH©r  hand  both  J>oihts    Bf*  and   B  lie  within  ahy^s- 


nt 


-'.1     'A4AJ  .  V    ^^^^         and^  b   will  have  identical  integral  terms 
ff     ti^  «  n»    Dividing  segment   A^A'^  ;  ,t    In  half >  we  shall- find  either 
;;v      that  points    B*   and  '  B   belong  to  diffei;!ent  ,  halves  of  this  segment 
^  :and  thus   n*  <  n^;  which  mean?  that   b»  <  b,  or '-that  points!  B< 


Vnd~  B  belong  to  thfe  samjiialf  of  sejgment  "^^i^^A^  ]^  -^i  WfiSreupon 
*;  we  In  turn  divide  this  hali" 'of  segment   A^^A^  ^  ^  ^i'^*©  halVeai^ 


and  66  on»,. 
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'i^  ^  y  .        .^^'Vsx  the'ekd  we  'shall-  estaWlab'the  inequality^  b«  <  b 
.    .•         Dro^lclng  thfit  points    B«   and-  B  arf^ot  found' to  lie  ^iW^ays  in' 
^''th6  ^jne  half  after  every'  bisection. in  tJhe  process  of  measurement. 
.   h  Biel'litt^r  Insult;  however,  is*imp.ossibiey^in?5e  then  the  segment 
,  B«B   uould  h^vi?"to;be  smaller  than  any  a'i-th  part  cjf  the  unit 
segment, .which  contradicts  lemma' Ir^'     ^  *  S 

^Jfe  return  t.o -the  ibmpletioa  of  the  proof  of  tfie  existence  of 
*  a  syB'Jem  of\6asurement *of  segjnents*.  We  must  establish  the  ful- 
fiULmmt  of^^ciWition  4.    Note  .that  to  each  segment    AB  we  have 
asslgi^'d  the  Result  "of  ifie^feeasurement  of    ABj;^  .tJie  nuinber  .  .  , 
f.CABj,.         -..  .      -  .  • 


Let    AB-  be  any  sflJmnt^  and. 


point  between    A   and  Br 


Bien 


^ '  M  1 


AB  «  AC  +  CfB  "'  ^^  ft 

\  in  accord, with  the  i^^rjing.  of  addition  of,  segments.    , ' 

I  We  shall  show  th^_ihe>umbers   f(AB),   f(AC)  and   f(CB)    .  \  - 
^^Sat^:^^  th^e^jsondition  \ 

X'        ;f  (.AB)  «|^.(^^        f(CB).  ^  ^  ^ 

•        '  J  '  ^  PO  n 

Let   n    be  a  fixed  natural"  number  and  ^    the  2  -th  part*.pf 

;tha  unit  segment  PQ.    Prom  point    C    in  the  direcJ;ion  toward  A'  we 

,lay  off  segments    CA,,  A^Ao^AgAg, 

V8'+  1'  •••  (figure  220)  • 
;•  -dachlequal  t:o  the,  2"-,th  part  of  the  unit  segment  PQ. 


'  Yig...220. 
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It  follows  from  the  axiom  of 'Archimedes  that  .there  «xist  two 
points  And       ^*  ^    such  that    A   will  either  coincide  with  * 

A^-j  tOr  .  lie 'between    A„.  and    A„  ^  i      In  either  case,  we  ha^e  ' 


fdoo  numbers,  we  have  by  lemma  2: 


^-^""^''-.'We  rtQjw  lay  bff  f-rom  point    C    in  the  direction  toward  xB^^.  - 
segments    CBj^,  \^2*  ^r^r  +  1'  •  •  •  i^^'i'Kj&Wifl^t  each  equal 

to^the  2^-th 
*Archlmed6s 

or,  in  accordance -with  lemma  -gf^n 
'  We  also  "hav^^*  '-^^"^^         ,    ^^  ^  .'  \ 


ri^^'.r;-'   ,or,  passing  to  numbers,  by- J.emma  .2 
C  '     Addirig  theV^rresporrding  sides  |  of  the  inequalities  (♦)  and 


i 


'     --'t  ^  8  +  r  ^  f(AB)  <)   S-+'  r  +  g  .  ' "  >■  ff**"^) 


.,'(*♦),!  we  obt?airi 


s  +  r 


•J 


s  4  r  +  2' 


f(AC)-«-fJCB)<^ 


*^t?f  ;  '''' 


-   .4  V" 


Brom  this  inequality  together  t^ith  inequality  it-  .foriows  that 

,     •  ^        If  (AC)  +  f  (CBr-f(AB)    I  ^  ,  -  . 

But    n'*  iu^any*  natural  number.    IDonsequently,'        %  /  ^.^^  .'^C 

J  -  -        ♦       (AB)  -  f  (AC)  4.'f(CB)-;    -    -        ^      ^    -       •  \- 

The  pr,operty.  of  additivity  is  proyed^v  Ihe  numbers  ^yAAB)     ^  ^  v 

/  *^ 

assigned  to  each  segment  :AB   will  be  the  lengths  of-  these  * 
segments .        '  ,  ^  -      •  7*  ; 

Bie  question,  whether?  or  not  there  exists  eyen\one  system'  of  ^ 
nleasurement  of  segments,  has  an  affirmative  answer.  More  than  th!&^*^  * 
'eve'V  choice  oi^-an, arbitrary  segment ^  PQ  as  a  unit  segment  deter-^^^.  ; 
mines  a*  system  of  measurement  of  segments.    There  exists  an*  irif inittas; 


9  ^ 


set  of  systems  of  measurement.  '  .        .  - 

'We  shall  now-^olve^he  converse  problem  of  the  theory  of^ 
^iSU3:*e!geny  of 


•  Jt^allows  from^'the  foregding  that  the  set  of  all  segments  Ts  :  ,  ;  ' 
"r^oalijcJgd  ;^y  any , system' of.  measurement  into  the,  set  pf  real  xion- 
"neKsiiW^iixunbers :    to  e^ry-^B^^ent  Sg^^^orresponds  ,a  real  number 
.^*^lei2%h  of  thd*^^%egjnerit.    If,  under  a  ,^C^€%s2^6tem  of,  mea^urep.,^ 
ment,  soiie  numb^  islld^je  length  of  a  giveni^^egm^gjt,'  then 'all  equal  V 
se©nents  hiave  ^^t^r  image  that  same^^  numbei*^ — ittej^uestion  ^ 
remains  open,  ^^hel^h^r  or  not  the  lengtiis,  of  all  noh^null  segments  \     ,  ^ 
exhaust  the  entire  series  of  real  no^n-hegative  nmnbers.  Ime 
answerliJLng  Of,  this^qu^stioVv^'o^s  the  content  of  the  converse  , 
/probleto  of  !the  (theory  of  m^ureinent.  6f[  segmen*^;  |and  a  ^jo'sitifve  > 
•  answer lis  possible  only  after  the  introduction  of^  a  new  as^iom. 

•  /It  is*  sufficipntL  to  adqpt  tl^e  fo;H.<^wing  axiom  of  Kaittor  on -a 
"nested 'Sequence  of'  closed  segments.        ' ,  a'        ,        '        \  ---^^ 
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V^.    Kantor's  axigm*    If  on  a  line       there  Is  glvep  an 
2  — '  ■ —  — '  :  ;  

Infinity'  sequence  of  closed  segments    A^B^,  -^2^2'  ^^3^3'  — 
*  '  -  *  '  ^  wfiich  each' 'Successive    A  '  .  .B    .  .     Is  conWlned^  In'  fclie* preoedl 


An^+  l^n  +  1 


li  con l^ned^  in'  fcti-e' preceding 
A^B^    (f  lg*>  22^)  and  If  -no-  segment  exists  which  is  contained  In 
all  the  Segments  of- the' given  sequence,  then  there  exists  one  and 
only  one'poin-t  -X-   which  belongs  to  all  "segnlents  of  the  sequence. 


•  7 


0rt     03    0;  0f 


Fig..  221. 


''In  this  axiom,  all  segments  are  understood  t;o  be. non-null,  . 
that  is,  to  have  distinct  endpolnts:      ^  *  h 

-  'it  must  be^^noted  tha^t  wifh  this  f  ormulation  .the^  ddncluslon' in 
the  axiom  is  g.omewhat^  stronger  th^^n  necessary. 

;Jt  is  sU(ff icient^to  requi^^e  the  existence  of  at  least,  one 
point    X    belonging  to -all  ,se@nents  of  the  series. 


'  ^       The'  unlqueheas  of  pdint,  X    will^^  -then  followy 

bravc^ng  upon  the  concept  of.  the  inte'^.ectrion  of  figures,  the 

assertiw  of^tKe '^pffl^.^^^^-^^^  t^iS.  ^ 

>^  V  v-^^,^.:.^^^^  Indicated  series  • 


intersection  of  all  tn^ 


Am*  AgBp,  A3B3,  ..••l^fej^oin^JC. 
.Remark  J 


Cantor  are  called  the 


V  ,  ^        .  A  "The  axi(^S^^«i\im,edes  and  Cant 

ivv^.^  \  aixlorng  of  Qonbnui^y,  •'^^VfttTh^ th^ir*  ar;Ld  we  may  prove  theorems  like" 


fallowing:        line    <^ ,  passing  through  a  point    A  -  ^ihteriQ 

<4 . ' 


iio,  ^it^cle   r  ,  inte^cts  the  JLatter^  in  two  points. 

I'^A'K.u    ;  ■  '  ; —  , 


/ 


l^\e,.  converse  problem  of  the  theory  j>f  measurement  of  «.segineajbs 
s  solved,  by, the  following  theorem:    Whatever  be  thi  real  number 
CL  y  O  i  there 'exists  under  any  given  system  of  measurement  a  * 
-se'gmenj^^Whose  length  Is  equal  to,  ^  .  '  .        ♦  . 


Fig,  222. 


Proof:    Let  thq  .number  cu  be  represented  in  the  form 

n,      n^  n.  •  • 

;    •     ^a'«  n  ^+ ^  + +  +  ,       .  ,V   ^  . 

where*  n    is  a  natural  number  or  zero,  and  the  numbers^ ^ 
n^,  .%>^nw,*i*  are 'equal  to  '  0    or    1.    This  is  the 'repre'- 


sertta'tron  of  the  number  A  Xa  the  form  of      binary  fra 


ction: 


a  ^  n-n^ngn^*.  •  .n^. . , 


^    .    On  the  ray    OA    we  lay  of  f 'segment*s    OA^,  A^Ag*  ^^2' 

1  '  equal  to  the  ynit  segment    PQ    (figf  222).  We 

bisecjb  segment  ♦  A^^A^  m^ans  of  ROinfe\Bj^..   If  -n^  =  0,  we 

choose  the  segment    A^B^  ;    if  n^  =  1,  we'  c|ioOse    B^k^  ^ 

Bief^^jhosen  segment,    s^,  is  then  biset?ted  by  means^^of^  point 
feg.    ^         «  0,  from  the  two  halves  we  select  the  se^ent  nearer 
to  point    0;  if  Jip  »  li  we  select  the  other  half.     ,   '  - 

TXilff^ second  segment    s^   .we  bisect^  by  means-of  point  B^, 
and  ^o  on.         '    ^  ^     *  '  •        *        -  - 

Bie  closed' non-null  segments;    s^,^'s2>  ...y  Sj^    obtained  in 

.     >  '  *  '  "  ^' 

t^iis  marujier  fonn  an  infinite  nested  sequence  of  segments  each 


lying  ^vl thin  ^the  preceding  one  and  fulfilling  the  •  conditions  of 
Kan*tor*^  axiom,  ^n*ce  by  lemma  1  no  non-null  segment  can  belong 
to  all  the. segments  pf  .the  series.  ^  Rn^Jhi  this  it  follows  thjatt.yie^ 
protess'-pf  measuremeiit  of  the  segment  ^OX,  where    X    is  the  point  ' 
common;  to  all  segmen.ts^C^he  series,  yields  the  length  "  a^.  The 
theorem  is  proved. 


Remar.k:    The  reasoningNiited  does  not  depend  on 
whether  thfe  binary  repres^rjtatioK^^of  the  number  ^  is' 
finite  or  infinite.    In  the  case  of  a  finite  binary 
fraction  one  of  the  points    B    otLta:j.ned  <Ln  ^^e  succes- 
slve  bisections  will  give  a  segmfent    OB  "  having  a'leng4;h 
precisely  ^qual  to    cu^.    In  this  case  we  caa  -in  fact 
dispense  with  Kantor 'sjax-iom^  -  % 


More,  than  this,  ii^  a 


.  P 


numbers,  that  is',  if  ^  is  a  rational  num^ei^,  by  .dividing 
^it  segment    PQ    into  ^  equal  parts  and/  taking  the 


,  where   p  and  ^  are  natural 


^is  methods  of  fin< 


times  we.  obtaiiT^a  segment  of'^Length 

a  segment- of  length  ^  E-.  ,can  be 


m 


'ft 


carried  out  ^^ithout  recourse  to  Cantar^s  axidm. 

In  this  exposition  of  the^  theory  of  measur^njen^i^of 
segments  We  have  made  u-se  of  5he  existing  theory  of  ^real  , 
numbers  [37],   [3^1;].    Historically,  the  theory  of,  measure- 
ment began  its  .development  first,,  and  later  the  two 
theories  developed  ,simpltaneously. 

Only  the  solution  of  the  direct  and-'converse  problems  of  the 

<? 

leory  of  measurement  pefmits  us,  having  selected  a  unit  of  measure 
ment,  tospeSk^iof  a 'one-to^^one'^rrespQnd^nc*e  hStween  the  set  of 


'5  iO'9 


real  nuiiiljers  and  the  set  *of  pointsmen  a  lln€^.  '     /  ^  . 

'This  correspcrfidence  establishes -a  system  or  coordinates  on  a 
^*llne.    Erpceeding  from  this  to  coordinates  on  i  plane  and  in  space 
involves,  no  dif  f  ipulties»  ' 

♦   A^s  we  stialL*  see.  Ixi  the  next  section,  the  solution  of  the 
converse* problem  of  the  theory  of  .measurement  of  segijients  pro--_ 
vides  at  the  same  time,  solution  of 'the  p^b^)lem  previously  stated 
of  finding  the  set  of  all  systems  of  measurement  of  segments. 


55.    'IWE  DEPENDENCE  OP  THE  LENQTH  OP  'A  SEGMENT  ON  THE  CHOICE  OP 

THE  UNIT  OP  MEASURE  ,     ,  . 


Oho  length    f (AB)    of  segment    AB   Is  determined  only' when 


WO  have  oole'oted  a  unit  of  measurement  "  the  segment    PQ.  A 
oooorid  oholce  of  a  unit  segment  also  changes  thfe  length  pjf  the 
^  given  oegmont   AB.*       '  '        ,  * '  - 

Lot  U0  pose  a  problem:    (\lven  the  length  7^  of  a  segment 
•  AB  under  a  System  of  measurement  having^  the  unit  of  measurement 
PQ,    tio  .find  the  length  ^  of  the  same  segment    AB  under  a  system 
Of  meaourement  vflth  the  unit  *  P^Q^«  '  ^ 

'    ^  .  Evidently  ^  Aq  a  function  of  "^c  ^  '  .  •         ^ ^ 

'     y  --fix), 

defined  on  the. set  of  all  non-negative  numbers.  ^    ,  *  . 

"  To  Bee  this,  we  riote^  thkt  to  every  0    there  corresponds  ' 

-  a  B.egraent    AB,*  the  length  of  .which  is  7:  .    Meaja^^4:ng'^se5nw  AB 

-  I  with  the^  unit    P'Q^j^  we  obtain,  a  unique  real  number  ^  equal, 
"^length  of  segment   AB   in  the  new  system  of  measurement^    Since,  ^ 
evidently,  f(0)  «  0,  it  remains  to  find  the  function   f(x)    for,,  ^ 

%         .    '>We  observe,  firstly,  that  the  function   f (x)  is/mgnotonically 

'  inordaoing,  since  to  a  larger  value  of  the  length  7C  there  coi^res- 
^1       ponds |a  larger  segment,  and,  consequently  also  a  larger  value  of  ^ • 
Secondly;  letJtitig   y^  --f(x^)    and    yg     ftxg)!  we  obtain  by, ;virtue 
IV:"    of  ooridltton.H  H  .         *  , 


e 


I: 


f(x,')  +.f(x2)  --f(x,  ^  Xg)-.  --  -  -.-(iC-)     .  ,  ., 

"  s     Equation    (oC)    io  a  very  olmpleWxample  ofa/functlonal 

.     .        '  ^  ^  '  '   *       '  , 

Wp  have  now  to  find  J?ho  function  ^  on  the  basis*  of  the-  -t 
proporty  of.  tfiia  function  expressed  in    (c^*).'  A  precise  fonriula- 
tion  ,of  the  problem  is  as  f (Siloes:,   to  fin-g  all  the  monotonically 
inorogping  fungtions    f(x)i  defined  on  the  set  of  real  numbers' 
js   q,  whicl^  satisfy  the  fghctiohal  equation     .        ^  *     .  ^ 

f(xj^  +  Xg)  •=  f(x^)  +  f(x2)  .  - 

'gor  .all    Xj_     0  §na    Xg  ^  0  .     '  ' 

By  mathematical  i-nduc tion  we  find  : 

f(x3^H.X2  +  ..,  +  x,^)  -  f4x^)-+fUg)  +...  '^^ 

Putting , 

'      ■      ■  x^  -*g  -       =  \f^>  '  -  ; 

wo  havo! .  . 

for  any  natura^l  number  7t  and  any  'X^  0.^ 

■  -Sot,;^!;    X  »  1,  we  have,  fpr  any  nataral  n,  « 

L/  EviUontly,  f(l)    is  the  ■  length  of  the  unit  segment    PQ  -of  the '.t  [ 

|/   '         first  syafem  of  measurement;  when  measured  by  the  unit    P«Q«    of  tfie^ 

•       second  system  <3f  measuremeat.    Denoting  this  length  by   «- >  ;f 

~  f(l)       ct.,  . 


Ik 


A  we  obtaip: 


:f(n)  »  an  .  J'.         ^(i)r  %  . 


MJ.il  1^. 


7 


In  equation       )  we  now  set/  ^  f  ^ 

rl 


f rojin  whicl^f  follows ; 


f(iy  =  ^f(i)  , 


r.^etting,  in  ecjuation  ),  x  .^^jj^  ,  where  0,  n>  0 
aiid.both  are  integers,  we  Tind: 


/ 


rhence  Ijy  eq.  (1)  am  =  i/f-(S.) 


/  J 


V  f(i!l)==  . 


■/ 


P^om  thB./foregcAng  we  concJ^ude  that  ^or  ^1  rational 
/x  =     >  0  the  funcmdi)    f(x)    his  the  farta,. 


f(x),,-  ax» 

1 

Let ,  zy  be  a/^i  irrational  ppsitive  iiui|iber*  -  Ihen  f  flfr  an 
arbltrarygintegat    n  >       there  can  l/e  found  an  Ihtefijer    m  ^  0 
such  that  . 


n  ^/  '  ^  n 


,But'  sinjie  th&  function  /f  (x)    is\monOt/oni94lly  increasing, 


f(|)  Wz)  <  fKHl^l)-, 


n'r:  ~  / 


Af  ter  passing  tb"-  the  limit  as    n^oiy  we  'Obtain 


////-'•  'i    .w.  . 


In  this  manner/ for  any'  x  ^""-0 -ve  have 

f  (x)^  «  ax,  - 


ori 


axs  • 


(TO 


;  •?  Here  A  'is  the  "old"  length  of  th^  given  se^nt*,-  y    is  its 
/•n^"  lenfeth  and    a  f  f(l)    is  the  length  of  the -"old  unit"  when  ^ 
/measur^'by^the  "new  unit".  -        ■  , 

lie  functional  equation  (oC  )  has  been  solved,  and  \t  the  same  , 
the  dependence,  (Y)    of  the.  length  of  the  segment , jap  on  the 
fioice  of  ^the  unit  of 'measurement  has  been  found.    NaiiJely:.  IQ.  ■ 
passing  from  one  system  of  measurement  to-  another  the  lengths  of 
ail  aegmenfcs.are  multiplied  by  one"  and  the  same  number,  which  is 

1 — — ""X  ' 

equal  -to  the  length  of  the  old  nnit  of  measurement  as  rifeasured  by 
the  new  unit  of  measurement.  ' , 

'    /  LetEthere  ^be  given.'two  segments    AB   and    CD    the-.lengfchs  of 
whjich  are    x^;'   and.  .Xg  >  0    in  one  system  of  measurement,  and  y^ 

vaijla  yg      a/secbnd.  .  ^  '     '  '!  '-'^ '        '.-  '  ■ 

.  j      Equat/ion  (T) 'gives:  •  /  ■  ^ 

"~  "  y, '  =  -ax 


whenjse,  _^ 

W     ^2     ^2  ■ 

/Accordingly,  the.,  ratio  of  the  lengths  of  two  segments  is 
in^ependen|;,  of  the  choice  of  the  uni^t  of  measurement. 

This  ratio  of  the  lengths  of  segments,  independent  of  the 
System  of  measurement,  is  called  the  ratio  of  the  segments; 

X, 


AB 


_1 
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Remark:    Our  problem  has  not  been  concerned  with 
"establishing  a  system  of  meagurement  of  the  lengths  of 

curvilinear  arcs>  In  this  cohneption  we' shall  m^rely^  note 
*the  following:    If  a  definite  number  is  assigned  to 

aiiy  arc  ^f  ,a  curve,,  it  does  not  yet  follpw  that  this 
-rnumber  can  .be 'called  the  length  of  t;he  given  arc.  It 
-ds  necessary  that  to  each  arc  of  a  definite  class  of 

curves  cont,alning  allc,  straight-^ne  segmerxts  there  be 

assigned  a  number/ and  tha$  thl^s  syst.eiji  of  numbers 

satisfy  the .^follbwiifg~  conditions*.  ^ 

A,    To  congruent  "arcs  the^  must  correspond  equal' 

*  ^       -*  ^      "  '  ^ 

niunbers  (the  property  o'f^invariance) . 

n    ^B. '   The  number  assigned  to  the  union,  of  two  arcs 

hayJLng  no  interior  points  in  common  must  be  equal  to 

i{he  sum  of  the  numbers  assigned  to  the  arcs  added  (the 

property  of  additivity) ...  .  ^  ,  ^ 

Only  aftfer  meeting  these  requirements  can  the 

numbers  in  question  ^e^salied.  the  lengths  of  the  -  -  - v 
^         •  .  .  ^ 

corresponding  arcs,  '  ^  /  . 

'     For  example,  if  to  every  circle  is  assigned  a__imm=:  


be r  equal  to  the  common- limit  of  *the  perimeters  of '  thfe 
inscribed  and  the  ' circumscribed,  simple  polygons  ai^  the 
niombe!?  of  sides  of  each  polygon  approaches  infinity  and 
the  length'  o^.  each  side  approaches  zero,  this  number 
cannot  be  considered  and  called  ^the  length  of  the   .  , 
circle  until  there  has  been  established  a  system  of 

"-^  IT  "  -  , 

measurement  of  length  for  some  class  of #  curves  [3^]/  . 
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 56;  •  4oMPAl^:sc^^-or^7f■R]£^fs/ol^''X^PLA^ffi       -    '  - 

'    Inv53*.  werSavJ'that  for,  the  comparison  of  magnitudes  of 
s^triLjJM-^ne_se^^  not  necessary  to  introduce  the  notion 

'  ofJ^i^Aength  ,-of  ^a  -segmen  t .  . 

^      '     For  a  certain  class  of  plane  f  igures' tjiere^  cap  be  intro^ced 
•^three  concepts,  which  may"' bear  the.  names  equal,  greater  and  less^ 
♦"^  V      Here  the  concepts  of  congruence  and  equality  may  not  be 
identical,,  as  they  were  in  the  case  of  linear  , segments.  ' 

The  ..congruence  of  figures  cou^,  for  example,  be  defined  as 
follows:  .  two  plane  figures  are  said  to  be  congruenffc  if  there 
exists  a  motion  (of  the  first  or  the  seconds-kind)  ^n^^e  plane 
which  will  transform  one  figure  into  the  other;' 

We  know  that  tlie  transformations  of  a  plane  into  itself  known 
^.  as  motions  "can  be  defined  merely^t5^mean*s  of  the  axipms  oiP^con-r 
gruence..  These  axioms  relate  to  the  concept  of  •congru'ence^  <Jf 
segments  and. of  angles ♦  ,         *     *  ,       ^  J  y 

definition  just  given  of  the  congruence'of  figures  |rs  a 
definition  of  a  relationship  between  f igu^»es  wl^ich  s^tlsf l^es  all  ^  ^ 
the  conditions  imposed  upon  the  concept  of  "equality".'    These  are: 

1.  reflexiveness;    every  figure*  is  congruent ^ith  itself; 

/  It 

2.  symmetry f    if  one  figure  is  congruent  with  a  second,  then 

the  second  is  congruent  with  the  first;    .  ^ 

3.  transitivity;  '  if  one  figure  is  congruent  with,  a  second, 
and  the  second „with^a  third,  then  -the  first  figure  is  congruent 
with  the  third.       ^    ^  ^  ' 


s 


If  we  should  call  only.. congruent*  figures  equal, 
we  should  be^^^rived  *?^,^he  possibility  pf  comparing 
the  "majgnitudes  of  manfy  important  classes  of  figures, 
since  the  relationship,  of  congruence  ?ri:equently  cannot 
be  :supplemei^ed  by  the  relationships  greater  and  less 
in  such  .a  manner  that  the  class  of  figures  becomes  a 
class  of  magnitudes.*  j 

For  example*  let  the  given  class  of  figures  be  . 
the  class  of  squares.    We  shall  call  two^  squares  ec^ual 
If  and  only  if  they  are  congruent;  a  square  whose  sides 
are  larger  we  shall  consider  larger  than  a  square  with 
smaller  sides,  and  so  on^    Using  these  conditions  the 
class  of -jBquares' can  be  considered  a  class  of  magnitudes 
^with  respect  to  the  given  .meaning  of  equal,  greater  and 
less.  ^  .  . 

Let  US' consider  a  second  example.    Let  the  giyen 
class  of  figures  be  the  set  of  all  circles.'   It  is  easy 
to  establish  a  meaning  for  the  relationships  .equal,  greater  ^ 
ana  less  which  converts  the  class-  of  circles  into  a  class 
of  magnitudes  with  respect  to  these  relationships.'' 

Again,  "let  the  given  class  of  figures  be  the  set,^ 
of  all  rectangles.  .  If  we  consider  congruent  and  only 
congruent  rectangles  equal,  the  ques^ioo  arise"?,  how  to 

♦  ^  this  is  meant  that  for  any  two  figures  a.  and  6  belongirl^to 
the^  class,  one  and  oniy  one  of  the  following  statements,  is  true; 
'  a'<^b,  asb,  or  a  >  b;  for  any  three  figures  a,  b  and  .c  the 
-  fulfillment  of  any  or\e  of  the  conditions  (l)  .a..>  b  and  b^^>?c; 
i2l  a  >  b  and  bsc;  or  (3)  assb  and  b  >  c,.  Infplies  that  a  > 
Purthermorej  if  figure  a.  is  a  subset  of  figure  i>  we  have  a  <^b. 

Transla  tors . 


forinulate  a  meanirlg  of  the  relationships  fereater'  and  . 

iff  '  -  , 

less  which  would  satisfy  all^  the  conditions  for;  con-l 
verting  the  class  of  rectangles  into  a  class  of  coni- 
para"Ble  magnitudes.    More  than  this,  it  is  necessary  . 
to  decide  whethe*r.  It  is  even  possiblefto  formulate  such^ 
meanings,^  .  , 

Analogous  questions  may  be  posed"  wrth  reference  ^.toy'. 
^the  class      of  figures  consisting  of  .the  set;  of^  all 
rectangles  and  of  all  circles,  or  to  the  class  B  con- 


sisting  of >  the  set  of  all  flnite;plane  figures.    ^ 

It  is  not 'difficult  to  show^.,that  if  figureS^Jof 
"class  A  are  considered  equal  only  on^condition  of  their  * 
being  congruent,  it  will  be  impossible  to  find  meanings 
' for  th6  relationships  greater  and  .lesg  such  that  all  ' 
these  rel^onships  will^  satisf y,.^th?^  requiremerits  fo;^  ^ 
the  comparison  of  magnitudes.  ||^ 

other  words,  it  ig 'impossible  to  assign  in  any  . 
^ manner  a  meaning  to  the  concepts  ' greater  and  less  whereby 
fider  'the  already  given'' meaning ^ojf^ the'relationship  eqlial 
o  (namely,  congruent)  class  A  would  b$c?ome  a  class  of 
magnitudes.  .  '       ^  .  > 

For  class  .B  it  is  not  possible  in  any  manner  . 
whatsoever  to  establish  notions  of  equal,  greater  and  ^ 
less- which, will  fulfill  the  requirements  for  the  com- 
parison  of  *  <iiagnf|udes.    We  shjall  not  adduce  the  proof  of 
this -assertion.    *  ^*  • 
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The  concepts  of  equlcomposltlon  and  equivalence  play  a"  funda- 
mental  role  In  .estajpllshing  the  relationships  .^qual,  greater  and 
less  for  classes  of  plane  two-dlmenstonal  figures.  In  p3[rtlcular 
for  simple  polygons.  '  ' 

Definition     A"  polygon  Is  said  to  be  simple  If  all  Its  ver- 
tices  are  distinct,  none* of  them  forms  an  Interior  point  of  a 
side  of  the  polygon,  and  ho  two  qf  Its  -sides  have  any.  Interior 
point  In  common. 

There  exists  the  followi^ig  impoi^tant  theorem:  *      '       i  ^/ 

Hie or em.    'Every  simple  polygon  divides  those  points  of  the  / 
plane  in  which  it  lies  which  do  not  belong  to  the  polygon  itself; 
(considered  as  a  system  of  segments)  into  two  regions  —  the 
interior  and  the  exterior*'which  have  the  following  properties^: 
if    A    is  a'  point  of  the  interior '^nd    B   a  point  of  the  exterJj^or, 
then  every  broken  line  lying  in  the  plane  of  the  poi-ygon  and 

Joining  point;s    A    and  JB   will  have  .at  least  pne  point  in  common 

^  — "  \ 
with  the  polygon;  a^^^^  on  the  other  hand-*  A    and    A*    are  pDlhts 

.^interior  to  the  polygon^^d    B   and    B*    points  exteripr  to  ^t, 

-ijheTfWere  always  exist  in  the  plane  df'theTpblygorf  br^oken  l/i.r^s 

Jpining    A    with    A*    and  *B^  with    B»    and  having  no  px)int^.in 

comijion  with  the  polygon.    ^         .  ,  • 

We  shall  not  stop  to/prove  this  theorem-  [15] • 

If  two  points    A    and    B    of  a -simple  polygon    P  -are  Joined 

'  by  a  broken  line  not  self-intersecting  ahd  lying  entirely  within 

this  polygon,  two  new  polygons    P.  ^ancj    P^>  are  obtained' 

(fig.  223).    We  say  in  this  case  that  polygon''  P  'is  decomposed 


"V 


into  polygons  and  and  also  that  polygons  and  Pg^' 


together  comt)ose  polygon  -^  P. 


Fig.  22( 

Def inltlonV    Two  >simple  polygorj's  are  saic^  to'lfJ  equlcomposed, 
or. equivalent  by  decomposition.  If  iV^s  posslbl-e  to  decompose 
.them  Into  ^-  finite  jiumber  of^  palr'TTlSe  congruent  polygons  —  and 
irence  into  a  finite  number  of  palrwjlse  congruent  triangles/ 

Intuitively, .we  may  say  that  two'  equlcomposed  simple  palygons 
are  polygons  which  may  be  cut  into  parts  such  ^a't  either  polygon 

f^the-  other^        ,  .    .  ^ 

We  shal'l^conslder  a  number  of  theorems  concerning  .the  equi- 
•  composition  of ^^ome^ simple  polygons.         •  ^     ^  ^ 

■  lheorem>       t2?langle  'is  equlcomposed  with, a  parallelogram 
havli^g  as  its  base  the -base  of  the,  triangle  .andean  altitude  equal 

i  '  ~        ^  - '  -  '  ' 

to  one-ha*3:f.  the  altitude  of  the  triangle. 
The  proof-  is  self-evident  (fig*  224). 


El.  ■ 
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,      "  Theorem.    A  parallelogram  is  equicomposed  with'a  rectangle- 

.  ,  ' '  ,  ■   :  ^  7^  >  — — 

the  base. of  which  consists  of  the  longer  side  of  the  parallelogram 
^     and  whose  altitude  Is  the  corresponding  altitude  of  the  parallelo- 
'i       gram  (fig.  22?).         '  ' 


:,    '  Pig.  225*  ^  *  '  Fig.  226.' 

It  Is  suggested  thaytSg;  student  prove  this  ^ndepencieatly . 
why  Is  the.  longer  side  speqifled?      ,  .  i  , 

^  Theorem.    A  trlangi-e  Is  e,qulcomposed  with  a  rectangle  whose>:%  - 

base  consists  of  the  longest  side  of  the  triangle  arfd  whose 
altitude  is  one^-half  the  corresponding  altitude  of  the  triangle 
.(fig.  ^26).        ^  •  ^  ;  i  . 

Itr  ISjSUggested  that         student  prove  this  independently. 
li^eorejn.    Parallelograms  with  a  common  ^bas^and  equal 
altitudes  are  equic^omposed. '  *      '  ' '  , 

We  draw  throUg^  _E,  the  point  ^of  intersection  of  side/s^^AD. 
:  and  -BC'the  Ijne    kN  ^  parallel  to    AB  (fig.  22?)  and  lay  off 
MP    equal  to    AM,  and  so  on*     It  is  suggested  that  %h^e  proof  be 
1'^^^^^,  completed  independently.  •  /  ^ 


l^eorem  of  I.Pvthagoras.    Tti^  figure  consisting  of  the  union,  of 
the  two  square^^ constnacted  upon  the  legs  of  a  right  triangle  Is. 
equlcotfposed  w(th  the  squat^e  construct?ed  upon  the  hypotenuse 
(fig.  £23).   .  ^  . 


5,  / 

0  /  \w 

/J 

> 

7  '  'K^ 

c 

Pig.  223. 

Proof .    Vfe-lraJ/  the  diagdnals    a(C    and    CBj_.'  of  the  squares. 
conStructeTi  upon  the  legs.    These  diagonals  constitute  one  seg- 
ment  \Bj_.    We  prolong  the  sides.  C^A    and    D^^B    of /the  s^uace 
constructed  upon  the  hypotenuse  tp  their  points  of  Intersection 

and  with  segment    A^Bj^.    We  join  and  .  Sg    with  the 

vei<tices    P.  and.      'respectively.    We  obtain  eight  triangles 
^  /into  which  the  squares  upon  the  legs  are  d.e.composed.    "We  prolong 
'  ^''•itfi^lde    BE^^^Ijie^  sijuare  '  BBj_PC.  to. it's  intersection  in  T^^ 
f'-  'witli  .'the  line   'hA  ' '  paraiar^TW^^'   JUialo^ously  we  c6nstrii<r^ 
the  poiffi^of  intersectioftrTg.;  of-the  line*  A^^A    with  th^line; 
'kxr.    parallel  to^AC.  'WeVjoiii  and.'J?A  (  by  a  IX^e  aftid  we  draw 

the, .segments    T,U   ariO^TT^  pa^^allel  to',v-iq^  '.y^ 
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«    ,      :    ".  .        .  mhi5. 

TSie  segments  constructed  divide  the  square  upon  the  hypotenuse 
intVeigkt  triangles  ^respectively  congruent  to  the  YArst  eight 
triangles.^  It yis  suggested  that  the  pairwise  congruence  of  the 
triangles  be  proved  independently*    •  .  . 

IT,  as  the  relation  of '.equality  we  adopt  equlcomposition,  or  ♦ 
Equivalence  by.^ecompositioii,  then  this  relation  within  the  class 
of  simple  polygons  will  possess  the  following  properties;- 

1}  reflexivity:    every  simple  polygon  is  equicompos^d  with 
/itself;  t 
j  ^        2)  symmetry:    if  a  simple  polygon  is' equicompos^d  with  ^^y^ 
/  other  ..simple  polygon,  then,  the  second  polygon  is  equicomposed  with 
I    'l^he  first;  .  , 

j  .  3)  transitivity:  if  a  simple  , polygon  ia  equicbmposed  with  any 

7.    otier  simp,le  polygon,  and  this  second  gg^lygon  is  equicomposed  with 
a/thiM,  then  the  fi-rst  polygon  is  equicomposed  Vith  the  thij;^. 

Ttie  proof  of  this  last  .property  is  hot  entirely  self-evident 
because,  for* example,  the  second  polygon  may  have  been  shown  tq^be 
equicomposed  with  the  first  by  meahs  of,,.one  decomposition  'and  equl- 
composed  with  the  third  by  means  of  another  decomposition  not 
:  containing  triangles  congruent  with  those  of  the  f irst» 

IXie  first  two  properties  are  easily  .proved;  the  second  having 
'been  proved,  the  proofj  of  the  third  prop'erty  £s  reduced  ^tp  the 
proof  of  the  theorem:     ^  •  '  ,i 

*rwo  simple  polygons,  each  equicomptsed  wTth  a  tKirdj  a!fe 
equicomposed  with  each  other^  ,  ,  ^  i 


*  '-7' 


if:. 


.  Proof .  tfeV  the  simple  polygons 
composed  with  the  simple  polygQn  P3 


a^nd  ^  ?2  ^^^^^ 
(Tig.  229). 


Hi 
If 


Fig.. 229. 


.    Since  polygon   -P^-    is  equicomposed  with  polygon"  P^,  ^^^^ 
exists^decomposition  of  polygons    P^^',  and  ^  Pg.  into  pairWise 
congruent  triangles.    For  the  same- reason,  polygons  '  Pg.  and    Pg  - 
can  be  decomposed  infccf  pairwise  congruent  trl^pgles.  ;  \ 

Inspecting  the  "two  decompositions  of  polygon    P^^  we  observe  / 

*  thaV^he  segments  Cf  the  sic0nd-(?ecompositldn,  decompose  ^tTie  li^^^^ 
angles*  of  the  fii»st "decomposition  into  polygons-/   We  add  to  the 
decOmpositron  of"  polygon    P^    the  segments  of  the  secon4  defcom-  ^ 

^vpositioD  of    P^  'in  such  a  manner  that  each  segjnen^ntering  into, 
the  decomposition  of  any  triangle' in  enters,  in  exactly  the  , 


same  'Way  into  the  congruent  triangle  of  ^P-^^  , 
g^sly  v/ith  the  triangles  into,  which  polygon 


'We  proceed  analo- 


wa  s^^e  c  omp  o  s  e  d  • 


lERTC^,:/^,;-'^,. 
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Wie  two  polygons  and  will  evidently  be  decomposed 

into  palrwis^e  cortgrirenl  polyi;;ono  and  a«re  consequently  equicompos^d, 
Tl\o  theorem  is  proved, 


l^us  we  see  that  in  tiie  class  of  simple  polygons  equivalence 
'  •  •  /• 

bV  decomposition  possesses  all  the  properties  which  are  required 

Of  the  relationship  of  equality. 

We  can,  however,  define  the  relationship  pf  equality  Within 
the  class  of  simple  polygons  in  another  way. 

Definition,    Two  simple  polygons  are  said  to  bo  equivalent  by. 

oompleti^on,  or  siwply  cguivalent;,^if  it  is  pdssibie  to  Join  to  each 

Of  "tthe  giverf  polygons  one  member  from  each  erf  a  finite  number  of 
-  '  • 

pairs  of  cpngruent  polygons  t«o  such  effect  that  the  two  resultant 
polygons  wilj-  be  equicomposed  (fig.  230)  •    .  - 


^       -  ~  \:     Fig.  230,^,  .  ' 

Lobacheyskii  writes  in  hig  "Geometrical  investigations  con- 

"  cernlng  the  thedry  of  parallels"  '  [31  ] :     "In  ordei*  to^judge^^in 

goneraJ  as  to  the  equality  of  two*  surfaces,  the  following  puopo- 

^   oition  is  taken  as  fundamental:    t?wo  surfaces  are  equal  if  they 

♦ 

are  formed  Uy  the  composition  or  the  separation  of  equal  parts." 

Lobachevskii  applies  this  definition  to  simple  plane  aifd^ 
spherical  polygons,  and  also  to  the  simple  polygons  of  Lobachev- 
8kian  geometry.        •  *  *        ,  * 
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-  The  class  of  simple  polygons  consisting  of  all  those  polygons 
equivalent  to  a  given  simple  -pblygoA  eyidentjy  contains  as  a  part 
of  itself  the  class  of  all  Simple  polygons  eguicomposed  wijih  the  ^ 
given  polygon."  Whether  this,  pan' la  a. proper  part^or  not  has  to 
•be  decided  by.'appropriate  investigation,  \      ^  *  ' 

We  shall  introduce  some  Simple  theorems  concerning  equivaleVice 

by  Completions  ^  \    ^  ' 

*  Theoromt    Two  parallelograms 'with  equal  bases  and  equal 
-altitudes  are  equivalent >     *     *  »^   •      \  \  ^ 

Wo  adduce  the  proof in  "the  form  given  by  EuclJ^d  [22].  .,Let 
ABCDoand    EBCP    be -two  parallelograms,  with  common  base  (fig.  231)*.^ 


Pig,  231,  V  i 

'Eu'oi'id  demonstrates  first  of ^  all  the  congruence  of  triangles  ,  ABE 
.and    DCP>.'*thoroup on  adding  parallelogram   ABCp    to  triangle  DCP 
and  parallelogram    EBCP    to  triangle'  ABE   to  produce  one  and  the' 
same  trapezoid    ABCP.    Proih  this  follows  that  the  given  parallelo- 
grams  are  equivalent.  '        ,      ,  »         '      .  • 


(4)  Footnote:  Aitho.ugh  we  have  already  a  previous  theorem  stating  . 
that* such  parallelograms  are  equicomposable  and  a  fortiori 
eauivalent,  the  authois  prefers  to  in.clude  this  p]?ooy  which  does 
not  depend  upon  the  axiom  of  Archimedes.  — Translatortf. 


■^-^  Remark.    Eucl^id  does  not  introduce  the  notion  of 
equicomposition  nor  that- of  equivalence  of  polygons, 
but  maKe's  use  of  the  concept  of  the  equality  of  tri- 
^    ^angles  with  respect  to  area.    !I^e  notion  of  area  is 
regarded  by  Euclid  as  a,  primary,  undef inablej- concept* 
.  Hie  prpof  of  the  following  theorem  is  analogous:    Two ♦  tri-- 
■angles  with  e^ual  bases  and  equal  altitudes  are  equivalent. 


m 


Euqlid  (in  proposition  37)  considers%the  equivalent  parallel- 
ograms   AEBC  •  and^  DPCB    (fig.  232)  and  then  passes  to  their  • 
respective  halves,  triangles    ABC^  and    DKJ,.    Ohe  proofs  based  only 
upon  the  concept  of  equivalence,  is  suggested  as  an  exercise. 
/        Proposition  43  of  Euclid 's  "Elements"  may  be  formulated  as 
fallows : 

theorem.    If  from'  any-point    K    of  the  diagonal    AC  of 
'"^parallelogram    ABCD  (fig.  233)  the  lines    KH    and    KP    are  drawn 
parallel  to  the  sides  of  the  parallelogram,  then  those  two  of  the 
f ouri^papallelograms  into  which  ABCD  is  thus  decomposed  through 
^  which' the  diagonal    AC    does  not  pass  are  equivalent.   
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This  is  one  of  the  fundamental  theorems  of  the^clidean 

theory  of  area.    Prom  it  can  be  directly  derived,  for  ex^puLe^the 

reduction  of  any  polygon  to  an  equivalent  sqifkre.  ^  Here  j^his  ^ 

theorem  is  introduced  tner^eS^  as  an  example.    The  proof  iB  left  to 

the  -Student.  *  *         .      '    °  ^  ^- 

The  following  fundamental  propositions  hold: 
« 

1)  Ref lexivity :    every  simple  polygon  is  equivalent^  to  i^tself 

2)  Symmetry:  if  one  simple  polygon  i&  equivalent  to* a  second, 
the  second  is  likewi-ee-^v^quivalent  to  the  first. 

3')  Transitivity  >  if  one  simple  polygo'^s  equivalent  to  a 
second,  and  the  second  to  a  third,  theji  the  first  polygon  is  also 
equivalent  to  the^  third.        ^  '  , 

The  first  two  properties  ar*e  self-evident.     We  shall  not;  stop 
to  prove  t^he;  third  property  [-41  J,   [15]^^    ^       ^  ^ 
The  notions  jof  equicompositicjn  and  equivalence, 
by  completiori,  were  needed  in  order  to  establish  the 
jentire- theory  of  area  without  using  the  axioms  of 
continuity,  in  particular  the  axiom  of  ^rchimedes^  * 
Hilfiert  [l51  showed  that  without'' the  axiom  of  Ar^chi- 
medes  it  is  impossible  to  prove  that  tvfo.  equivalent 


,  simple  polygons  will  also  be  equicomposed;  it  was 
S     f or *€his  reason  tkat  it  was  necessary  to/introduce 
the  more  general  notion  of  epui valence  by  completion. 

'  '  Having  successively  established  theorems  on  the 
equivalence  of  two  parallelograms  with""' equal  altitudes 
*  and  equal  bases,  on  the  equivalence  of  two  triangles 
with  equal  altitudes  and  equal  bases,  and  on  the  fact 
that  it  is  always  possible  to  construct. a  right  tri- 
'  ^  angle  having  a  given  leg*  and  eq,uivalent  to  any  given 
simple  polygon,  Hilj^ert  remarks  that  all  these  -theorems  . 
become  s;3fgnif icant  only  if  we  succeed  'in  showing  that 
not/^ll  simple  polygons  are  equivalent  to  each  other. 

 In  order'  to  elucidate  this  observation  of  Hilbert*s 

let  "us  suppose,  with  resypect  to  some  previously  unknown 
set  having  some  algebraic  operation,  that  it  had  been 
^     established  that  this  set  constituted  a  group.  Prom 
tMpS  fai^t,  that  the  set  was  a  group,  there  had  then 


been  deduced  far-reaching  consequences^  and  ^o  on; 

in  a^^ord,  there  had.  b.een  constructed  a  jj^hole  theory, 
,  Of  course, 'the  theory  would  lose  all  significance^  i-f 

dt  were  afterwards  discovered  that  tlie  -gro\I)?^  atudied 

•consisted  .solely  of  one  neutral  elementv 

>  '     However,  Ifilbertj  succeeded  In^'e^tablishing,  without 

Rising  '^the  axiom/of  ArSSiimedes,  thaZt^if  Jbwo  triangles 
Equivalent  "by  completion  have  eq^al  bages  then  they  - 
^"al  so 'have  equal  altitudes.^  It  Yo3.16^?F"that  two  tri- 

angles  with  equal  Wses  can_not  be  equivale;»t>  thus* 
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\ 


establishing  that  not  all  simple  polygons  are  equi- 
valent* ' 

We  theorem  Just  meiitioned  is  none  other^than  Jthe 
39th  proposition  of  Euclid *s  "Elements".    A3  we  see,* 
Euclid *s  proof,  based  upon  the  Idea  that  areas  are 
magn'itudes,  can  not  be  accepted  until  after  the  in- 
troduction  of  the  relationships  "equal",  "greater" 
and  "less"  for  the  .^lass  pf  simple  polygons,-  Without 
the  use       the  sixiom  of  Archimedes,  Hilbert  ^p.rpves  the 
theorem:    If  by  means  of  straight  lines  a  rectangle  is 
divided"  into  triangles  and  if  even  one  of  these  1n?iangles 
is  removed,  it  is  not  possible  to  reconstitute- this 
rectangle  with  the  remaining  triangles. 

Hilbert  introduces  the  notions  of  greater  aifc  less ' 
and  defines  a  measure  of  ^ea  in  the  class  of  simple 

^  polygons  without  using  the  axioms  of^^^Archi^  aod 

Cantor.    The  theory  of .area  can  thus  be  considered^ to  ^ 
have  been  established' without  the  use  of  the  axiom's  of  ^ 
continuity.^  Only  thereafter  can  the  set  of  all  simple 
polygons  be  regard^.d  as  a  class  of  magnitudes.    It  has 
been  shown  that  it  is  likewise  possible  to  establish  the 

.  entire  theory  of  ar^a  without  using  either  Euclid «s  axiom 
on  parallels  or  the  cprr^esponding  axiom  of  Lobachevskii. 


<: 
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57.     THE  TRANSFORMATION 'OP  POLYGONS 


If       admit  without  pro^f ,  or  regard  as  established,  thkt  two 
triangles  equivalent  by^ completion  and  having  equal  bases' have  also 

'  eqml  altitudes,  theo/it  is  possible  to  prove  the  theorem:  Any 

-   '  ^  >  (l) 

two  equivalent  simple  polygons  are  equicomposed. 

In  proving  this  theorem  we  shall  -make  no  special  point  of 
limiting  ourselves  in  the^use  of  axioiAs.   'ihe  fundamental  pro-  ^ 
\  perties^of  motions  will  also  be  assuirfed  to  be  known. 

^   Ohe  proof  is '.divided -Into  several  propositions.  ^ 
Proposition  one.    Two  polygons  equicomposed  with  a  th^rd  are 
equicomposed  with  each  other. 

IJie  .proof  was  given  in  the  preceding  section. 
Proposition  two.    Two  triangles    ABC    and    ADC    having  a 
common  vertex    A,  a  common  side    AC    and  equal  fases  .  bC  and  •  CD 


lying  on  one  line  (fig.  -234)  are  ec^composed. 


Proof.     IhrougS  point'   C,  the  midAoint  of  segment    BD,  we  ;  - 

-    '    ^  'i       •  "  '      '  , 

draw  lines' ^CE    and    CP,  i?espectively  parallel  to  sides    AD  and 

AB.    ^y  this  construction  tlie  given  triangles  are  decomposed  into 

(1)  The  proof  of  this  theorem,  which  wks  formulated  somewhat  dif--^^ 
fei?ently,  was  given' by  the  Hungarian  mathematician  P.  Bolyai 
'  irt'the  first  half  of  the  nineteentih  century.    Ohe  proof  has 
^    been'  repeatedly  simplified.    A  Veify  simple  version  of  one  .of 

these^proof  s 'W^s  given 'by  B.  F.  Kigan  [25].    It  is  this  latter 
"  version  whichy^with  some  refinements^  we  shall  introduce  here* 


k2k. 

pairyrise'  congruent  .triangles : 

Abec  «.  ACPC, 

Aaec  =  Agfa, 


Proposition  three,    -If 'two  equivalent  triangles  have  a  slde^ 
of  one  equal  to  a  side  *of  the  other,  they  are  equlcom{)osed. 

Proof,   'Let  us  arrange  the  given  triangles,    A^^BA^  and 
A-j^CAg^  so  that  the  eqiial  sides,  which  we  shall  regard  as  the  bases, 
coincide  and  the  triangles  \le  on  opposite  sides  of  the  common  base 
Aj^Ag,  and  so  that  the  angles  of ^ the  respective  triangles  which 
adjoin  each  other  at    A^  -are  both  acute  (fig.  235). 


,  ^    ^  Pig.  235. 

Since  the  triangles  are  equivalent,  their  altitudes    BE  'and  CP 

are  equal.  *  Thei*ef  ore,  ^  the  diagonal    BC    of  the  quadrilateral 

which  has  been  forjned  Is  bisected/at  Its. point  of  Intersection  D 

with  the  common  base    AtAo.  '  '     ^  *  '  ^ 

Ihe  qiaadrilateral  formed  by  the  t'wo  triangles  may, turn  out'  to 

be  convex,  or  It^may  not*      ^  '       .     .  • 

• '-      "  .  • 

'    1?    Let  us  suppose  "first  that  the  quadrilateral  A^BAppls 

convex.    Diagonal    BC,  lying  entirely  within  the  , quadrilateral, 

decomposes  triangles    A^^BA^  '  and    Ar^^CA^    into  the  triangles  A^^BD, 

BDAgj  A^DC    and    DCA^.    But,  by. virtue  of  .proposi^tion  two,  tri- '  , 

arfgles    Aj_BD    and    A-j_DC    are  equicomposed.    Triangles*  BDAg  and 


\ 
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■1)0^2  likewise  equicomposed  •    It  is  suggested  that  the  student 

construct  all  the  pairs  of  congruent  triangles  into  which  the  trl- 
'  angles    A^'feA-g    and    A^CA^    can  be 

2?    It  may  l&ppert  that  the  quadrilateral    ^-y^^  a  - 

reentrant  angle  (great^^r  than  two  right  angles)  at  vertex  k]^.  -The 
diagonal,    BC    will  lie  outside  tte^^  quadrilateral  (fig.  236). 


Fig.  236.    .  ' 

W^lay  off  on  the  line    k^kr^>  in  the  direction  from    A.^^    to  k^, 

the  segments    ^^H' Vl^n    ^^^^  congruent  to  segment 
^1^2* 

^    JBy  virtue  of  the  axiom  of  Archimedes  there  exists  an  such 

that  point    D    is  found  between    A^^^    and    A^,  the  consequence 

being  , that,  quadrilateral    A^.i^n^'  will  be  convex  (in^t^  diagram- 

.  n  =  4).    ^/  what  has  already  been  proved,  the  triangle/  A^BA^  and 

^  A^CAi'  "are  equicomposed.     But  since,  by  virtue  of  proposition  twoj 

thfe  triangles 

\r      .  "     A^BA^,  A2BA3,-...,  A^^iX 

'  '  '         .  \  '  * 

•  are  equicomposed  with  each  other,  exactly  as  are  the  triangles, 

A^CAg, 'A2CA3,   v/a^^^CA^  ,  : 
from  this  and  the  transitivity  of  equicomposition  it  follows  that^ - 
the  triangles    A'^BAg  ^l^^2  equicomposed 

Proposition  four.    Any*  two  equjivalent  triangles  are^  equl- 
compoged.  ,  . 


er|c  • 
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Proofs    Let  triangles    ABC    and    A^Bj^C^    be  equivalent.  If 
side    AB  'is  congruent,  to  side    A^Bj^  »  then  our  assertion  follows^ 
from  proposition  three.    Suppose  t-hat    BA    is  greater  than  A^^B^. 
.Prom  vertex    B^    (fig.  237)  of  triangle    A^Bj^C^    we  draw  line  ci' 
parallel  to  side  ^^^^i'  a^^^  'o^  ^  we  find  a  point    B'    such  that 


\ 


Pig,  237. 


Tae  triangles    A-j^Ej^C^^    and    A^^B'C^    are  equivalent^.-srlnce"  they 

^  ^^^^^^    "  ^ 

have  a  common \base    A^C^    and  equal  altitudes.    Having  the  common 

side    A^C,  theyS/ill  also  be,  by  virtue  of  proposition  three, 

equicomposed.  ^   v        •     ^-  ^  ^       ^♦j '  . 

^  Since  triangle    A^BIC^  ^is  equivale^^iq*  tnfcan^le'    A-^B^G^*-  and 
the  latter  is  equivalent 'to  trlarigle    A§G,  JLt*foll^)Vs  by  the  .trali- 
sitlvity  of  the  equivalence  relation  that*  triangle^  A^C''.  smd^ 
'  A^B^C^    are  equivalent.    But  since  these  triangles  Have^^tjfe^quai  ^ 

sides    AB   and    A^B*'  they  ai^e,  also  equicomposed.    Whencd^  W  the 

'       '  -  ■  1  ^ 

transitivity  of  equidecompositioji  it  follows  that  the  given,  tn- 

J  angles    ABC    and    A^B^C^   ^^e  equicomposed.  ^ 

t       I  Proi&osltion  five.    Every  polygon  is  equicomposed  with  ;^on 

\  triangle  which  is  equivalent  «to  the  polygon.  ^ 

[      ^  Proof'.    We  shall  first  show  how  to  construct  a  ^convex  J 
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qxiadr'i lateral  which  is  equicqmposed*  with  the  union  of  two  arbitrary, 
triangles    ABC^  and  k^B;C^ 


If  in  the^  given  triangles    ABC    and  A^Bj^C^ 


no  side. of  one 


is  equal  t^o  a  side,  of ,  the  other,  then>  assuming    AB  >  A^Bj^,  we 
construct  triangle    A^B*C^    equicompofeed  with*  A^Bj^C^    and  so,  that"^ 
A,  B*^  AB  (fig.  .237).    Then  placing  together' the  equal  bases  AB 
arid    A^B»    of  triangles    ABC    atid    A^B«p^,  we  arrange  their  ver- 
tices    C    and    C^j^    on  opposite  sides  of  the  common' base.    If  we 
thtas  obtain  a  convex  quadrilateral  (as  in  fig.  235)  the  construp- 
.,^ion  is  finished*    If  the  quadrilateral       ^ot  convex^  we  apply  the 
ffc&onstruction  used  in  the-p^^f  of  propositior^  three,  (fig.  236). 
r.<.,>  '*      By  tRis  method  it  is  possible  to  replace  any  two  triangles*' 
by  a  convex  quadrilateral  equicomposed.  with  their  union.  - 
^'    *  We  procefed  by  Euclid's  method  to  reduce  the  convex  quadri- 
lateral to  an  equicomposed  triangle.    Ihrough  the  vertex    A  of 
the  convex  quadrilateral    ABCD    we. draw  linp    AE   parallel  to  / 
diagonal    BD' (fig.  238).    If   TB    is  the  point  of 'intersection  of 
AE   arid    CD,  triaogle  ^  BCE    will  be  equicomposed  with  quadrilateral 


ABCD,  since  ti^lan^les    ABD    anci    BDE    are  equicomposed  (b^  pro- 


position three) . 


J- 
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In  *fi^s  masher  any  two  triangles  can  be  replaced  by  one 
triangle  Wh-ich  Is  equlcomposed  with  their  union , 


Decomposing  any^  simple  p^^lygon'  Into  triangles  and  constructing 


)n^^lt^on  a  single  tprlan^e  equl- 


from  two  triangles  of.  this  decon^ 

composed  with  their  union,  we  join  to  the  latter  one  more- triangle 
of  the  decomposition,  and  so  ony  ^til  we  reduce^  the  whole  of  the 
given  polygon  into  a  single  triangle  equlcomposed  with  tlie  polygon. 
Proposition  six.    Any  two ''equivalent  simple  polygons  are 

.   equlcomposed.      ,  "  J 

Proof,    Let    P^^    and    P^         two  (equivalent  simple  polygons. 
We  construct  triangles  A-^^    and  respectively  equlcomposed  w:^th 

polygons  '  P^    and    P^*  ^ .  th^^  transitivity  Tr^eqUlV^l^ndS  we  find 
^   tha^  triangles  and-Ag    are  equivalent.    By  vtrtue  of  • 

proposition  four  triangles  A-^^    and  A^    are  equlcomposed.^  But  ^ 
sinQe  equicomposition  is  symmetrical  and  transitive  we  find  that 
polygoTi    P^    1-s  equlcomposed  vfith  triangle  A^    and,  consequently, 
with  triangle   A^  and  with  polygon    P^,  q.e.d. 

From\he  f oregoing 'investigaitlon  it  f ollow^that,  with  the  use 
/     of  the  axiom  of  Archimedes^  the  dlass  -of  simple  i^plygons  equl- 
composed  with  a' given  .simple  polygon  is  identical  with  the  class 
of  simple  polygon^  equivalent  to  the  given  polygon. 

HiW^ert  has  shown  that'  without  the  axiom  of 
— ^  Archimedes, -using  tRe  i^eraaining  axioms  only,  the  as- 

sertion of  the  identity  of  thesfe  classes  would.be 

untrue.  .  ^ 

'Hereinafter  we^  shall  be  able  to  omit  making  any 
Miatination^_b0tweQrl  simple  polygons  equivalent^  by 
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decomposition,  X*e.j^ equi composed ,  and'  simple  ^ 
polygons  equivalent  by  .completion  or  si?aply  equiva^ 
lent/    Polygons  for  -which'  it  is  possible  to  f in^  a 
motion  of  whatever  kind  which  will  bring  one  into 
coincidence  With  the  other  will  he- spoken  of  as 
'"congruent"- (id'^tical) .         /  ' 

Lobachevskii  formulates  this  distinction  as 
follows:     "Geometrical  magnitudes  a^e  said  to  be 
identical  whfen  one*  may  be  taken  without  distinction 
in  place  of         pther.    ©i^  criterion  of  identity  is 
this,  that  when  one  is  placed  upon  the  other'  the  lines 
ana -vertices 'Of  the  first  coincide  with-  :t;h^,  lines  and 
vertices  of  the  second •    If  however,  two  geometric,  ^ 

-V  '  ( 

magnitudes  are  a^ent^^cal  only  part  by  part  then  they  ^ 
a2:e  equal"  [30J» 


6t 


58.     THE  PROBLEM  OF^I&%jpMENT  6F '^THE  AREA  OF  SIMt'LE  POLYGONS  3 


As  in  the.  caae  of  segments,^  thetproblem  of  the  measurement  of^ 
any  class  of  .i^mjpi'^e  figures 'consists  of  assigning  to  each  figure  ^ 
''Oti  the*  giv^n  class  a  number  in  ^uch  a,  way*' that  the  following 
requirements  are  met:  .    "  j  ^ 

1,  One  and  the  same  number  shall  correspond  to  congruent 
f iKUPes  (the  property  of  invariance  with  respect  to  motions):, 

2.  The  number  attributed  to  the  stun  of  ^wo  figfures  shall"  be 
equal  to  the  sum  of  the  numbers  attributed  to  feach  of  the  figures 
(the  property  of  addltivity).  ^  ^  '  * 

'  Under  "the  sum  of  figures,"  Is,  here  understood  ,the  union  of 
figures  (5)  having  no  interior  poiats  In  common  but  which  may  have- 
boundary  poirfts  in  common. 

If  we  find  it  possible  to  assign  to  e^ich  figure  of  a  given 
class  a  number  such  that  conditions  1  and  2  are  sa'tisfiea,  we 
shall  say  that  we  have  a  system "of  measurement  of  figures,  of  the - 
•given  class,  and  the  numbe^  corresponding  .to  a  figure^will  be^^ 
referred  to  as  the  m'easure  of  the  figure.  ^  •     ,  ~ 

We  alre^ay  know  how  to  establish  thfe  me&sure  of°  a  linear 
segment/  this  measure  -is  called  the.  length  of  the '.segment. 

.      It  must  be  noted  that  to  establish  a  system  of  measurement . 
for -the  class  of  all  figures,  even  of  all  finite  ones,  is  ^ 
impossible.  /We  shall  limit- oura^es  to  the  class  of -simple 
polygons^itthe  measure  of  a  polygon  will  be  called  its  area.  *' 
j^emark.  -To  degenerate  triangles,  i.e." those 
..     whose  three  vertices^  all  lie' upon  one  line,  we  ^shall 
always^'.assign  the  number'-  0.  .        <  ■ 


1 


.Here,  aa  in  the  case  of  segments,  It^is  n?cewary ^ii?St  of 
all  to  decide^  tHe  question  of  the  possibility,  of  a.,  system  of 
meaaureraent  of^simple  polygons  and,  upon  confirming^ such  a  possi- 
'bllity,  to  find  all  the  possible  , system^  of- measurement. 

Assuming  a  system  of  measurement*^  of  segments  to  have  been 
chosen^  we  shall  establish  the  following  theorems  [41],  [Iji; 

Theoi^m  1,    In  any  triangle -the  product  of  a  side  and  th^ 
corresponding  altitude  is  independent  o^the  choice  of  side. 

Remark:    Hereinafter,  instead       "the  product  of 
lengths  of  segments 'V„we  shall^lWly  speak  of  "the 
product  of  .segments'*.   ^  -      f^r  • 

Proof.    We  draw  the  altitudes  ^AE    and    CD    in  triangle  Aj6^ 
(fig^  239).  ^The  right  triangles    AEB    and    CDB   are  similar  .sin;5e 
they  i:^ave  the  angle    B   in  common.    Because  of  their  similarity 

^a     ^c  ,  ' 


or,    ah    »  oh  .    We  canAikewise  write 
a  c 


\ 


/ 


q.e.d. 


•  -       ^  '         -       Pig,  239. 

We  select  some  fixed  positive  number  k  and  assign  to  everyt 
triangle  a  numbep .  S  equal  to  tlTe  product 'of  a«y  side  times  'the 
Qorreapjonding  altitude  times  •  k  ,  -  tliat  is,  -  


^      S  -  kah^ 


i 

\  i 
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.  It  i8  ovldent  that  equal  gumbors  will  be  assigned  ^to  congruent 

triangles*  k      ^  .  /• 

I  One  n\ay^o  around  any  triangle    ABC    In  two  different 
directions,  clockwise  and  counterclockwise.''   Assigning*  to  a  one-^  ' 
dimensional  triangle  one  of  these  dlx^ec^ons  is  called  orienting  • 
the  trlartgio^,  or  assigning  an  orientation  to  Jit.    One  of  these  two 
possible  orientations  isicalled  positive'and  the  other  negative, 
and  as  indicated  in  fig.  2H0  it  is  the  counterclockwise  orienta- 
tion which  is  customarily  called  positive. 


Fig.  2^0yji 

Selecting  the  orientation  (Aa-Qr^BA)^  of  one  of  the  sides 
of  triangle  ADC  completely  de^rmlnes  the  orientation,  of  this 
triangle.        ,  '  ^ 

All  statements  in  the  remainder  of  this  section  will  refer  to 
figures' lylnfe  in  one*  plane .  Hie  given  triangles,  xinless  otherwise 
specified,  iire 'given  with  positive  ^>rien^atlon. 

Theorem.    If  an  ai^bltrary  point   '0    is  J^ned  to  the  vertices 

IK^^^^^^M  '       "  ■    ■      ■  '  -.  T      .  -  ~  ■  -  '  ''  ^ 

Of  a  given  oriented  triangle    ABC   and  the  orientations  of  a^l  the 
resulting  triangles  are  determined  by  the  orientations  of  the  ^Ides 
ABi        and    OA  '  of  triangle    ABC,  then  the  differei^ce  between  the 
sum  of  the  "numbers    S"    of  all  the  .resulting  trlah^es  having  a 
vertex  at    0   gndj  positive  orientation  and  the  sun\  of  the  "numbers 


\ 


133. 


S"  of^ sUch  triangles  with  negative  orientation  Is  equal  te  the 

i 

"number    S"    of  the  given  triangle*. 

«         Here'  It  Is  necessary  to  distinguish  five  cases:  .  * 

'  '  ^  '  'l^o  Point  0  lies  on  one  of  the  sides  (fig.  24l).  Using  the 
/    notation  already  Introduced  we  have: 


'ABC 


whence 


c'  "OBC 
s 


hoc      SqbC  =  k(AO,  +  ^OB)h^  =  koh^  =-S^3^  . 


2.     Point    0    lies  on  the  prglongatlon  of  one,  of  the  sl<^es'  * 
(fig.  242).     We  have:    ^    '    ,  ,  \'  *        .  ' 


^OCA 


whence 


Pdg.  2*H, 


P^g.  242. 


3?  '  J-PoJLnt-   0    lies  wiC^tnin  the  triangle  j(flg.  243) .  Pfo- 


Jongflng',  say,    CO    to  ^he  point    D'   of  its  intersection  with  side. 
B,  In  accord  with  the 'previous .^.pases  we,  find:  , 


^OAB  "  ?DOA  ■**-^DBO  \ 
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Prom  this  we  obtain;         '  •  - 

*"  ^OCA^"^  ^OBC.      ^OAB  "  ^DCA  ',-^DOA-^'''*''''^^DBC  "  ^BO^ 


Pig,  2'44. 


4?  'Point        lies  outside  the  given  triangle  but  within  one 


of  Its  angles  (fig,  244).      •  '       -  . 

Let  the  ahgle  In  question  be  angle    C.*#  D^otlng  by  'D  .  the 
point  of  Intersection  of  sl'de    A'B.  with-  the  ray    OC,  In  accord 
VI th  thfe ^previous  cases  we  find:     ,  ^ 


whence  we  obtain : 


^OCA      ^OBC      ^OAB  ' 


DAO  ^DCA^  ^^boB  Vbc'^  "  ^^AAO  "^^^DOB^ 
^DCA      ^DBC      ^ABC  '  .  ^ 


5?    Point  ^  0    lies  within  an  angle  vertical^  to  x>ne  of  the^ 
angles  of  the  given  triangle  (fig.  245)-.  »    '    '  . 

gy  the  preceding  we  find :  ^      '  * 

whence  we  obtain:  i  -        -  ,  • 

.^OAB  "^OCA  "  ^CBO  '  -("^^DpA  ^  ^DBO^  "  ^^DOA  "■'%CA^  "  ^^DBO  "  ^DK 
.  -  SpQA  +  ^DBC  "  ^ABC  '  .. 


/ 
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Now  let  there  be  given  any  simple  polygon    k^k^kr^k^. .  ,k  with 

o  ±  c  0  n 

positive  qrien-tation  (figl  246).    Furthermore,  let  this  polygon  be 
decomposed  in  anyj-jnanner  into    N    triangles  and  "let    0    be  an 

.  ■  f 

arbitrary  point.    Tlien  the  following  holds: 


Pig.  245. 


Pig.  246. 


Theorem  3 .     The  difference  between  the  sum  of  the  "numbers  S" 
of  the  trian'gles  with  positive '^orientation  having  as 'base  a,n 
oriented  side  of  the  polygon  and  vertex  at  the  point    0    and  the^ 
sum  of  the,  "numbers  '       ^  of  sucU  triangles  with  negat3,ve  orienta- 
tion is'  equajL  to  t)%e  sum    Z    of  -tjje  '^num^ers    S"    of  all  the  trj- 
angles  jdiC^thg"UecOihpQsition.  , 

Suppose  the^theordm  to  be  true  for  each  of  two 'contiguous 
simple  polygons    ?^.^  and    Pg^  "i.e.  P9lygons,  having  only  a  side  or  , 
pa^t-^^i5fka'  side,  Du^^fio  interior  points^  rin  common  (fig.  •24'^) ♦* 
Further,  let    AB    be  one  of  *the  common  sides  or  conpnon  parts  of 
sides  of  polygons  and  Pp. 

Remark.    The  set  of  common  sides'*  or  common  parts 

of*  sides  of,  polygons    P^    and    P^    may  consist  me^rely. 

of  individual  poirlts  or  may  even  be  empt'^ 
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I 

*  triangle  with  Vertjex  at    0    and  .base    AB   has  one  orienta- 

tion with  refjBrence  to  polygon*  E^,  .but  the  opposite  one  witH 
reference  to  polygon    P^*    In  figure  24?,  with  reference  to  polygon 

P-     the  triangle    OAB    has  positive  orientation,  whilfe  with  ref- 
1  •  .  "  * 

erence  to  polygon    P^    the  same  triangle    OAB    ha&  rfegative 
orientation. 


r.ERiC 


In  -the  a/lgebraic  suifi  S*  of  the  '^numbers    S"    of  the  triangles 

•with  vertex  Kt    0    and  a  side  of  one  of  the  polygons  as  base,  the 

terms  referring  to  the  triangles  ha^?^ing  the  common'  sidfe    AB  cancel 

each  other  out.    TVi^re  remain  only  the  term^.'referrlng  to  the  pides 

•  •        •  * '^^ 

of  a  polygon  .P    which  is  the  sum  of  polygons  and*  P^  »  At^ 

the  same  time  it  Is  evident  that  the  s.ums  ^.Z-^    and    2^    of  J;he 

-^umbers  of  the  triangle^s  of  decomj^js'sition  give   ^  ^ 

where    Z.  is  the  sum  6f  the  "numbers    S"    for  the  tri^gles  irx  the 
decomposition  Of  polygon    P    generated  'by  the  decompositions  of 
polygons    P-j^"  and    "P^*    Since,  by  our  assumption,       ^ s 

Sjf?=  Z^    ,anA  =  , 


then 


9 


J 
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But^  as  has  Just  been  shown, 


* 


■'  ^      where    S     is  the  sum  of  the  "numbers    S"    of  the  triangles  with 
vertices  in    0    and  the  sides  of  polygon    P    as  bases; .whence^ < 

^  The  proof  of  theorem  3  is  completed  as  follows:    theorem  3  .is 

li*""      valid  for  a^>4tigle  (n  =  l)  triangle  since  in  this  case  it  is 

identical  with  theorem  2.    Assuming  the  theorem  valid  for  polygons 
Secomposed  into  n    triangles,  we  see  that  it  will  be  valid  for 
polygons  decomposed  Into    n  +  1    triangles,  since  a  polygon  decom- 
"  •  posed  into    n  +  l-r  triangles  can^  be  regarded  as  the  sum  of  one 
triangle  and  a  polygon  composed  of    n  triangles. 
^    ^  €o3pollary  1.    !Ihe  number   S  '    Is  lijdependent  of  the  choice  of, 
the  point    0,'  since 'the  number    2   48^±fidependent  of  this  choice^ 
>  r     L  ^    .  Corollar^^B^   Iheunmnber    2  -  is  independent  of.  the  way ^  in  . 
which  the  polygon  is  decomposed  into  triangles ♦  .  ^  -  ^ 

We  .shall  now  ^sign  to  every  si^^igle  polygon  a  number    2  «  S*/ 
:^  a^tribu^tloh"  of  a  ^number    E    to  every  simple  polygon  act- 

ually  establishes  a  system  of  measurement  of  areas  of  .siifiple 
polygon's.    This  is  true  because  the  numbers  thus  assigned  poss^ss^, 
\/f!rstly^  the  property  of  invariance  —  one  and  'the  same  nunibei?  is 
T^^S^^^/j  °^         congruent  simple  polygons,  since  congruent 

polygSf^^^l^e  decomposed  into  pairwise  congruent  triangles;  and, 


secondly%the  property  of  additivity. th^  number  assigned  to,  a 
polygon  ^plsis.ting  of  tl^  union  of  .two  polygons  is  equal  to  the 
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sum  of  the  numbers  assigned  to  each* part. 

We  ar^'now'able  to  speak  of.  the  number    2,  derived  as  above-, 

•  as  the  area  of  a  simple  polygon.    At  the  same  time  there  has  bketi 
demonstrated  the  existence  of  an  infinite  set  of  systems  of  measure- 
ment  of 'the  area  of  simple  polygons. 

To 'every  number    k  >  0    there  corresponds  a  particular  sys tem^ ^ 
1    of  measurement.     In  the*  expression- 

for  the  area  of  a  triangle,  the  number    k  >  0    is  a^^matter  of 
choice. X'Ihe  choice  of  this  number    k    fixes  the  unit  of  at»ea. 
The  unit  of.  area  is  customarily  taken  as  the  square,  the  side  of 
which  is  equal  to  the  unit  of  length.    Decomposing  such  a  unit 
square  into^two  triangles  by  means  of.  a  diagonal,'  we  have  by  our 
condition 

'  .      .  •        1  =  2  •  !c  .  1  •  1  ,  "   ^  ' 

whence  *k  «  i  .    For^  the  area  of  a  triangle  we^ave  the  usual  .  ♦ 
express'ion 

Under  this  choice'  of  a  unj^t  of  area  the  area  of  .any  simple 
polygon  will  be  expressed  in  SQuare  units.    l€/is,  . furthermore ^    y  ^ 
not  difficult  to  show  that/^he  system  of  measurement  we  have  des- 
cribed^ls  the  only  system  of  measurement  satisfying  ^he. conditions 
•of  invariance  and  additivity  and  assigning  to  the  square  con- 
structed upon  the  unit  of  length  the  area  unity. 

Prom  the  exj^ression  far  the  area  of  a  triangld 


S  ^  kah 
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it  follows,  for  any  positive  value  of    k,  that  if  tWo  triangres  with 
equal  bases  have  equal  area  their  corresponding  altitudes  are 
equal.  i 
•    *  Remark.    If  as  the  unit  of  area  we  select  the  area^ 

of  the  equilateral  -triangle  with  sides  equal  to  the  unit 
of  length,  then  the  number    k    is  defined  by  the  rela- 
.  tionship  v   '  . 

^  1  =  k  .  1  .  ^1  • 

Ohe  area  o€  a  triangle  measured  in  triangular  units, 
for  example,  in  triangular  meters  will  be  given  by  the 
formula  *  ^       ^  , 

.     ^  fA  ~         ^  a  •      -  ■  ■  ' 

"  It  is  also  possible  to  take  as  the  unit  of  area  the 
<     area  of  a  circle  with  i*adius  equal  to  ^he  unit  of^  length; 
•    .The -area  of  a  triangle  in  such  circular  units,  for  example 

'         i.n  circular  me^ters,  will,  as  may  reaSlIy'^be  verified,  take 

-      .  X  '  - 

the  form 

.  *  '  Prom  the  system  of  measur^me^  of'  the  areas  c5f  simple  polygons 

which  we  have  now  established  it  follows  th^t  simple  polygons 
equivalent  by  completion  have  identical Vjlas>^  Ttils'  follows  from 
'  the  fact  that  polygons  equivalent  by  completion  are  also  equivalent  - 
.^  .  by  d'ecomposition,  i.e.-  equiccmiposed.  ,     *  , 

Since  every  simple  polygon  is  equicomposed  with  some^  triangle, 
it  follows  that  if  two  simple  polygons  have  identical  areas  they 
are  equicomposed  and  a  fortiori  equivalent  .by ^completion. 

.     ■  '  -        \  \  ^.  \ 
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59.     ON  THE  NOTION  OP  THE  AREA  OP  A  PLANE  PIGURE  j 

1  :  ) 

Analogously  to  our  establishment?  of  a  system  of  measurement 

of  the  areas  of  simple  polygons,  we  may  pose  the  problfem  of^  the  ^ 

measurement  of  the  areas  or ,%ny  other  class  of  plani  figures.  As 

already  mentioned,  it  is  impossible  to  establish  a  system  of 

measurement  of  area  for  all 'plane  figures,  not •even  tor  all  finite 

.ones,  i.e.  those,  each  of  which  lies  within  some  square. 

In  order  to  establish  a  system  of  measurement  Of  the  areas  of 

plane  figures  it  is  necessary  first  of  all:   ^  / 

A.  to  set  up  a  sufficiently  broa'd  class  of  plane  figures, 
containing  all  simple  polygons; 

B.  to  asfeign  to  each  figure  of  the  class  thus  set  up  a  • 

> 

positive  number  .such  that: 

.  C.    equal  numbers  are  attributed  to  any  two  congruent  figures 
of  the  giv"^,  class  (property  of  invariance);  - 

D.  *  to  every  figure  of  the  given  class  consisting  of  the  union 
of  two  figures  of  this  class  having  no  interior  points  in  common 
there^s  assigned  a  number  equal  to  the  sum  of  the  i}4ibers  of  each 
of  the  added  .figures  (property  of  additiveness) . 

After  thus' assigning  to  every"  figure  6f  th^^^  dla^s- In- question 
of  a  positive  number  possessing  the  ^propdrties  of  invariance  and 
additiveness,  we  speak  of  each  number  as' the  area  of 'the  corres- 
ponding flgu're.-^  J  ^ 

Beyond  the  properties  mentioned,  &till  another^ one  is  required 

E.  the  numbers,  i.e.  areas,. shall  be  completely  and  uniquely 
determined  when  the  area  of  one  figure  of  the  given  class  is  known. 


,Let  u6  note  the  following:    From  the  fact  that  to 
a  figure/there  is  related  a  determinate  number  it  does 
not  follow  tha.t  this  number  can  be  considered  and 
callW  the  area  of  this  figure.     It  is  required  that  a 


J 

a.  u  a 

numlj^r'W^ll  be'  assigned  to  each  plane  figure  of  a 

se^^cted  class  in  such  a  manner  that  the  correspondence 

/  /  •  -  ' 

possesses  the  properties    "C",  "D"  and  "E".    For  ex- 

/ 

imple,  if  to  every  circle  there  were  to  be  as'signed  a 
number  equ^l  to  the  cginmop  limit  of  the  areas  of  the 
inscribed  and  circumscribed  simple  polygons  under  the 
usual  assumptions,  it  would  not  be  permissible  to  con- 
sider  or  designate  this  number  as  the  area  of  the  circle 
.until  and  unless  tpet^e  had  been  established  a  system  of 
measurement,  og^  areas  of  the  figures  of  some  class  which 
would  ,includ^  simpl^^-ptQlygons,  circles,  septprs,  .s.egr  . 
ments  of  circles  and  so  on/""'^'€!Qly  when  we  have  a  system, 
of  measurement  of  areas  which  fulfill  .conditions.  A, 
B,  C,  D  and    E    can  we  speak  of,  say,  the  area  of  a 
'  circle. 

'Die  i:»equirements  enumerated  for  a  system  of  measurement  of  the 
.  ^^.|tr?aa  pf  ^  pl^ne  ^figures  naturally  extend  also  to  a  systeni  of  mea- 
surement of  the  areas  of  a  class  of  curved,  surfaces  f3^].     in  ^his 
connection'  it  must  be  emphasizM  that  the  intuitive  conception^ of  i 
,the' area  of  a  curved  surface  as  the  limit  of  the  area  of  a  poly-  ^ 
,  hedron  inscribed  in  the  given  surface  may  not  give  the  desired  / 
r^esult.    T^e  limit,  thus  obtained  may  n^  yield  .a  number  which,  in 


the  given  system  of  measurement  of , areas,  can  be  regarded  as  the 

area  of  the  given  curved  surface.^ 

■  I 

'  Let  us  consider  an  example,  .given  by  Schwartz. 
/Let  the'  radius  of  a  right  cirbular  prism  be    R,  and 
its  altitude    H.    We  divide  the  altitude    H    ihto  n 
equal  parts  and  through  the  points  of  division  we  draw     *  • 
^  n      1    cylindrical  parallels.  .  . 

Further,  we  inscribe  in  the  upper  base  of  the 
cylinder 'a  reguJLar  polygon  of    m    sides,  and  in  the 
first  (counting  from  the  top)  of  the  parallels  just 
drawn  we  inscribe  a  ^polygon  congruent  to  the  f^xst,  one  _ 
but  in  such  a  jnanner  that  the  vertices  of  i^he  latter  ^ 
lie  in  the  meridional  planes:  pa:ssj.ng  througl)  the  mid- 
points  of  the  sides  of,  the  first  polygon  of    m  Sides 
(fig.  248a).  I 
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In  the  second  parallel  we  inscribe'^  regular 
polygon  of    m    sides  so^  that  its  vertice^xTie  on  the 
meridians  of .  the  vertices  of  the  polygon  of  tjie  upper 
base<^.  '^In  the  third  polygon 'we  inscribe  a  polygon  of 


i 

m    sides  with  vertices  on  the,  meridians  of  the'-ver'tices 
"of  the  p^ygon  of  the  first  parallel,  and  so  on*  n^ch  , 
^polygon  is  obtained  from,  the  one  directly,  above  it  by  a  , 
translation  of  the  latter  along  the  axis  of^  'the  cylinder 
to  a  distance  ^f    S    and  a  rotation  through  the  angle  •  ^ 
around  that  axis.  ^      ^  . 

.     We  Join  the  vertices  of  each  polygon  of    m  sides 
with  the  vertices  of  the  neigl^boring  oned  and  calculate 
the  *suin  of  the  areas  of  the  congruent  isosceles  triangles 
ABC    which  we  ha*Vet  constructed  (fig.  248b),  . 

Ihe  base    EC  \f  triangl'e/   ABC    will  be         .  .  < 

\ 


BC  =       sin  J  ,       ^  ^ 


and  the  altitude 


AD 


=:^f  AE^  +  DE^ 


'Or  ^     o   :         :    ^  1  .    -       '    .    .  i   -    .  i  '  ^  *       /  - 


In  this  manner  we  oT^tain  for  the  ^ea  of  the  poly- 
hedral surface  inscribed  in  the  lateral  surface  of  the 
given  cylinder:    -  "  

S(m,n)  =  2Rmn  sin  +         sin^  J  ' 

^    ■  ^  .  '    ^  n  . 

♦  ^  Ihis  la^tter  expression  may  be  rewritten  in  the  fOmi 


sin  I     n;     .4^2  _  sin'^^ 


/      \      r.  r.t        m\    /  .1,2  .  TT^R  /n  \2/  2mx4 

S(m,n)  =  27rR(— H    +         ^"2^  ^  7r~) 


m       ^  2m 


From  this  it  cSn'be  seen  that  the  limit  of  S(n,m)^ 

as    n  > »   ind  m— ->»    depends  upon  the  particular 

manner  , In  which    m    and    n  .tend  towa^  infinity .  • 
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Suppose  that  m  -  and  ^  n  y^^fy  in  such  a  manner  that 
the  ratio,  2^  a  detemina^  Jr^jni^    q.    In  that 


case  vie  have : 


/  4  2 

lim^(m,n)  =  2TrE^i  ^  +^2LL.^2 

Yl   y  00 

m  — >-  00 

If,  for  example,    n    and    m   -vary  in  such  a  way 

^that    lim''  ^  =  q  ^  1,  then  the  limit  of^.  S(m>n)  w:^ll 
m 


bfe  equal  'to"  SttrAj       +  ^^^-^  •    We  obtain  this  limit 
if  we  Inscribe^  polygons  of    m    si^es  in  the  parallels 

and  at  th'e  same  time  divide  the  altitude  of  the  cylin- 

2 

der  into    n  =  m  /"mparts. 


t 


'  If    n    and    m    vary,  in  such  ^a  manner  that    Tim  — g  = 

m  ^ 

.q  i  0,  which  can  be  bi^ought  about '^y  taking,  for 

^    .  V     '   "   "    '  ^    '    **       '  ^ 
instance,  ti     m,  we  arrive  at,  the  result 

lim    S(m,n)  =  SirftH. 

<  V  n — >«> 

m<— >•«>  , 

Only  with  q  =  0  is  a  limit  obtained  which  e^ual 
to  the  well-known  area  of  the  lateral  surface  of  the 
cylinder.     Strictix  speaking,  the  limit  o£  ,.S(m,n\ ,^s.^_ 

'm — n — does  not  exist. 

Ttie  ex^ple  discOssed  is  iris  true  tlve  in  that -it 

/Vividly  draws  attention  ^to  the  care  and  the  caution 
with  which  one  must  approach  th^  problem. of  establishing 
a  system  of  n;ea|^reiA?ni:  *of  araas,.  '      ,  . 


00/  A^jBRIEP  DISCUSSION  'oP  THE  PROBLEM  OP  THE.  MEASUREMENT  OP  VOLUMES 


T\\e  formulation  of  tUe  general  problem*  of  the  measurement  of 


'  volumes  in  no  way  differs  from  'the  formulation  of  the  problem  of 
the  measurement'  of  areas.  * 

To  establish  a  system  of  measurement  of  the  volumes  of  a^ny 
dofinlte  olass  of  figures  iX  Is  necessary 

,A)    to  be  able  to  assign  to  each  figure  of  the  given  class  a 
-^positive  number  such  that  the  following  conditions  will  be  ful- 
filled; ■  ^      ^  ^ 

B)    that  equal  numbers  will  be  attributq^d  to-  congruent 
flgux^es  (the  property  of  invariance); 

'    C)    fhat  to  the  union  of  two  figures  having  no  ii^terior  ^ 
points'  In  common  there  will  be  assigned  a  number,  equal  to  the  sum 
of  the  two  numbers  assigned  to  the  given  figures  (the  property  of* 
addltlveness),  "  ,  •  . 

*    Only  after  fulfilling  conditions    A),  B)  and  C)  can  the 
numbers^  in  question  be  jconsiciered  and'^called  the  .volumes  of 
, figures  of  the  given  class.    Over  and  above  this  the  followllng 
condition  must ^Iso  be  fulfilled: 

D)  the  numbers  representing  voluJhes  must  be  completely  and 
uniquely  determined  when  we  know  the  volume,  of  one  figure  of ^  the 
givan  class;  ^  ^  ' 

In  ^elementary,  geometry  we  establish  first  of  all  a  ^stem  of 
.mjcaoui^ei^it  of  tne  volumes  of  simple  polyhedrons^    Ihe  establish-^ 
mni  of  a  system  of  measurement  of  volumes  can  be  carried  out  op 
qulto  the  same  lines  as  in  the  case  of  a;:^eas;  V  y 


.    .        .  ■  '   \  .  ^  ■  / 

It  can  bo  shown  that  m  any  tetrahedron  (not  jieo^ssarily  /_ 
regular)  the  oro'^uot'of  the  area  of  one  of  the  aides  /and  the 
gorreapondlng  altlt'udo'- Is  independent  of  the  choice  bf  the  aide.  « 
I         Bioorfjina  (entirely  analogoua  to  the  theorems  6n  the  decom- 
position of "simple  polygons  Into  trlanglea)  can  then  be  proved 
conoornlns  the  decomposition  of  simple  polyhedron^  Into  tetra-   '  - 
•    hodrona,  by  which  moans  there  can  be  established  a  system  of  meas- 
.urem^nt  of  the  volusvea  of  almple  polyhedroha  [1],*  by  aaalgnlng  to, 
y .    each  tetrahedron  a  number   kSh',  and  ao  on.    However,  the  meaaurement 
of  volumoa  la  not,  completely  analogOua  to  the  mtaaurtment  of  ai^aa. 
Namely,  —  *--w||^rona  having  eoual  volumea  f-  In  the  aenae  Juat 
eatabliahed  —  may  be  neJlther  ogulcompoaed  no^  equivalent  by 

completion.  ->  / 

Txi  oihor  worda,  there  exlat  two  tetrahe^rona  with  equivalent 
'  .basoa  and  equal  alUtudea  whJ^ph  It  la  ImpoaSlble  either  to  deconjpoae 
m  any  way  Into  palrwlae  congruent  tetrahedrons  or  to  enlarge  by  the 
Addition  of  Mirl'iae  congruent  tetrahedron^  ao  aa  to  produce  poly- 
hedrons v^lch  could  be  decompoaed.lnto.paltwlae  congruent  tetrahe- 
drona.    pilbort  propos'ed  as  a  problem  the/ proof  of  thla  aaaertlon 
[15].    Tna  proof  waa  firat  given  by  Dehni   -me  almpleat  proof  la 

due  to  V.  P.  Kagan  [25].  /  - 

r.  The  renia-rks  made  ln  59.  concerning /a  system  of  meaaurement  of 
the  aroaa  of  piano  and  curved  aurfapea  hold  goott^alao  with. regard 
to  a  ayatem  of  measurement  of  the  voluiea  of  aolid?  belonging  to  a 
class  of  flguroa^oontalnlng  aa  a  prop^  part  the  daaa  of  almple 

'  '  .      i  '• 
polyhedrons..  '  \ 
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PART  pour' 

ELEMENTS  OP^ 
THE  POUNDATIO^S  OF  GEOMETRY  AND 
THE  GEOMETRY  OP  LOBACHEVSKII 

Chapter  X       »  ' 

'  EUCLID'S  "elements"" 

o  •  - 

,  In  Chapter  X  is  given  a  short  survey  of  Euclid  *8 
"El'ement&'",  pqinting  out  their  virtues  and  shortcomings. 
Certain  axit>ms  of*  order  and  continuity  are  formulated, 
and  a .number  of  important  theorems  are  proved  without 
recourse  to  Euclid's  fif^th  postulate  on  parallels, 

'  6l,     A  SURVEY,  OP  EUCLID <S  "ELEMENTS" 


By  about -the  fourth  century  before  our  era,  geometi/y^had  so 

far  developed  that  treatises  giving  *a  systematic  exposition  of  the 

.geometrical  science. of  the  time  *could  make  their  appearance. 

The  first  treatises  of  this  kind  of  which  we  have  historic 

Tevidence  have  not  themselves  come  down  to  us.    These  works  were 

neglected  after  the  appearance  of  the  celebrated  treatise^  called 

^The  Elements"  by  the  Alexandrine  geofeeter  Euclid  (ca.  300  B.C.).. 

^     In  tViis  extensive^ BcholaY'ly  treatise  on  elementary  geometry 
,         ■«  *  ♦  * 

Euclid  endeavored  ^to .  give  a  rigorously  logical  development  ot  S^om- -  ^^^^i^^ 

etry  starting  from  a- few  principles.    The  Euclidean  "Elements^*  con- 

3ist  of  fifteen  **Books",  that  is  to  say.  Chapters.    The  last  two 

/.  -  -       ,  '      •       ,  * 

Books  are  not  now  considered  to  have  been  written  by  Euclid. 

»  '   . .  * 

Let  us  briefly  examine  the.  contents  of  Euclid's  "Elements" 

[22],  [23],  .   ,  . 

■Book  1*.    The  first  book  begins  with  definitions. 
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1.  A  point  Is  that  which  has  no  -part^ 

2.  A  line  Is  length  without  breadth; 

3.  'The  extremities  of  a  line  are  points, 

4.  A  straight  line  Is  one  which  lies  evenly  with  the  points 

on  Itself.  \,  ^  / 

5.  ^  surface  Is  that  which  has  length  find  breadth  only, 

6.  The  extremities  of  a  surface  are  llnes^ 

♦ 

7.  A  plane  surface  Is^one  which  lies  evenly  with  the  straight 
^  lines  on^tseLf,  .    ^  ,  '  ^ 

There  follow  definitions  of  .the  angle  between  lines,  of  a 
^-   straight  angle^  of  right,  obtuse  and  acute  angles,  of  a  disk,  its 
f     center  and  diameter,  etc. 
;^'-<r      -  -The  following  definitions  are  worth  noting:  .  . 

13.  A  boundary  is  that  yhich  is  the  extremity  of  anything. 

14.  A"figure  is  that  which  is  contained  by  any^oundary*  or 
boundaries . ♦  ^         •  ' 

15.  »'A  circle  is  a  plane  figure  contained  by  one  line  [cetlled 
a  circumference],  such  that  all  the  straight  lines  falling  upon  it 
from  one  point  among  those  lying  within  the  figure  are  equ&l  'to  one 
another.       ^  .  ^  .  . 

20.    Of  trilateral  figures >  an  equilateral  triangle  is  that 
which  has  its  three  sides  equal>  an/^isosceles  trlan^e  —  that 
which  has  twS*^^  its  sides  alone  equal;  a  scalene  triangle  j.-  that* 
which  has  its  three  sides  unequal.  ■ 

22.  Of  quadrilateral  figures  a  square  is  that  which  16, both 
equilateral  and  right-angled;  an  oblong  --^  that  which  is  'rlghtl 
^    ' ^   angl;ed  ttut  not  equilateral;  "a  rtio;nbus  —  that  which  la  equilateral 
.  ,        but  not  right-angled!  a  rhomboid'  [parallelogram]  —  thaf^ which  has 
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Its  opposite  sides  and  angles  equal  to  one  another,  but  Is  neither 
g.qullateral  nor  rlght^'angled.    And  let  quadrilaterals  other  than 
.th|se  be  called  trapezia. 

"  TfiiJs^  Euclid  uses  the  word  trapezium  (literally  ^'table")  in  / 
the  sense  of  a  quadrilateral  of  general  form.  -  " 

The  final  definition  in  the  first  book  reads: 

23.  Parallel  straight  lines  are  straight  lines  which ,t  being  in 
the  sajne  plane  and  being  produced  indefinitely,  do  not  meet  one 
anottfej?  in  either  direction  >  ♦      ,  * 

The^word  parallel^signif ies  drawn  alongside  each  other. 

The  next  section  contains  a. list  of  postulates. 

Postulates.    Let  the  following  be  postulated: 

1.  [It  is  possible]  to  draw  a  straight  line  from  any  point  to 
any  point. 

, .        2.  [It  is  possible]  to  produce  a  finite  straight  lin^  con^* 
tinually  In  a*  straight  line.  ^  ^ 

-3.  [It  is  possible]  to  describe  a  circle  with  any  center  >and 
distance.  ^       .       '  ^  ,  ^ 

•     '4.  (A;ciom  10)' That  all  right  angles  are  equal  to  one  another. 
^.  (Axiom  11)  That  if  a  straight  line  falling^n  two  straight 
lines  make  the  interior  angles  on  the  same, side  less  than  two  right 
angles^  the  two  straight  lines  if  .produced  indefinitely  meet'  op 
that  side  on  which  the  angles  are  less  than  two  right  angfes. 

The  last  two  postulates  are  designated  in  otjaer  lists  as 
Axioms^  lO^and  11.  •  /  '       ^   -X  ..^.^  . 

'    -     The  words  in  parentheses  are  not  in  the  Greek  original."-^ 


We  next  find:^  ..k       •  * 
^  Common  Notions  (axioms) :  * 
X.  Things  equal  to  the  ^ame  thlnp;  are  equal  to  each  6ther, 
2i  If  equals' be  added  to  equals,  the  wholes  are  equal, 
3,  If  equals  be  subtracted  from  equals^  the  remainders  are 

equal >  "   ^  ,  ^      '  • 

[k.  And  ir  equ9;Ls  are  added  to^unequals,  the  ^ums  wil^^® 

unequal*] 

5.  And  things  equal  to  twice  thg  same  thing  are  equal  to  each 
other,   -  ^     .  °     >    /  ^ 

6,  And  halves  of  the  saime  thing  are  equal  to  each  other, 

'  7,  Things  which  coincide  with  one  another  are  fequal  to  one  .  ^ 

:\     -  .A  ^     '  -       '  ^ 

another;  .   '  < 

8,  The  whole  is  greater  than  the  part. 

[9.  Two^ straight  lines  do  not  enclose  (or  contain)  a  s^ace,] 

The  first  six  axioms  are,  the  prototypes  of  the  axioms  of 
arithmetic,  and  also  the  prototypes  of  the  axioms  oi*  congruence [22], 

The  sentences  in  square  'brackets  are  those  of  \l;^ch  Euclid 
authorship  is  doubtful.         *  ' 

Next  come  propositions  1  through  ^8, 

to  order  to  give  an  idea  of  the  style  -  of  the  **Elements",  we 
quote  in  ^full  Proposition  1  and  its  proof,       •  . 

Proposition  if  On  a  given  finite  straight  line  to  construct 
an  equilateral  fridngle,  -    .        ^  ^ 

Let'    AB  : be  the  ,glv9r^  finite  straight  line  (fig,  .249),    It  Is 
required  to  construct  on  line    AB    an  equilateral  triangle.  With 
center    A    and  radius    AB    we^  describe  the  circle    BCD  (postulate  2^^ 


and  then  with  eenter    B    and  radius    BA  <^ describe  the*  circle  ACE 
(postulate  3);  and  from  point    C,  at  vhich  the  circles  intersect 
each  other,  we  draw  lines    CA,  CB    Joining  point    C    with  points  A 
.     and   B*   ("postulate  l). 


/ 


Pig.  249.  '      '         '  •  V 

♦  * 

'       Now,  since  point  "  A    is  the  center  of  circle    CDB,  AC 4pis 
equaa  to    AB  (definition  15) i  further,  since  p^nt    B    is  th^  cen- 
ter of -circle    CAE,  Bfc    is  equal  to    BA  (definition  15).    Bulir  it 
has  alreadyj)een  shown  that    CA    is  equal  to    AB;  that  isy^  CA  -  and 
,  CB    are  feach  equal  to    AB.    But  things  equal  to  the  same  thing  are 
V      equal  to  each  other  (axiom  l)j  this  means  that    CA    is  also' equal  ; 

Therefore,'  the  three  lines    CA,  l^p  and  BC    are  equaQu^,  each';  ^ 
Other.    HenceJ#3Slangle    ABC   Jis  equilateral  (definition ^'Spy^a^^  ^' 
constructed  on  the  given JTinitie  straight  line    AB,  Vhiflh  is, that 

*  -Jo 

Which  was  required  to  do.  .  '  •  ^       •  . 

'  In  order 'to  have  an  idea  of  the  nature  of^  the  first  28  pro-^V  ♦ 

\l        positions  of  the  '^Elements"  it  should  be  kept  in  mind  that  these 

28  propositions  are,  .proved  by  Euclid  y/ithout  recourse  to  the  fifth  _ 
^  ,      '  postulate  on  parallels. 

Euclid  further  shows  how  to  lay  ^off ,  add  and  subtract  segments 

>   (propositions  2  and  3);  then  follow  theorems  oii  the  equality  of 

■   '         »  *  '  "     /  . 

triangles  resulting  f rom  ,the  equality. of  two  sides  and  the  included 
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angle  (proposition  4)^oA  the  equality  of  the  base  angles  of  .an 
isosceles  triangle  (proposi^tion  5)  and  the  converse  theorem  (pro- 
position 6)»    Proposition  8  proves  the  equality  of  triangles  ' 
resulting  from  the  equality  of  a  side  and  tlie  two  adjacent  angles. 
After  ^e  .bisection  of  the"^angle  and  of  a  segment,  the  drawing  of 
perpendiculars,  and  theorems  on  adjacent  ana  vertical  angles 
(propositions  9  -  15)  there  follows  a  theorem  on  the  external  angle 
of  a  triangle.  *     ,  , 

Proposition  16.    In  any  triangle>  if  onq  of  the  sides  be 
produced,  the  exterior  angle  is  greater  1;;han  either  of  the  interior 
^  'andt  opposite  angles .         ^       ..  -  ^ 

^1   Euclid's  proof  is*  repeated  in  every  textbook  of  elementary 
gedmetry.  :v  ■  f ^  v 

W^, emphasize  again  that  this  theorem  on  the  exterior  angle  of 
triangle  was  proved  by  Euclid  without  the  aid-of  the  fifth 

postul^ite,- '  '  ,         ^  ,  ' 

* 

Then  <f ollows  ^  .        .    ,  ^ 

Proposition  17*    In  any  triangle  two  angles  taken  together, in 
any  manner  are. less  than  t,wo  rl^t  angles.'     -  ,  ^V^^'  'J 

Aftej^the  proofs  of  theorems  asserting  that  in  -a  trJ^S^^hV 
larger  si^ie  lie^  oj)posite  the  larger  angle,  and  tna^,fiwi^  slges^ 
of  one  triangle  are  equal  to  two  sides  of  another  while  the  in- 
eluded  angles  are  unequal,  the  side  lying  opposite  the  greater 
angle  Is  the  longer,  there  follows 

Proposj^ion  27 >    If  a  straight  line  falllne^n  two  stralglfb 
lines  make  the  alternateiipngreS*  equal  to  one  another,  the  straight 
lines  will  be  paraMrkito  .one  another,  -  The  proof,''  not  using 'the 
■fifth. postulate,  is  already  , familiar  (2,  fig..  2). 
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Proposition  28.    If  a  straight  line  fallJrig  on  two  straight 

lines  make  the  exterior  angle  efcual  to  the  interior  and  opposite 

angle  on /the  same  side,  or  the  interior  angles  on  the  same  side 

equal  to  two  right  angles,  the  straight  lines  will^e  parallel  to  . 

one  another.    Tfiis  proposition  is  a  direct  corollary  of ■ proposition 

27  and  he'nce  the  fifth  fiostulate  was  not  used  here  either-.  f 

Beginning  with  proposition  29  Euclid  makes  use  of  his' 'fifth 
postulate  on  parallels;         •  "  \  ^ 

Proposition  29.    A  straight  line  falling  on  parallel  straight 
lines' makes  the  alternate  angles  equal  to  one  another  .... 

"This  is  the  converse'  of  proposition  27.    The  remaining  part 
of  proposition  29  refers  to  interior  angles,  on  the  same' side  etc^ 
and.  is  the  converse  of  proposition  28. 

'    '   Proposition  l^7  is  the  Pythagorean,  theorefhl    The  final  pro- 
position l^8'.•of  the  first  book  is^e  converse. of.  the  Pythagorean' 

theorem.  •  *       '  . 

Book  II.    The  second' book  consists  of*the  geometrical; exposi- 
tion of -what  we  might  call  algebraic  iflentities.  ;Por  example,  , 
proposition  k  of  Book  II  reads:*   If  a^raight  line  be"  cut  at,  - 
random,  the  agtiare  on  the  whole  (line)  is  equal  to  the  squares  on-  •  - 
th'e  segments  and  twice  the  rectanille  cbntaihed  by  the  •  segments  • 


*(fig.  250). 
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This  is  nothing  other  than  the  identity 

* 

(a  +  b)'^  +       +  2ab  .         "3'  ^ 

In  figure  250  the* modern  notation  is  shown. 
In  all,  Book  II  contains  two  definitions  and  14  propositions. 
Proposition  11,  for  example, deals  with  the  division  of  a  segment 
into -mean,  and*  extreme  proportionals  (the  golden  section). 

Proposition  11.    To  cut  a  given  straight  line  so  that  the 
rectangle  contained  by  the  whole  and  one  of  the  sepjnents  is  equal 
toj^he  square  on  the  remsiininR  segment.  ^ 

Proposition  l4,  the  last  of  this  book,^  reads^:    To  constiyict  a 
squ€tre  equal  to  ^  given  rectilineal  figure.  , 

Here  he  perfprm§  the  quadrature  of  any  rectiline^  figure, 
that-  is,  in  a  certain  sense,  of  any  polygon.      .  " 

Book  III.  Jn  the  third  book  aire  set  forth  the  basic  propertie 
of  the  circle,  of  chords,' of  inscribed  and  circumscribed  stngles,  of 
tahgents  etc.  It  contains  11  definitions  and  37  propositions. 
/  Book  IV The  fourth  book  consists  of  propositions  relating  to 
equilateral  triangles,  squares  and  regular  pentagons,  hexagons  and 
fifteen-sided  figures*  inscribed  "in  and  circumscribed  about  circles. 
:t ^contains  7  definitiJns  and  l6  propositions. 

Book  V.  Ip.  book  five  the  arithmetic  of  the  ancients  is 
expounded  in  geometric  dress.   JEt  must  .be  remembered  that  fractions 
not  to  mention  irrationals^  w^ra  not  recognized  as  numbers  by 
EuQliS*.  .  ' 

A  number  is  a  multitude  composed  of  units       so  reads  the 
second  definition  in  Book  VII. 
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Thj^s,  for  Euclid,  there  is  no  one-.to-one  correspondence  between 
geometric:  Mgni  tuples,  and  numbers;^  did  not  reduce  the  ratio  of 
two'  s^a^^^rea?  or;  volumes  bo^.^ratio  of  numbers.  Euclid, 
^theV^^^^^Pi's^ets^^t^^^^^^  WJiVre  we  s^e  one:  ^  a  theory  of 

magnitudes' in'>J^<ik-V  ^d;a^^^rv:." 

Of  particular  intep^'fe  i^Bo^^j^tis 


^numbera  in 'Book  VII, 


Definition  5.    Magnitudesj^e  to  be  in  the  same  ratio^ 


the  first  to  the  second  and-^-^TthlTd  to  the  fourth^  when,  if  any 
equimultiples  whatever  be'^  ta^' o?%e:ffl^     and  third,  and  any 


^^cond  in^.m^rth,  the  former  equi^ 


equimultiples  whatever  of     ^^^^  ^ 

multiples  alikfe  exceed,  are|^^ke.  equal  t"^,  or  alike  fall  shorg^of 


i^he  latter  equimultiples 


welit  taken  in  corresponding  order. 


In  ianguage  more  fj 


l^^d  us  this  means: 
If  for  all  natural  nui;ibe^'%>jahd-.  "^^f/^-^^'f^  ^ 

 ..^^.tii.  ^ 


--ina  >  nb 


ma^ 


suid 


■<d^nh''yS^\iiiC  =  nd  , 
ma  <  nb  v/neh;mc  <  nd  . 


Euclid's  definition  is  equivalent  to  the  definition  of  real 
positive- numbers.    In  modern  form  it  compl'etely  cotrresponds  to 
.Ded^kind's  method  .of  .cuts^  [18]» 

♦  The  fifth  book^nfcains  18  definitions  and  25  propositi.ons. 
Book  VI,    With  the  sixth  book  the  treratment  of  plane  geometry 
is  concluded.    In  it  are  set  forth  the  theory  of  the  ratios  of 
areas,  of  the  similarity  of  figures  and  of  proportions.  ,  For  ex- 
ample, 'proposition  12  consists  of  tl>e  problem:    To  three  fiiven 
stT^Alaht  lines  to  fin6  a 'fourth  proportional'. 
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Proposition  13,  To  two  given  straight  lines  to  find  ^  mean 
proportional , ♦  ^  .  •  *  - 

In  moder^  textbooks  .these  and  similar  propositions  serve  as 

the  basis  of  the  application  of  algebra  to  geometry,  cind  yield  the 

construction  of  the  segments    x  =  ^  ,    x  rs'V  ab  etc. 

^  c 

It  is .with  just  these  constructions  ^of  Euclid  that  Descartes  - 

begins  his  Geometry  (1635)  [19],  giving  to  them  a  numerical  meanings. 

The  sixth  boolc  contains  five  definitions  and  33  propositions. 

Books  VII,  VIII  and  DC  are  devoted  to  the  theory  of  wh^Dle 

numbers  given  in  partly  geometric  form,    Euclid  represents  numbers^  . 

by  segments.  •  '  , 

,  In  Book  VII,  containing  23  definitions  and  39  propositions,  we  ^ 

find  the  definition  of  a  prime  number. 

Definition  12^    A  prime  number  is  that  which  is  measured  by  a 

unit  arT&arfL.  ..y  ^  , 

•In  the  same  book  is *set  forth  the  familiar  method  of  finding 

the  greatest  common  diviso^of  two  whole  numbers  — -  the  algorithm 

-of  Euclid.  . 

•  The  relevant  theorems  are  these: 

Proposition  1.    Two  unequal  numbers  being  set  out^  and  the 

less  being  containually  subtracted  from  the  greater^  if  the  number 

iWhich  is  left  never  measures  the  one  before  it  until  a  unit  Is  left, 

the  original  numbers  will  be  prime  to  one  another.  ^ 

^  ^  -  Proposition  2»  Given  two  numbers  not  prime  to  one  another,  to 

  ^ 

find  their  greatest  common  measure.  ' 

Today  the  algorithm  of  Euclid  is  presented  by  the  system  of 
equations       .       • '  .  .       "      *  '      ^        ,  ^ 
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a  =  bq  +  , 
b  =  r^q^  +  rg' 


^1=  ^2^2  +  ^3  / 


^n-2  =  ^n-lVl  + 


Proposition  i"  states  that  if  1,  then    a    and.  b.  are  ^ 

numbers  prime  to  each  dther.    If    r^  =  6,  then  by  proposition  2 
the  greatest  common  denominator  of  Tiumbers    a  "^nd    b^  is  ^j^^^ 

Also  expounded  in  the  seventh""  book  is  a  theory  of  diM^&ibili^y, 
leading  to  a^fundamental  theorem  on  the  uniqueness  of  the^decompo- 
sitlQn  of  a  number  into  prime  factors.    The  following  are,  some  of 
the  relevant  theorems:  '  ^ 

Proposition  23.    If  two  numbers  be  prime  to  one  another^  the 
number  which  measures  the  one  of  them  will  be  prime  to  th^  remain- 
ing  number,  •  ^ 

In  modern  notation:    if  (a,b)  =  1    and    §  =  mc,  then  (c,b)  = 
1  [12]. 

Propositij>H^4.    If  two  numbers  be  prime  to  any  number>  their  ,, 
product  also  will  be  prime  to  the,  same  number.    Or,  if  (»,c) 
^  and  (b,e)  ^  1,  then  (ab,c)  =  1.  "P^.  r^v^  y 

.  After  several  more  p'ropositions  which  we  ^^^.^^^^^^  ^^.^'^^^'^''^ 
follows:  '  '  ^  / 

If  (^,b|      1,  then  (a'',b'')  =  l/  ^   

If  (a,b)  =  1,  then  (a  +-b,  b)  =:  1  and  (a  +  b,  a)  1; 
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.    ^  r  ^  ^  .  -  -  , 

'  ^  °  .  t 

if    p    is  a  prjjne  number -^hd  not  a  divisor  of    a,  then 

(p^a)  =a  1,  thei»e  follows  the  fundamental  proposition  in  the  theory 

.  .•gs%<iivrsibility,  «         ^  ^  *    ^  ^  *       ^  . 

,    .  Proposition  30^    If  two  numbers  by  multiplying  one  another 

make  some  number^  ajid  any  prime  number  measures  the  products  it 

^will  also  measure  one  of  the  original' numbers, 

Th'Ia^^ans;    if    ab  »  np,  where    p    is, a  prime  number,  then 

either    a'a  m.  p    or    b  =  m^,  that,  is,  if  li  prime  number  is  a 
1  p    2-  . 

divisor  of  the  product  of  two  numbers  it, is  a  divisor  of  at  least 
one  of  the;  factors  ,^  V     .  ' 

Then  follow  the  thedr;pms:  ^ 
-\        '       Proposition  '31  >    Any  composite  number  is  measured  by  some 

♦  prime  number  >  ...  *  ^ 

Proposition  32.    Any  number  either  is  prime  or  is  measured  by 
some  prime  number  ♦  v  . 

From  these  propositions  follow  the  uniqueness  of  the.deqompo- 
sitibn  of  a  dumber  into  prime  *f actors,  ^  y  ^ 

^  Book  VIII  consists  of  27  propositicJns  and-^o  definitions.-   It  ^ 
contains,  in  particular, '  a  theorem  asserting  in  eXfect  that  there 
exists  no  fraction  the  square  of.yhich  equals  a  whole  number,  and 
>  '    an  analogous  theorem  regarding  the 'cube.    Euclid' expresses  these"* 
"theorems  in  his  characteristic  geometrical  form.  } 

*^    Book  IX  gives  a  proof  of  a  theorem  asserting  that  the  •set  of 
prime  numbers  is  infinite:  /     ^  ^ 

Proposition  20>    Prime  numbers  there  are  more  than  any  assigned 


multitude  of  prime  numbers.  \ 


'466. 
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» 

la  the  ninth  book  there  are  36  propositions  and  no  definitions • 
Book  X  presents s  in  four  definitions,  and  115  proposition* a 
th»!wy*|S  ix>ratlonals  and  *  classification  of  some  Irrationals, 
book  ta  the  most  difflcullf  in  BuciJ.d 's'work  for  the  student, 
tihe  fli^at  e^^teen  propositions  of  B^Kik  X  Euclid  deals  with  the 
coiwaensurability  and  incoromensur&bility  of  magnitudes.    The  re- 
minder  of  the  book  contains  a  theory  of  wh^it  we  would  now  call  the 
irrei^lonals  involved  in  the  solution  of  quadratic  and  biquadratic 
equatlona^ 

We  shall  quote  as  examples^e  text  of  the  first  definition 
and  part  of  the  third,  as  weia  as  several  propositloAa  from  Book  X, . 

Definition  1>  I^pse  magnitudes  eire  said  to  be  commensurable* 
>ihloh  aril  meaaur^  by*  the  same  measure^  amd  those'  incommensurable 
v^hlQh  oainnot  have  any  common  measures 


Definition  3>  Let  then  the  .assigned  straight^llne  be 

led  rational  s  and  those  ^straight  lines  which  are  l^omm^ensurable 


ibut  thoae^  which  are  incommensurable  with  it* 

irilatlonal.  ' 

from 

Pat^onoaltlon  1.    Two  uneaual  majKlStudes  t 

e!J&ig  set  out"!  11 

»the  «re«iter  there  be  suM 

racted  \ 

X  mawaitude  grdater  thiah  ita 

half 

aifvl  fro»  th«^t*  which  is  left*  a  m 

*!'!'■ 

Etgnltude  greatlai*  than  its  half,  and 

3^  thla  yrocesa  "be  repeated  continually^  there  will  be  left  some 
nft^nltude*  whiofi' will  be  less  than  the  lesser  magnitude  set  out> 

•  Pr|^poaltiQa  2.    If  whei^,  the  legs  of  two  unecmal  maprtitudea'  ia 
^<^tlnu^lly^ubtraoted  in  turn  froii  the  greg/ter,  that  which  la  left 
^ever  meaauyea  the  one  before  lt>  phe  magnitudes  will'  be  Incoihmen^ 
aurable. - 


ProticTsition  5^  Cbimnenaur^te  magnitudes  have  to  one  another  a 
ratio  vihloh  a*  number  has  to  a  riumber>  .  , 

\lt  muat  bo  remembered  that  for  Euclid  Irrational  numbers,  did 
not  tolst,  i  •        ,  . 

Proposition  6.    If  two  rojmnltudes  have  to  one  another  the 
ratio  vhloh  a  number  has  to     number^  then  these  quantities  will  be 

ft^g^tionj^,    Inoommeiisurable  magnitudes  have  not  to  one 
another  the  ratio  w^i^oh  a  i^v^taber  has  to  a  numbey^ 

This  last  fact  is  InAe^d  the  reason  f^r^e  appearance  of  the 
arltmnetlcal  books  (as  we  sl|iould  now^^  them)  of  the  '*Elements'\ 

Rfopoaltloi^*  If  twoi  magnitudes  have  not  to  one  another  .the 
ratio  which  a  numbes^  has  tci  X'^mmber.^  -ttie  ga^nitudes'  will  be  In^ 


cqnmensurablo7  ^ 

Books  XI  ^  XII  af)d  Xllt  deal  with  aoli^d  geometry'. 
Book  XI  cptttalna  31  definitions  and  .46  piroposltlons,  ^Here  we 
find  tho^idof inltlon  of  a  solid,  sphere,  a  cohe,  a  cylinder  and.  In 
particular,,  of  thOj  five  x^^ulc^  polyhedrons  •   Th^  book  clofcitalns    - ' 

of  straight  lines, 
concludes  wltiv  an 


proi>osltlbns  dealJjng  with  the  .relative  poslt^lons 

\d  planes, in  splice/  it 


ot-plaiies,  and  of  linosj  i 


Invest  lotion  of  the'projiertios  of  equlvalenJb  pairalleleplneds. 

Book  Xil  consists  o^*l8  proposltionar  and  d^als  with  4mayalpnt 

^  ^    .„   iudihg  witix  a  proposition, pn.  the  ratio  of 

.the  volumes  of'  aphoros^  In  particular,,  we  find  the  following  pro~ . 
positions  in^  t)\is  l|ook: 


'  Proposition^  S> 
altitudes I  have  the 


^framlds  having  triangular ^ses  and  idjentical 
ratio  aa  their,  t^aaes.. 


Proposltl^on  7.    Every  prism  which  has  a  triangular  base  Is 
divided  Into  three  pyramids  equal  to  one  another  which  have  trl"» 
angular  bases, >  ^ 

Book  XIII ;  In  18  proposltlorts,  gives  the  elements  of  the  theoiy 
of  r'e^ul'ar  polyhedrons.  ^ 

We  shall  -cite  some  examples  of  the  propositions  In  this  book^*^) 
Proposition  13,    To  Inscribe  a  tetrahedron  In  a  given  sphere. 
Proposition  14.    To  Inscribe  an  octahedron  In  a  given  sphere ^ 
Proposition  15>    To  Inscribe  -a^cube  In  a  given  sphere. 
Proposition  16.    To  Inscribe  an  Icosahedron  In  a  given  sphere. 
Proposition  17.    To  Inscribe  a  dodecahedron  In  a  given  sphere. 
Pi*oposltlon  181  TcL-f jLnd  the  sides  of  the  five  'bodies  mentioned 
In  the  f oregolng^'^proposltlons,  '  ^  '  ^  ' 

-These  propositions  give  method^  of  constructing  the  spatial 
figures  and  proofs -of  their  correctness. 

Euclid     remark  on  proposition  1  of  Book  XIII  Is  worth  ^not-lng: 
*^emark .    A  proposition-  is  proved  analytically  if,  we  take  that 


ch  '.s  sought  as  known,  and  by  means  of  consequence^  derived  from 


m 

exp 


E.  Vashchenko-Zakharchehko,  "Euclid «s  Elements^  with  an 
lanatory  Introduction  and  interpretations",  Kiev  I880.  ,  7^7 
pages.  *  In  82  ^ages  of  the  Introduction  are  sit  forth, the  foun- 
dations of  liobachevskian  geometry  cind  an  account  of  ijbs  devel- 
opment up  to.  that  time.    This  translation  of  Euclid  had  a 
great  influence  on  tl^  Russian  mathematicians ^occupied  with  the*^ 
fbundations  of  geometry.  (No  less  an  influence  was  exerted  .by 
the  introduction  to  the  book.    la  Vashchenko-Zakharchenko 
transleCtlon  Books  yil,  -VIII  .and  ix  do  not.  appear.  '  These  had 
been  translated  by  P.  Petrushevskii  in  1^35.    He  had  in- facjt, 
translated  the  first  six  books  and  XI  and  XII  in  I819/  Trahs- 
latlons' of  !5uclid  into,  Russi€Ch  began  to  be  published  in  the' 
fifTSt  half  of  the  eighteenth  century.    All  the  books  of  Euclid 
have  liovi  appeared'  in  a  new  translation  by  D.  D.  Mordukhai-. 
BoltoVSkii  (19^8-19^9-1950)  [11],   [22],  [23]^. 
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it  arrive  at  known  truths.    On  the  other  hand,  a  propoSsition jLa 
iro V ed'^^syxTthe t i ca  1  ly  if  w^h  the  aid  of  known  trut^  ve  arrive  at 
that  which  is  sought."   .       ^  ^ 

Then  follows  an  exsimple  of  an  analytic  and  a  synthetjj^  proof 
of  the  ssime  proposition. 


/ 


Book  XIV  contains  seven  propositions  in  which  are  set /forth 
the  properties  of ' regular  polyhedrons.    Like  Book  XV,  Book  XIV  is 
considered  by  some  historians  .not  to  be  thetwprk  of  Euclid;  they 
ascribe  it  to  Hypsicles,  the.  Alexandrian. 

Book  Xa&^cpntltins  severC^<5positions  dealing  with  the  problem 
of  inscribing  one  regular  polyhedron  in  another.- ;  For  example: 

Proposition  5»    To  Inscribe  a  dodecahedron  in  a  given  Irfbsa^ ' 
hedron.  ^  ^ 

/ 

With  this  we  conclude  our  short  survey  of  this  celebrated 


'st  be  remembered  that  the s "Elements"  do  not  exhaust  all' 

Jtkr  . 

that  was  known  to  the  science  of  geometry  in  Euclid *s  day.'  The 


Euclid  liimsaf .  Aljthoui 


,    ^      '^Elements"  were  not^ the.  only  \/o^  even  by 

]  history  haB  not  preserved  them  to  U3,  he  klso  wrote  -four  book's 

i      '    "On  Conic  Sections"  two  books  "on  Surfaces",  j^^risms"  and  "on 
False -ConciuBlons".  .  1  .    -  . 


The  theory  of  coni9  sections  was  developed  by  Apollonius  of 
Perga  (ca.  200  B.C.).    jSeven  books  of  his  '"On.  Conic  Sections"  have 
been  preserved,  but  many  of  his  works  are  lost. 
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The  great  matfxematician  of  antiquity  ArchiJi[iedes  (ki^ed^l2 
B,G\)  wrote  the  treatises  ^*0n  the  S^phere  and  Ihe  Cylinder",  '^^e 
Measiirement  of  the  Circumference  of  the  Circle"/  "On  Spirals", 
"On  Conoids  and  Spheroids",  "On  the"  Equilibrium  of  Plane  Figures", 

(1)       '  • 


"The  Quad 


diktur^  of  tl^' 


Parabola "  and  others 


\ 


(1)  All  the  surviving  wor!ks 'Of  Archimedes  are  ^yailable  in  Russian 
QoBtekhizdat , is  preparing  for  ,the  press  a  new  Complete  \ 
Cotl^cted  .Works  .of  Archimedes,         ,  ^  . 


464. 

62.     TIKE  HISTORIC  SIGNIFICANCE  AND  THE  lisRITS  AND  SHORTCOMINGS  OF. 
THE  '^ELEMENTS "        ■  ■  -  -  .  • 


^Prom  the  foregoing  survey  of  Euclid's  "Elemehts"  it  can  be 
,  seen  what  an  enormous  influence  this  worK  had  upon  the  development 
of  the  mathematical  'sciences.        "    Y  -  ,  * 

When  we  consider  that  sec'ondary  s'^chool  geometry  is  a  restate- 
ment in  somewhat  modernized  form  of  the  "Elements",  we  recognize 
^'e  significance  of  this  book  in  general  culture  as  well. 
^"^^^"^  It,  must  also  be  emphasized  that  the  geometry  of  .Euclid,  ^ 
Including  its  more  advanced  branches  which  received  their  develop- 
ment at  the  end  of  the  eighteenth  and  in  the  nineteenth  century, 
is  a  part  of  the  f our^dation  of  astronomy,  jof  mecljanics,  of  many 
branches  of  physics  an^  .consequently  also  of  technology.  ,  ^ 

It  is  sufficient  to  glance  through  any  textbook  of  the \ statics 
of  structures,  the  dynamics  of  machines,  electrotechnics^  radio 
technology,  optics,  gas  and  hydrodynamics  —  particularly  airfoil 
and  ai$screw  theory  — .  and  many  other  theoretical  and  allied  dis- 


ciplines in  order  to  form  an  idea  to  what 


extent .modern  lif^  is 


pemeated  by  the'  tkcts  set  forth  in  the  ''Elements". 

*The  "Elements "* formed  jpart  Of  the  education  of  CopernI6us,  of 
^Gallleo^,  Descaj»tes,  Newton^  Lomonosov,  Lagrange,  Lpbachevskii^ 
^  OstrograldsUill^,  Cl^yshev,  iiapi}»^,  Zhukorj^kl^  [J^ukowsky]  —  and 
,%t  may  be  ^a-Ld^^.aiinbheTgr^^  matnbmatidal  scholax*'$  of  past  cen- 
,,W2>4.ei  'or;,6f  our  d^y»^  ^.         ^  ^ 


A  difHrent.v^e^  of  g.6Qijietri&^,icience,-^nd  the  development 
a  new  geome^tii^r,  dli^'ferett^tta^pk  the  Siclid^ii,  carae*^  f  rbm  the"  great 
.Russian  jnathematiclW  Ni'kolki^  Iv^pvich  Loipache vgkii .  ^ J  The  tWo 


Of 
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•    eras  of  the  history  of  geometry  are  from  Euclid  to  Lobachevskil^..  ^ 
Tand  from  Lobachevskii  onward.  *  ^^^^ 

"In-order  td  arrive  at  an  understanding  of  geometry  in  its 
.  d^yeVoijm^ri^  after  the  work  of  Lobafchevskii,  as  well  as  the 'work  of 
'  LdbackeSJSMi  himself,,  let  us  briefly  con^der  the  merits  and  short- 
a^^n^       of**  the  **Elements", 


-^1^.  )  \ Without-  question  we  must  e^ite  as  one  of  the  fundamental  merits^ 
,  .|  pt  S^J*^3.ete^  formulated  the  question  of  the  logical 


1 

;ructure  of  ge^^fetric  s,cience.  . 


'  J?^7centuries  the  "Elements"  were  considered  th'^.itiQde^rrof / 
^Dgicai-pe^ectioi^.    While  this  c;Larim  is  not  tn^f or  eyery^ine  1)f 


Js,"      U'.       "  *  ^.  ^  V  '  .  ,         x         /*      W    }tr'^  ' 

\  t^'^^Ei&ltld^'tex^t:  mutJh  of  his  woi^k.^is.  ind^d  irrepro^chabl^^./J^^l^  . 

^  logic -the  Significance,  of  tl*4'  ^Jepi§nts^ ^lay  in  tomitL 


latl^'a'^  program  for  tjie.  rigorously  logical  development  of  the 
'  y^i^^enc&.Xtr  geometry.  "This  development  can  not.  be  said  tof  have  been 
^J'^^i^d^til  the  beginning  of  the  twentjith'  century,  bid^  in  it 
lew.  geometry  f  ponded  by -Lobachevskii  jf>layed  a  vital  part.  The 


immei 


m^ienia,  ^'is 


rac jjical  .im^r^ce  of|  jthe  "Elements  ";||est^  b^  two  j 


-their  decisive,  fjes 


Passing'LtQ  the  shoi 


W-note  first  of  all  that  the 


"definitiqpsi"  of  basip  ^feonc^'T'^^        Qte  hbt  outsWdin©  f^^ 
their  clarity^,  and,  indeed  of  ten  xMany  "dlfinljiions" 

in  the  first  book,  e.g.  Uhose  of  A  ^rS^j^int,  '^curve^^^^t^d^^^^^ 
and  others,  are  .not  logit^allv  operative  ^"^.^^^^^^''^^^^^ 
work;  that  is,  fiuclid  does  not  mak?  *use  ^ofnthe^^^j^  in 
the  proof s*  of  theorems.    He  does /not  make'/ 
as,  say  J  "but  slnde  ..a  .point  is  that  "^^WWm 


since, a  line  is,  length  witfiout  breadth,  it  follows  from  this..!* 
-  These  definitions  can  be  removed  from  the  text,  and  the  proofs  lose 
neither  their  meaning  nor  their  truth,^  insofar  as  they  are  actually 
logical.    '  ,  —  _  . 

A^ain,  how  are  we  to  understand.  defiTiition  h:    VA  straight 
line*  is  one  which  lies  evenly  with  the  points  on  itself"?    The  sense 
of -this  "definition"  is  .obscure.    Would  not  the  .circumference .of  a 
' "  circle  satisfy  it?    It  is  some°times  claimed  that  in  saying  "lies 
evenly  with  the  points  on  itself",  Euclid  had  in'MnA  &11  AK%%'#io- 
'  ;v  •  p^rti^B  of  a  line  including  direction  [23].  'There  ±S;'afo>geher^^ 
..a©!te«nent  'on _ tJt^n^j^ter .  *       •  ^\^f'^' '^i'V- W 

'"'^'^'r^'    ^    pn  tl^p-siiS^^f^f  such  "definitions"  Lobachevskii  ^^^^-^f 
'^us,  regardless  of  their  great  antiq^iity  ejk  regari^|ss^of 
all  our  subsequent  brillisuit  successes  in'inatheinatics,;^^^  - 

deanx  "Elements"  preserve  down  to  our  day  their  prWvalli^rt- 
— .  _  ♦  »^ 

comings.  I  ^ 

"Indeed,  all  must  agree  that  no  mathematical  scier;ce  should 
staH  frj>m  such  obscurej  notions  as  those  which  we,  repeating 
Euglid,  begin  geometry  [32]\  '     .       J  . 

P        in  Ibhe  second^half  of  the  kinetfeenth"  century[  it  was  noftic^d 
that  Euclid  had  no. axioms  of  position.*  S^tch  concepts  as  "lying 
between",  "lying  inside",  "outside*^  were.no^t  given  any  logical^       I  I 
treatment  by  Euclid,  but  wer^  us^A  by  him  on  the  basis  of  Intuitivef  *  , 
*n6t  precisely  determined  notlohs.^ There  is ^f or  example,  in  Eucljd, 
no  axiom  such  as-t]^  6ne  fpmulated|b^  Pasch.   ^  . 


Pasch»8  postulate^    Let    A,      and  C    be  three  points  ^^hlcfeh  are  • 

^not  colllneary .  apd  let^-a    be  a  line  In  the  plan^"""TlSP>Hot  passing 

through  any  of  these  three  points;  thfen  if  the  line  aXpasses^ 

through  a  point  of  the  segment    AB«  It  must  pys  throitghXa  point  of 

segment    AC    or  else  through  a  point  of  segment   BC>''       1  ^ 

This  axiom  turns-  out  to  be  a  basic  logical  tool  for  operations. 
•    *      "  '  *      '*     ■ .. 

i  with  th^  Ideas  of  between,  within,  outside,  etc. 

Let  us  consider  some  theorems  Indispensable  to  us  for  what 
will  follow.  ^In  their  pi»ofs  we  shall  not  make  use  of  the  axiom 
on  parallels.  - 

Theoi^em.    If  In  the  guadrllaterai    ABCD    having,  two  right 
arigles    A    and    B  ^(flg.  251)  the  sides    AD   and    BC  'are  such  that 
AD  >  BC>  AD  =r  BC  or    AD  <  BC.  then  the  kngles  -        /  C    and  <S  f  /_iy 
have  In  the  respective  cases  the  relationships       y  8  ^    Y^-S  and 


I' 

F       ^  .  ' 

- 

/ 

\  y^ 

/ 

/ 

^  J 
/  ^ 

/ * 

Ox 

c 


Pig.  251.      :  .  .  Fig.  252. 

ProtJt.    ^o, begin  with  let  AD  =  BC^    (fig.  252).    We  shall  show 
\  that  angles    D   and    C    are  equal*    Let  point    E    bisect    AB"^  and 
let  a  line    p    perpendicular  to    AB,   be  ejected  at^E.    This  per-^ 
^pendlcular  intersects  line    CD.    This  fkct-Hs  demonstrated  as 

points   A  ''and    C    and.  ai)pXy  Pasch ts^postulate 


follows:    If  we  J 
to  the  triangle 
1)  the  l^Lne    p    dfaes  not' 


C    and  line    p    we^flhd  that:       \    ,  ; 

s  through] any  of  the  points    Ay  B  or 


a 


and  2)  it  does  niot  intersect  side  ^  BC*,  since^two  perpendiculars  to 
the  same  line  do  not  meet;  consequently    p    intersects    AC    in^  a 
point    Q,  lying  between    A    and    C.  ,/ 

We  then  apply  the  same  postulate^  to.  the*  triangle    ACD  and 
.line    p.    We  find;  firstly,    p    ^ind^AD  ^do  not  intersect; 
secondly,    p   Soes  not  pass >through  ^ny  of  the  points    A,  C  or  D. 
Consequently,  line    p    intersects  segment    CD    in  appoint    F  lying 
between    C    and  D. 

'     We  shall  now  show  that  point  ^  F    bisects  segment  CD. 
.   r-Prom  the  equality  ^!of  triangles    A*EF    and    BEF    we  find  that 
"r  AF  =-BF  and  /  FAB.  =  /  FBE  ^ 

whence  it  follows  that  '  ,  . 

/    -     •  *  /  FAD  =;/  FBC,.  , 

and  consequently^  th^  the  triangles    ADF    and    BCF    are  congi?uent. 
•  * 

Prom  this  we  find  that  '  .  •     '  ^ 

/  D  =  /  C  and.  DF  =  FC^ ' 

Purthem'ore,  from  the  elquality  of  the  triangles  ill  question 
-it  follows  that    /  EPC    is  e^ual  to  it's  adjacent" angle    EPD  •  and* 
consequently  |that  "line    p  I  int^rsejjts  the  upper  base    CD  .  oi 
quadrilateral    ABCD   at  right  angles.  '  j  .  _  '  . 

We  have  shown  that  angles    C    and    D    are  >eaual.    But  that  '  ' 
these^^  angles  are  right  angles  can  be  proved  only  with  the  aid  of 

— :  T-        V     '  ( 

fiiciid 's^ postulate  on  parallels. 
^       Now  let    AD  <  BC  (fig.  251) 

V/e  .lay  off 'on    BC  ,  the^  segment    BE  r=  AD-  and  join    D^  and  E 
.        .  /    '       '  '  ^  '  /  • 

by  the  segment    DE.  ^  (The  st^ud^nt  should -proye  that  segment  DE 

*^  '  '  * 

lies,,  within  the  angle    AD^.)  ^  '  \ 


* 

eceding  we'  find: 


/ 
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,    ,<;r=  /  BED  =  /  ADE  <  (5  .  , 

*■      But  CC  Is.  an  exterior  angle  of  triangle    DEC;  consequently,  ^ 
'  '   '.  .        '  >~ 

In  the  same  way  we  can^-show  that  for    AD  >  BC    vTe.  shall  have       •  , 

'        Siijce  the  thred  relationships         '  'V'^i'o  ^ 

4     \      I     '     AD  <  B(f,  AD,=x  BC,  AD^  >  BC  '  "  ' 

are  mutually  exclusive,  there  follows  the  validity  of  the 

Converse  theorem.    If  in  the  qufadril'ater^    ABCD  'having  two 
right  angles    A    and    B  (fig.  251)  angles  B  and 'r  are  aTiohr\that 

(y>>,cr=^>^or    gr<7^,  then  the  sides    BC    and  ^  APyhavSrj-n— 
the  respective  cases  the  relationships    BC  >  AD,       zyf^  and'"  v" 
•  BC  <  AD.        r    /  -  ... 

Remark .    .The  quadrilateral  rABCD-.  with  right  .  ^ , 


angles  at    A    an^  -  B    and  the  equal  sic^e^^ -AD  ^and  BC 
is  known  as  Sacchegi  >s  quadri-lateral^    We  hay'e  demon- 
stra4/ed  that  in  Sacis3tferi  »s  quadrilateral'^  the- angles  at 
the  upper  base  are  equ»l  and*that  a  perpendicular  erected 


on  the  lower  base  at  it^  midpoint 


and  is  perpendicular  to  it. 
A  substantial 


biseclis 


f.^  th.e'-iUijLer  ba^^e^ 


the  ^b^ 


•iiitroduced 


Shortcoming  of  the  "ElemeabsT'l'llda  In "  ihi 
'  sence  of  any  axioms,  on  continuity.  -  Such  axiomg^^w^P^ 
,into  geometry  only  in  th«e  second  half  of  tlje  ninete^^e;  century  :\ 
The  l9gical  treatment  of  concepts,  and  propositions  de'^ing'with,^ 
coijtinuity  was  'absent  not  only  fnom  the  ^^Elements"  buf/Vrom  al^\ 
geSmetric  treatises  until  the^  introduction  of  Dedefi:itici'^s  axi6&  pn 


* 
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^cor^tmuity  (1872),  pr  of  its  equivalent  the  axiom  of  .Archimedes  and 
together  with  the- axiom  of  Kantor.    The  latter  two  we  already/  know. 
^  shall  n^  cite  the  text  .of  Dedeicind's  axiom  [I8]. 

.    Avinm^n  contlnui'ty'  (pf  Dedekind) .    Tf  all  the  points  of  a 
^    line  are  divided  into'  two  classesUn  such  a  manner  that  each^class 
.nn^.^m^  points  and  th^t  all^the  poJnts  of  one  class  lie  -on  the 
same  side  of  ^e^^r^v  noint  of  the  second  class",  then  there  exists  one. 
point  dividing  the  line  into  two  rays  upon  one  of  which  lie  all 
points  of  the  first  class  and  upon  the  other  ^1  points  of  the 
..nnr.^  P.lass.  While  the  point  dividing  the  line  into  two  rays  be- 
longs either  to  the  'first  class  or  to  the  second.  ' This  point  is  ^  ^ 
said  to  define  a  n^rlekind  section  of  the  line. 

Using  the  axiom  of  l3edekind  it  is  possible  ^to  prove  the  axioms 
'      of  Arch^^edes  and  Kantor'  as  theorems,  but  for  thi§  W  whoIe-irslT- 

*  of  the  axioms  of  geomete'y' is. necessary.  Conversely,  from  the 
V-     'axioms  of  Archimedes' and  Kantor  there  follows  the  validity  of 

Dedekind «s  kxiom  as  a  theorem..    The  equivalence  previously  men- 
-  tioned  consists  in  the  truth  of  tjiese  direct  ;and  converse  asser- 
tions,  which  we  shall  demona^trite  later., 
J  /  "  j  -|^e  first  proposition'  in  the  J'Elements  "  already  contains  a 
^st^i^tous^gap.    The  existence  of  the  point  of  jnter-section  C 
'  of,  the  two  With  centers  at    A    and    B    a|d  paving  radius 

.      AB,  in  fig.  249)  is^^^s^ed  witljout  Justification.  .Uiitil  an  axiom 
.  -on  continuity  is  Introdu^,  it  is  impossible  to  assert  that  the 
'  \    cipcuioferences  in  question  intersect.    It  might  turn  out  that  at  ^ 

•  .the  rocatio^  of  ioint    C    ,^here  occurred  in |onesJ(br  both)^  of  the. 
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circumferences  a  gap,  and  that  the  two  circles  had  no  common  point 
(fig.  253).  •  .  '  • 


Fig.  253.  t> 


It  has  also  been  noted  long  since^^that  some  of  Eucli'd's  axioms 
could  be  proved.    However,,  to  proceed  with  such  proofs,  we  should 
have  a  complete  list  of  basic  axioms.    Otherwise,  it ^remains 
unclear  upon  what  the- proof  is  based,  ^ 

Thus,  for  example,  the  fourth  postulate  —  on  the  equality  of 
all  right  angles  —  began  to  be  the  object  of  proof s  already  in 
—  the  eighteenth  century,  but  in  this  it  was  intuitively  assumed  that 
angles  constituted  a  system  of  continuous  magnitudes.    At  the  turn 
of  the  twentieth  century  Hilbert,  in  |iis  "Foundations  of  Geometry."/ 

'gave  a  proof\ independent  of  the  axioms  of  continuity,   "  *  

In  like  manner,  efforts  were  alsp  made  to  prove  the  fifth 
Euclide/fi[h  postulate  on  parallels.    Attempts  to  prove  this  postill^^e 
indeed  go  wellj  back  into"  antiquity,    Euclid  himself  was^'at  pains -to  ^ 
postpone  the  use  of  the  fifth  postulate  as  faraas  possible.,  "^As 
j .  have  seen,  the  proofs  of  the  first  2^  propositions  of  the  "Element^* 
were  not  based- on  this  postulate,  '  'St  *  - 


.    It  would  l?e  possible  to  cite  a  considerable  Mst  of  addimoi^al 
I  ^-'-^  propositl^ons  from  plane  and  solid  geometry  which  are  or  could  |oe 
proved- without  the  postulate  on  parallels, 


Concerning  -the  attemptsC^f  more  than  two  thou3and  years  to  U" 
prove  the  postulate  on  par.ailels,  Lobachevskii  wrpte-  in  l823:        •    *  ^ 
'Hto  the  present  day  they  have  *not  succeeded  in  'finding  a' 


rigorous  pr6of  of  this  ffruth.    Such  as  have  been  giveh  can  onl^>b€ 

\  •  *  \  ^  '   "  0  \ 

called  explanations,  but  do  not  deservfe  to  be  esteemed 'Mathematical  ' 

proofs  in  the  full  sense"f3Ql,  "        ,  ^  ' 

\       In  Lobachevskii 's  work  "On^th%  Elements  of  Geometry",  ^|)ub-  ^ 

li^hed  in  I829  consisting  of  extracts  from  a  "lecture  read  aji  ^e 

session  of  the  Department  of  Physico-Math^ndatical  ScJ.enQes  11th  , 

/'  ^  -       •  *  '  s 

*  February  (Old,  St^yle)  I826"  (32],  in  which  were  set/'forth  th^  prin- 
J     ^iples  9nthV  hew  geometry  crea^d  bjr  Lobachevskii,  -We  read:' 

..it  is  "impossible  t6  tolerate  ^ywh'^e  in  Mathematics  such 

-       a  lack  of  rigor  as  we  have  been  constrained  to  admit  in  ,tlie  theory 

'     ^ot  parallel  line?.    It  is  ti;ue  that  1?^are  guarded  against^  false 

conclusions  due  to  the  ^^s^Igueness  of  primary  and  general  concepts  in 

Geometry  by  the^conception  of  the  objects  themselves  in  our  imag- 

^  ^  .  y  ' 

^      inations:  and  we  tiave  convJ.nced  ourselves  without  proof  of  the 

*  correctness^ of  the  received' truths  by  their  simplicity  an^  by  ex-^, 
•    .  '  perience,  for,  example,  by  astronomical  observations.    But  all  this 

cannot  satisfy  the  intellect  tmined  l^o  jrigorous  .Judgment!    Ij^tfe^d - 
that  intellect  has  not  the  right  to  negldct^ndingN;ke<Panswey  ,to  a  ^  ^  ^ 
question  as  long  as  it  remains  unknown  4rld  WL  long  as  we  do  not-  ' 

rK] 


know  tVat  it  might  not-^ifeadus  to.  further  rWUlts^,    ^         ^  .      .  • 
.i  "It.  is  my  intention-  here  to  explain 'in  what  manr\e]j  I- propose  ^ 

td  fill  up  these  gaps  in -Geometry.  '  To  set  fqrth  all  jny  researches^ 
i  in -proper  order  and  connection  would  require, top  much  space  and  the 
presentation  of  the  whole'  science  of  geoi^etry  jJn  an  entirely  ^w     \  - 

.lJu   '  •    V   ^  .      -I  ^]-- 


forjnjr' 


Chapter,  XI 

THE  GEOMETRY  OF  LOBACHEVSKII'    '  ^ 

•     /  -  h  " 

In  Chapter  XI,  after  a  theorem  on  the  sum  of  the 

.  angles  of  4  triangle,  various  forms  of^  the  axiom  on 

[    '       parallels  fn  Euclidean  geoihetry  are  examined. 

•After  stating  the  axiom  of  Lobachfevskii,  the  chap- 
ter presents  a  considerable  number  of  ^the  simplest  facts 
of  Lobachevskian  geometry,  and  the  behavior  of  a  line  in     ^  ^ 
the  Lobachevskian  plane  is  studiedl  in  detail.    At^  the  ^ 
end  of  the  chapter  some  idea  is  given  of  the  measurement 
of  area  in  Lobachevskian  geometry,     ^  ' 

63.     THEOREM  ON  THE  SUM  OF  THE  ANGLES  OP  A  TRIANGLE 

Following  his  "On  the  Principles  of  Geometry"  (1829), 
Lobapheiskii  published  in  1835  the  article  "imaginarx  Geometry". 
Th'is.  work  begins  with  the  words: 

"Proposition  XII  [XI]  of  Euclid's  "El'^ents"  is 'accepted  in 
Geometry  as  a  palpable  truth  which  mathematicians  have  for* two  - 
'thous^d  years  vainly  letbored' to  prove  rigorously.    Legendre  in 
particular  occupied  himself' with  this  problem  and  in  the  Memoires 
of  the  French.  Academy,  he  collected  everything  which'  seemed  to  him 

to  be  fairly  satisfactory. "    (Here  Lbbachevskii  cites  the  relevant  ' 

*  t 

wofTf  by  Legendre,  published  in  1833.)     "All'who  thought  to  have 
found  an  answer  to  this  difficult  question  without  exception  fell  /  , 
into_  error,  because  tjhey  were  convinced  beforehand  of  the  correct- 
ness of  that  whfc|i, -cannot  yet  follow  directly  from  our  conceptions 
of  l2odl,es  without  the  aid  of,  observation,  as  I  believe  I  k^ve  shown 
unquestionably  in  my  treatise  "On'the  Principles  of  Geometry". 
After  expounding  a  new  theory  of  parallels,  reasserted  that  it  i« 
fiermissible,  Independeikly  ot  actual  measurement,  to  assume  that 
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the  sum  of  ^fif'^gles  of  a  'recitilineai?  triangle  is  l^ss  than  half 
a  circle,  and ~to  found  upon  this  assumption  a  new  geometry,  which  I 
called  imaginary  and  whijch,  evert  if  it  does  not  exist  ^in  nature,  . 
should  at  leasi>  be^  accepted  sin  Analysis, ' 

With  the  help  of  geometric  constructions  alone,  equations 

I 

were  derived  w^fich  express  the  functional  relationships  of  the 
sides'  and  angles  of  a  rectilinear  triangle;  finally,  expressions 
were  given  for  the  elements  of  a  line,  a  surface  and  the^  volume  of 
a  solid,  so  that  imaginary  geometry  as  a  new  branch  'of  Mathematic€tf 
science  was  embraced  to  its  full  extent,  so  that  no  further  doubt 
might  remain  as  to  the  correctness  and  adequacy  .of  its  principles." 

In  1832  the  Hungarian  ^atl^ematician  Janos  Bolyai  (l802  -  i860) 
published  a  remarkable  work*ir|^  Latin  as  an  appendix  to  a  book  hy 
his  father  Parkas  Bolyai.    Thd  full  title  of  the  son«s  work  reads: 
"An  Appendix,  containijfig  the  absolutely  true  science  of  space,  inde- 
pendent  of  the  truth  or  falsity  of  Euciid^s  XI  axiom  (which  a  priori 
\can  never  be  decided),  to  whiph  is  add^d,  for  the  case  of  its  fal- 
sity, a  geometric  squaring  of^the  circle"  [10].^ 

^    In  this  work' Janos  Bolyai  independently  of  Lobachevskii,  but 
some  years  later,  set  forth  in  extremely  terse  form  the  fundamen- 
tals  of  that  non^euclidean  geo^^etry,  the  ideas  of  which       l\  , 
Lobachevskii  submitted  on  Febr^ry  23,  1826  to  the  session  of  the 
Physico-Ma thematic ai  Faculty  of^azan  University.    Ih  l839  appeared 
"On  the  Principles  of  Geometry,  fin  which  the  great  Rus'sian  savant 

first  published  his  discovery^  m 

1  >  • 

In  order  to  convey  the  fundamentals  of  this  new  geometry,  now 
called  the  non-euclidean  geometry  of  Lobachevskii^  we  shall, 
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partially  following  Lobachevskii  himself  [31\,  set  forth  some  im- 
portant, propositions  on  ""the  sum  of  the  angles^  of;  a  triangle.  These 
will  be* proved  "Without  recourse  to  the  fifth  postulate  on  parallels 

Proposition  1.    In  a  p^gtqiinear  triangle  the  sum  of  the  three 
angles  cannot  exceed  two  right  angles. 

Proof.    Let  us  assume  that  in  triangle    ABC  (fig<r  25^)  - 


•    '  .        ^    Pig.  25^. 

the  sum  of  the  three  angles  is  equal -to    tt  +  C3C    (wh^re    ir  denotes^ 

.two  right  angles);  if  its  sides  are  not^equal,  let    BC  be^'the. 

shortest.    We  bisects  BC    at>   D,  draw  the  line    AD   and  .beyond  D 

♦  * '  /* 

take- a  point  '  E    on  -this  line  such  that  ,  DE  =  AD.  •  We  Join    E  and* 
C.    In*  the  equal  triangles  i  >ADB    and    CDE,  ang3.e    ABD  =  angle  DCE 
and  an^le    BAD  =  angle    DEC.  ^It  fdllows  that  in  triangle    ACE  the 

'sum  of  the  angles  miipt^also  be  equa;l  to    tt  +  oc  . 

The  smallest  angle    BAC    of  triangle    ABC    has  gone  over  into 

'the, new  triangle'  AEC,  divided  into  two  parts: 

^  /  BAG  =  •/  ,EAC  +  /.AEC  . 

* 

One  of  these  parts  is  ncA  greater  than  one-half  of  ^ngle  BAC. 
Continuing  ih  thj^s' way,  we  shall  be^le  td*  construct  fa- triangle, 
the  sum  of  whose  "angles  mustj*^    tt  +GC  ,  in  which«^will  be  found  twd 
Buch  angles,  each  less  than   ^       ;  &ince,  howeyer,  *  the  third  angle 
cannot  be' greater  than    r,  it  follows  that  oC  cannot  be  greater 
,than  zero.  .  .  "  *  %  " 
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Proposition  -2/  If  In  any  ^rectilinear  triangle  the  sUm  of  the 
three  angles  Is  equal  to  two  right  angles,  then  this  must  also  be 
the  case  In  any  other  triangle. 


Proof,    Let  us  assume  that  In  triangle    ABC  (fig.  255)  the  sum 
of  the  angles  Is  equal  to    tt.    At  least  •two  angles  of  this  triangle 
are  acute.    From-the  vertex    B    of  the  thlrci^  angle  we  let  fall  a 
perpendicular 'jp    to  the  opposite  side.    Trlangld    ABC    Is  decom- 
posed Into  two  right  triangles, In  each  of  which  the  sum  of  the 
■1  "*      .  » 

angles  must  likewise  be  equal  to    tt,  since  If  In  one  of  these  right 
.        '  ^  ■> 

triangles  the  sum  of  the  angles  Is  less  than    tt.  In 'the  other 'the 
sum  of *the  angles  ^wlll  be  greater  than         which  Is  impossible. 

Thus  we  obtain  a  right  triangle  with  legs    ^    and    q    and  an  ' 
angle  sum  equal  to    tt.    From  this  triangle  we  obtain  a  quadrilateral 
having  its  opposite  sides  equal  and  right  angles  (fig.'  256)*,    By  ' ' 
repeated  opposition  we  can  obtain  from 'this  quadrilateral  a  quadri- 
lateral whose  opposite  sides  are  equal  and  eacl/  of  wl^ose  angles  ^  ^ 

are  right  angles.   '   .  ^ 

(1)  Since  the  ainl  of  the  author  is  not  to  write  a  systematic  , 
treatise,  but  to  acquaint  the  students  with  important  geometric 
ideas,  the  author  does  ^not  undertake  to  Justify  every  step  in.^,^ 
the  proofs  ty  reference ^o  a  basic  set  of  axioms.    Neither  does 
he  attempt  in  this  chapter  to  show  that  every  step  in  the  ^roof 
may       Justified  without  the  use  o£^uclid«s  fifth  postulate. 
^    Thus, ^ for  instance  the  author  merely  states  but  does  not  prove, 
the  fact  that  the  acuteness  of  angles    A    and    B    in  fig.  255  • 
implies  that  triangle    ABC    is  divided  by    p    into  two  parts. 
/  ^         .         ♦  — Translators. 
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/ 

/ 

/ 

,  ,  Fig.  256.         ,  ^  '    •  . 

The  sides  of  this  quadrilateral  can  be  made  equal  to.    np  and 

AB  =  np  and  AD  =  mq  , 
m   ^nd    n    being  arbitrary  natural  numbers  (fig.  256).    This  quadri- 
lateral  is  divided  by  the  diagonal    BD    into  two  'equal  -right  tri- 
angles    BAD    and    BCD,  in  each  of  which  the  ^um  of  the  angles  is 
equal  t6  tt. 

Thus,  if  in  any  one  triangle  the  sum  of  the  angles  is  equal  to 
IT,  it  is  always  possible  to  construct  such  a  right  |triangle,  with 
legs  as  large  as  desired  and  with  the  sum  of  its  angles  eqiial  to'  'tt. 

It  is  now  easy  ta  show  that  in  every  righ^t  triangle  PQR  the 
sum  of  the  angles  is  equaa^  to  '  tt  if  in  any  one  triangle  ABC  the 
sum  of  the  angles  is  equal  to    7r>  ^  ^  .  ' 

Let  us  construct  the  righ^  triangle    P^^RQ^.'  ^^^^  angle  sum^^  ; 
'^quai  to    TT    and  lej^^   RP^    and    RQ^    respectively  longer  than' the 
corresponding  legs    RP    and    RQ    of  triangle^    PQR    (fig.  251) 
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Drawing 'segment    P^Q,  we'npte  (using /the  ^ame  reasoning  as' for  ^ 

fig.  255)  that  in  rightHrian^'a^  P^RQ    the  sum  of  the  angles  is, 

likewise  equal  to    ir.    On  the  i^ame  ground^  the  sum  of  the  angles  ^of 

right  triangle    PRQ    is  ecjual  to    ir.      /  ^  * 

Since  any  triangi"!     A^l  ^®  decomposed  into  two  right  * 

triangles  by  an  altitySe  drawn  from  the  vertex  of  its  largesjb  angl^, 

it  follows  that  the  sum  of  the  angles  of  any  triangle  will  be  equal 

to    TT    If  it  is  equal  to    it   in  some  one  triangle  >    The  tl>^orem  is 

proved.  ,  '       '  '    '  ^ 

Prom  'thertwo  theorems  just  proved  there  follows  *"     <i . 

^       PropGSitioj^^^^3C^  There  ar^  only  two  possibilities:    either  the 

sum  of  the  apgles  is  equal  to    tt    in^  every  rectilinear  triangle,  or 

it.  is  less'  than    tt    in  every  triangle ♦      ^  .  * 

Proposition  \.    If  th9»sum  of  the*angles  is  Identical  in  ^11 

*  4   \  ^  - 

*    rectilinear  triahgles,  then  that  sum  jLs  e^ual  to  tt, 
>  ,         •      •             .  ft 

\  Proof.   ^Let  us  denote  the  sum  of  the  angles  of  every  triangle 

by    X.  '        .       ^  ' 


tn  an  arbitrary  t;rian^le    ABC    we  draw  the  transv6r&al    BD  ' 
(fig,,  258);,  Us*lng  for^the  angles  the  notation  shown  in  the  diagram* 
wa  have:      •*        .  *  > 


'•^79. 


X  =  cC+  '/^  +  T 


^       '^Adding  the  last  tw,d 'efciuations^,  v/e  ol^tain 


or. 


whence 


• 


Prom  this  Jbheorem  follows, 

'  ^Proposition  5.    I<f'  for  every  triangle  the  sum  of*  the" angles  Is 

♦  -  ^ 

le^  than    tt,  then  this  sum  cannot  be  Identical ^f or  all  triangles. 

In  other; vfords,  this  sum: differs  from  triangle  to  triangle. 
V/e  shall  now  prove  aQ^lmpor*tant  lemma.  '  j^'  *  ./  ' 

Lemma.    Fapom  a  given  .point>  It  Is  -^Iw^ys  possible'  to  draw  a 

straight  line  In  such  a  manner  that  It  forms  with  a  given  stral^ght 

line  an  arbltrarj^ly  small  angle. 

•  \  '  *  - 

'    Prom  the  given  point    A/   we  drop  upon  the  given  lli>e    a  the 
/  I  '  . 

^perpendicular    AB    (flg^  259).    We  take  an  arbitrary  point  Von 

^  ,        *  t  .        ,       ,       ■  - 

a    and  Join  It  with    A.'    V/^  denote  angle    AB.B    of  right  triangle 

ABB^  .by  OC  .    In  the  direction    BB-^^    we  lay  o^f,  f^?om  polr^t    B^  ^ 

the  segment  jB,B^    equal  to  segment:    AB,*    and  draw  t  AB^. 


\           — ° 

.B  .B. 

Pis. 

259.  f 

Irr  the, Isosceles  triangle    AB^B^,  angle    AB^B^    must  be  either  equal  ^ 

to  or  less  tham'  ^  OC  ,  depending  upon  what  is  the  possible  sum  of 

tlae^'-angleff  of  a*  triangle.    Continuing  in  this  manner  we  finally 

.aWive  at  an  angle    AB  B»  which  is  l8ss  than  any  given  angle. 
,  n  4  .  '  , 

Proposittbn  6. '  If  throup!;h  a  given  point  it  is  possible  to 
draw  only  one  parallel  to  a  giVen  line,  then  the,  sum  of  the  angles  . 
of  any^tfriangle  is. equal  to    ir.  '  The  proof  is  familiar. 

4  , 

Proposition  71''    If  the  sum  of  the  angles  of  a  triangle  is  equal  f 
to  ^TT^  then  through  a  givei).  point  only  one  pafalXel  can  be  drawn 
Uo  a  given  liae^       •  f*  .  '     '  ' 

.  Proof.    Let/ 'A  -be- the  given  point  not  lying  on  the  given. lin\ 
,  a. ^,  We  draw    AB    perpendicular  tp.  a    and    Ab  perpendicular  to  AB 
(fig.  266).         '        .  '  ' 


Pig.  260. 


 .  / 

Lines    a    and    b    cannot  meet  without-  forming  a  triangle  the  sum. 

of  whose  angles  is, greater  than    tt,  and  are  therefore  parallel. 

Let  us  assume  that  line    c    is  also  parallel  to  -line    a.    Let  the 

acute  angle,  be  angle    BAc,  equal  to    ^  -  £  .    We  take  point  B« 

on  line    a    swch  -that  angle    AB  »B  =  oC  is  les§  thap  angle  6   (by  , 

the  lemma)  and  so  that  point    B»  lies  on  the  san^  side^of  line  AB 

^as  the  acute  angle    <^AB»  ^ 

The  sum  of ^ the  angles  of  right  triangle    ABB«    being  equal  to 

TT    by#assum{)tion,  it  follows,  that^  ^ 


iS8 


since, ^ocx  £  ^    Whence  it  follows  that  line    Ac,  entering  triangle 
ABB'  'through  vertex  -A,  intersects  the  pRse    5B«,  i,e.  line  a. 
The  contradiction  thus  obtaihed  proves  the  theorem.    'Line    b  .  is? 
the  only  line  passing  through  point    A    and  parallel  to  line  a., 

Proposition  8,    If  th^  sum  of  the  angles  of  a  triangle  is 
lees  than    ir,  then^ijb  is  i5ossible  to  draw  th^^ough^  a/given  point 
.more  than  one  line^which  does  not  intersect,  a  given  line.' 

FroGH.    Let  th^  sum  of  the  angles  of  a  triangle  be  less  than 
V.    The  assumption  that  through  a  given  point'  A    only  one  line  can 
be  drawn  parallel  to  a  given  line*  a'  l$ads  to'  the,  conclusion  that 
the  sum. of  the  angles  of  a  triangle  is  ^^ual  to    tt    (proposition  6), 
that  Islj  to  a  cont;radictiori.  ,  ,  *  *  *     .  '       ^  * 

*Thus  we  have  the  following  possibilities  or  assumptions: 

A/    It  is  pos'^ible^to  draw  only  one  parallel  tb  a  given' line 
through  a.  given  point ,  •  ^ 

Ej.    It  is  .possible  to  draw  more  than  one  parallel  to  a  given 
line  through  a  given  point. 

Under  the  first  assumption  .the  sum  of  the  angles  of  a  triangle 
equals    tt;  under  the  second  it  is  less  than    tt.     *  " 

^    Conversely,  statements  A -and  B  follow  respectively  from^the 
correj5pon(?ing  assumptions  about  the  sum  of  the  angles  of  a  triangle. 

"The  first  assumption**,  wrote  Lobachevskii  [31],   "serves  as 

•  ,  *  r 

the  basis  of  ordinary  geometry  and  piape  trigonometry. 

'•The  second  assumption  may  equally  well  be  a.dopted  without 
leading  to  any  contradictory  nesults;  it  underlies  the  new  geo- 
metrical theory  to  which  I  have  given  the  name  'imaginary  geometry' 


489 
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•and  of  which  I  hef.e  intend  to  carry  the  exposition  as  far  as.  the 
derivation  of 'equations  for  the  relationships  between  the  sides 


**and  angles  -of  rectilinear  and  spherical,  triangles,/' 


4 
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64.    DIVERSE  PCJBMS  OF  THE  AXIOM  OF  PARALLELISM-  IN  EUCLIDEAN  GEOMETRY 

The  foregcdlng  investigation  shows  that  the  axiom  on  parallels  ^ 
may  be  replaced  by  a  proposition  on, 'the  sum  of  the  angle?  of  a 
triangle.    Namely^  if  we  accept  without  proof  that  the  sum  of  the  hS 
angles  of  any  one  trianR?e  is  equal  to    tt^  the  axiom  on  parallels 
will  follow  as  a  theorem.  *  ,         \  »  * 

There  ""exist/a^y  number^of  such  propositions' capable  of  re- 
placing  the  axiom  on  parallels.    We  shall  cite  a  number  of  them 


which  are  of  importance  for  the  further  exposition  of  Lol^chevskian 
geometry^      ^  ■  ^  ^ 

First  of  all,  from  the  axiom  on  the  uniqueness  of  parallels 
there  follows  the  fifth 'postulate'' of  Euclid',-and  conversely. 

In  proof:*  Let  there  pass  throu^  point    A    ^  line    b,  the 
unique  parallel  to  the  line    a  (fig.  26l).  ""^ 

4 


Fig.  261. 

Since  a  transversal  forms  equal  alternaf^^  interior  angles  wi^^h  two 
parallels,  and*  since    b    is  the  only  parallel  to    a    passing  through 
A,  line  'AB    forms  with  linels    b    and    a    equal  alternate  interior 
angles.    Consequently, •  any  line    c    f^orming  witW  th^  transversal 
AB    an  angle  ^    such  that  cC-^-^'   <t  ir    int^rsect^  line^-a  .  More- 
over, since  the  sum  of  the  angles  of  a  triangle  carihot  fee  greater  ^ 
than    TT,  it  intersects  it  on  that  side  of    AB    on  which  the  sum  ^of 

the  interior  angles  on  i;he  same  side  is  -less  th£in    tt.    The  .converse 

»  f 


IC-  • 
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proposition  can* also  readily  be. proved. 

-The^  proposition  asserting  that  a  perpendicular  and  an  inclined 
line  to  the  s^e  line  always  intersect  can  also  take  the  place  of 
the  aixiom  on  parallels.. 

The  student  should  prove  independently  *that  it  is  sufficient 
to  require  the  uniqueness  of  the'parallel  through  some  on^  given 
point    A    to  some  one  given  line    a.    The  uniqueness  will  then 
'follow  for  any  lin^jKd  any  point,  ^ 

*  We  know  from  secondary  school  geometry  that  if  the  fifth 
postulate  of  Euclid  is  correct,  then  similar  triangles  exist. 

The  converse  proposition  allows  us  to  replace  the  fifth" 
postulate 'by  tl^ , assertion  of  the  existence  of  two  unequal  similar 
trismgles.  -     ^  -  _ 

Theorem  (of  Wallis),    If  there*  /exist  two  similar  but  unequal 
triangles^  then  Suclid.'s  postulate  on  parallels  follows. 

Proof.    In  triangles    ABC    and    A»B»C»    let*  7  A  =  /  A »  , 
/B  =  /B»^  /  C  =  /C»    and    AB  >  A  »B » .  .  We«  lay  off  on  sides  AB 
and  /AC    of  triangle    ABC    the  segments    AD=*A»B»    an<^    AE  =.  A  »C » 
(fig.  262). 


\ 


Fig.  262. 


» 


Fig.  263. 


Since    AD  5  'A'B'  <  AB,"^  point    D    falls  between  points  ^A  '  and 
B.    If*  point    E    were  to  coincide  with  point    C,  angle    ACD^  equal . . 
.to  angle    AED      /  A»C»B»)  would  be  less  than  angje  *  C    of' triangle 
.  ABC.    In  the  same  wSyif  point    E    were  to  lie' outside  se^^nt  fyB, 
th'i^'^here  also  angle    AED   would  be  less  thah  angle    C,;  But  angle 
AED    is  equal  to  angle    C;  consequently  point/    E    lies  between      •  ' 
.  points    A    and    C.     '         '  '         ^  * 

But  titen  the  sum  ,of  the  angles  in  quadrilateral    BCED-   is  equal 
t6    27r.*   Consequently,  in  each  of  the  triangles    BDC    .and'  DC^  the 
sum  of  the  angles  \s  equal  tcr^  tt/  since  in  neither  triangle  can  the 
sum  of  the  angles  be  greater  than    tt.  .  -  ' 

But  from  , the  equality  of  the  sum^  of*the  angles  of  even  one 
^triangle  to    tt    there  follows  the  fifth  postulate.    The  theorem  is 
proved;       ^  '  .  ' 

It  is  clear  from  the  above  how  closely  the  theory  of  similar- 
ity is  bound  up  with  the  axiom  on  parallels.,  _  .  ^ 

Theorem.    If  the  fifth  postulate  of  Euclid  is  true,  then  a 

~  :  '   ' — : — 

circle  may,  be  circumscribed^bout  'any-  triangle «  ' 


The  pi^pof  is  familiaf  frbm'^s-elibilE^ry  s^iool  geometry. 
J      ■  Converse  theorem  (of  F.  Bolyai).    If  it  is  assumed  that  a 
circle  cat?  be  circumscribed  about  £iny  triangle,  the  fifth  postulate 
of^ .Euclid  fisllows.  >  ^  '  ^-     _  'J^ 

Proof.    Let'  it  be^  supposed  possible  ^to  circumscribe  a  circle 
about  every  triangle.    "We  shall  show  that  a  perpendicular    aB  and'L 
an  inclined  line    bA    to  a  line  JvB    invariably  .intersrect  (fig. 
263),  which  is  equivalent  to  the  fifth  postulate.  'We  take  on 
segment    AB    an  arb'itrary  point    M    and  find  the  points    L    and  N 


erIc      ■     .  • 


syrnmetrical  with  point*   M    about  lines    b   and  .a    respectively » 
Since  line    ML    i^  perpendicular  and  line    MA    is  inclined  to 

line    b,  the  lines"   MA    and  '  ML    are  ,dis^Vict,  and  consequently  the 

-  -  —  -  '*f 

three  points  L,  M  and  N  are  not  collinear.  Since  line  a  is 
the  locus  of  points  equidistant  from  vertices  N  'and  M  of  tri- 
-  anfele  LMN,  the  center^  Q  of  the  circle  circumsci?ibed'  around  this 
^riangle  must  lie  on  line  ^  a.  Since  line  B  consists  of  points  ^ 
equidistant  from  vertices  M  and  L,  this  center*  0  must  lie  or> 
line,   b    also*    iience  lines    a    and    b    intersect,  q;e.d. 

^      Thus  the  proposition  that  a  circle  may  be  circumscribed  about 
any  triangle  can  take  the  place  of  the  fifth  postulate  on  parallels. 


If  Euclid 'g^^fth  postulate  is  true,  then  three 


Theorem. 

points  equidiatant  from  a  given  line  and  lying  on  the  same  side  of 


cotlir 


this  line  are  collinear.  ^ 

The  proof  is  Xamiliar  from  secondary  school  geometry. 
Converse  theorem.    If  it  is  asa^umed  that  three  points  lying  on 
the  same  side  of  a  given  line  and  equidistant  from^l^' ate  coilinear, 
Euclid  >s  ->  fifth  postulate  follows .  .  '  ^ 


*ifth  postulate 
V,    Let    A,  B, 


Proof.    Let    A,  B,  C    be  three  points  lying  on  the  sajne  slde^ 
of  a  line'    a  '  and  such  that 

AAJ  =  BB^'  =  CC^ 

where    A^,  B^  and         are  the  feet  of 'the^  perpendiculars  frdm 
points  and  C  to  line'    a  (fig.  26^*).        .  ^  ' 


(l)  For,  if  lines    MA    and    ML    were  both  perpendicular  to    b  they 
would  be  parallel  to  each  other.  (This  theorem  is  independent 
of  the  fifth  postulate. )   .     *  .  ^ 


^Fig.  264 


Pig.  26$-. 
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M 

—  i 

N 

The  quadrilatetals    A^B^BA,  A^C.^CA    and    B^C^CB    are  Saccheri 
quadrilaterals,  and  consequerftly  angle^  CC^,  /3 ^;  a^,  ^Y;  /^gV^ 
at  their  upper  bases  will  be  3?elated  as  follows':  ^ 

'  V  .  * 

^  ■      •  «      '  i 

Prom  these  equalities  it  fbll^ows  tJPfat 

But  equal  adjacent  angles  ar^.  right  angles^  consequently,  in  quad- 
rilateral   A^B^BA    all  the  angles, are  right  angles.    Prom  this -we 
^find  that  in  each  of  the  triangles    A^^B^B  "  and  .  A^BA    the  sum  of  - 
'the  angles  is  equal  to    ir,  whence  the  fifth  postulate  follows. 

This. theorem  shows '  that- tire  assumption  that  twq  parallel  lines 
are  at. a  uniform  distance  from  each  other  is  simply  another  form  of 
the  axiom  on*  parallels.  ^'^^ 

Nowlet  there  be  given  an  acute  ajigle    AOB  CCAg..  265)  and  a 
point         lying  within  it>.    Dropping  a  perpendicula.r ^MN  , J^o  the* 
side    OB,  we  see' that  th^  perpendicular    NM    and^tl^-line  OA 
inclined  to^the  line    OB    always  intersect  if  we  accept  the  fifth 


(1)  For,  ^et  line  ^b  be^  parallel  to  a  and  let  A,B,C  b^  tFTree* 
points  on  line  b.  Then  these  points  are  equidistant 'from  "a 
as  well  as  collineap.    The  studen.f  will  now  observe  that  the 

hyjtothesis  in  the  theorem  need  only*  be  satisfied  for  one   

specific' case  for  the  conclusion  to  hold.^  — .Trans iatdrs,  - 
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postulate.    This  result  may  be  formulatedin  another  way: 

Theorem.    If  the  fifth  postulate  of  Euclid  Is  true^  then 
thrgugh  any  point  lying  within  an  arbitrary  angle  It  Is  always  ^ 
possible  to  draw  a  lipe  which  will  intersect  both  sides  of  the 
angle,    *  '  . 

Here  the  condition  that  the  angle  be  acute  may  be  discarded. 
If.  the  angle  is  obtuse,  We  need  only  draw  its  bisector,  a  perpen- 
dicular to  which  will  then  intersect  botl:^  sides  of  the  given  angle. 

Converse  theorem.    If  it  is  assumed  that  through  any  point  M 
lying  within  any  given  angle    AQB    it  is  always  possible  to  draw 
a  line  which  will  intersect  both  sides  of the 'angle,  then  Eu<^lid  »s 
postulate  on  parallels  will  follow. 

The  proof  is  by  contradiction.    Let  us  gissume  that^ttiro^;^nany 
point    M    lying  within  the  angle  a^line  ctn/be""" drawn  intersecting 
both  sides  of  the  angle,  but  that  the  fifth  postulate  Is  false. 

Since  the  fifth  po^stulate  is  false  by  assumption,  the  sum  of  - 
the  angles  of  any  triangle,   ABC    is  less  than    tt.    We  shall' denote 
by  <5(ABC)  the  difference  between    tt    and  th±s  angle-sum: 

(^(ABC)  =  TT  -  (A+]^)  , 
where    S  >  0.  .  .  -  ^ 

This  difference      (ABC)  is  called  the  defect  of  this  triangle. 
Let    A    be  an  angle  of  triangle    ABC    not  smaller  than  eithel?  of 
the  other  two. 

We  construct  the  point  X!^.-..ayinD]fi.triaa   A  with.^ 

*respect1;o''l:iAe---BC    (fig.  266u).  „  , 


■  Pig.  266. 

By  our  assumption  with  regard  to  angle    A,  point-   A*  ^will  lie 
within  angle    cAb.    We  draw  through  point    A*    the  lin'e^    PQ  inter- 
secting  both-^  sides    ACc    and    ABb    of  angle    cAb    in  the  points  P 
and*  Q.  ^.      .  \ 

•Joining  point    A'    with  points    B.  and    C    and  using  the  nota- 
tion shown  in  fig.  266  for  the  angles, ,we  find 

S^(ABC)  =      XX  TT  -  ((50+/^  +V), 

5(BCAt)  TT--  Coo+^+rl,  ^ 

'5(A»BQ)  =\=;  TT  -  4jC^ 

.(S;(A  «CP)  =  TT  -  XoCg  +  Tg  + 

Adding  these  equations,  we  obtain  '  ,       -  • 

or,  *  i  ^     '  . 

Whence  5  (APQ)  =  tt.-  (ac  +  X+/<)  =  2  ^  +  f    +  . 


'  U90. 

Prom  this  i't  follows -that  . 

^    '         ($(APQ)  >  2.<P(ABC), 


sinoe 


r 


The  result  we  have  obtained  can  be  expressed vin  words "as 
follows: 

From  the  simultaneous  assumptions  that  through  any  point  within 
ah  angle  a  line  car;i  be  drawn  Intersecting  both  sides  of  the  angle, 

*6<pd  that  the  fifth  postulate  is  false,  it  follows  that  for  any  tri- 

\  '  - 

angle    ABC    whatsoever -it  is  always  possible  to  find  a  trieuigle. 

APQ    whose  defect  5(APQ)  is  greater  than  twice  the  defect  <?(ABC) 

of  triangle    ABC,  '  '  ^"-^ 

from  this  it  follows  that  triangles  exist  with  arbitrarily  large 
defects,    put  this  is'"impos3ible''^,^3ir)ce  the  difference  between  tt 
and  a  positive  number  less  than  '  tt    cannp^be  greater  than  tt. 
This  contradiction  proves  the  theorem.  »  . 

We  shall  cite  one  more  equivalent  of  Euclid *s  axiom  on  para- 
llels.   For  this  purpose  let  us*  consider  two  theorems. 

Theorem,    If  Euclid ^s  fifth  postulate  is  true>  then  the  side 
of  A  regular  hexagon  Inscribed  in  a  circle  is  equal  to  the  radius 
,iir^fL-.that  circle..    The  proof  is  fatoiliar  from  secondary  school 
geometry. 

"    Converse  theorem^.    If  it  is  assumed  that  the  side  of  a  regular 
hexagon  inscribed  in  a'clrcle  is  equal  to  ^he  radius  of^  that  circle, 
then  Euclid  ^s  fifth  postulate  follows. 


Proof,    In  fig.  267,  let  side  '      *^of         inscribed  regular 


hexagon  be  equal  to  the  radios.'  That  la  to  say. 


'  AB  =^^  OA  =t  OB, 


But  in  an  equilateral  triangle  the  angles  are  equal,  and  since 

/  AOB  a  ^  ,     .  .  ^ 

the  sura  of  the  angles  of  triangle  AOB  is  equal'  to  w.  Prom  thi's 
the  fifth  postulate  follows.    The  theorem  is  prcfved. 

With^this  we  conclude  the  .enumeration  of  the  different  forms 
of  the  axiom  on  parallels  ^n  Euclidean  geometry. 


) 
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65.    THE  AXIOM  OF  LOBACHBVSKII 


.    'We  kndw  that^. through,  ^  point    A    not  on  a  line    a  -it- is  - 
possible  to  draw,,  in  the  ?plane  determined  by  point    A    and  line  a, 
a  line    b    not'  intersecting  line    a.        .      '       ,   .  ^ 

This  fact  follows  ^directly  from  the  theor^em  on  the  exterior 
angle  of  a  triangle  (se^  2,).  •  <, 

Euclidean  geometry  postul^^tps  the  uniqueness  of  this  line. 
Lobact^evskii  cppstructed  a  new  non' self-contradicting  geometry, 
starting  from  the  assumption  that  there  is  more  tharK  one  such  line 
passing  through  point    A    ana  not  intersectiry^^Xine  a. 

Axiom  of  Lobachevskif  ./^^feiet  A^^'-^g'^an  arbitrary  line,  and  A 
a  point  not  lying  thereony^Cnen  in  the  plane  determined  by  line  a 


and  point    A    there  exist 


8 

not  less  than  two  straight  lines  passing 


through  point    A    and  not* 


fersecting  line  'a., 


,  .  -In  the%eometry  of ^  Lobahhevskii  all  the  ^ioms  oi,  Euclidean 
geometry  ret'&in-,^l;ieir  force  exce^^iiag'OOlV  or^e  -  EucUdt^s  fift^h^^*^ 
postulate  -  which  is  discarded  and.. replaced  by  Loba^Vievskii.'fe  axiom^ 

It  follows  from  the\foregoin^  that^Lobachevskii *s  axiom  cait  be~ 
replaced  by  the  assertion:        -  -     ^  -  ,        '     I  - 

There  exists  a  triangle  the  sum- of  ^hose  angles  is  less  than 
TT.    Here    tt    denotes  two  right  angles.  /^-^   ;  -  - 

In  his  last  work,  *"|angeometry ",  published  in  I855,  a  year-, 
before  his  death,  Lobachevskii  wrote: 

"1  published  a  complete  theory  of  parallels^under  the  title 
'Geometrische  UntersuChungeh  zur  Theorie  der  Para^lellinien 
Berlin  1840.  In  der  Finke »schen  Buchhandlung 


♦         ^  .J" 

A'" 


,1 

.J) 
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"In  this  work  r.set  forth  the  proofs  of  all  the  propositions 
in  Which  it  was  p^J^  necessary  to  resort  to  the  aid  of  parallel 
lines.    Among*- these  propositions  the  one  giving  the  ratio  of  the 
surface  of  a  spherical  .triangle  to  that  of  the  whole  sph,ere  deserves 
particular  attention  (Gepmetr ."^nters ,  27,),    If.  ,       B,  C  denote 
the  angles  of  a  spherical  triangle,  the  ratio  of  the  surface  of  this 
^    spherical  trj.angle  to  the  surface  of  the  whole  sphere  to  which  it 
belongs  will  be  equal  to  the  ratio  of 

^         .  ^  (A  +  B^;j.  C  -  tt)  - 

to  four  right  angles.    Here  tt  denotes  two  right  a^ijgles," 

In  this  passage  Lobachevskli  is  speaking  of  spherical  geome^ry^ 
and  points  out  that  the  proposition  in  quest^ion  is  independent  of 
the  axiom  on  parallels,  that  is,  this  proposition  in  spherical 
geometry  will  be  equally  true  whether  the  fifth  pctstulate  or 
-'Lobach^skii  »s' axiom  be  adopted,  , 

"I  then  show,",  continues  Lobachevskli,   "that  the  sum  o"f  the 
three  angles  in  a  rectilinear  triangle  can  no};  be  more  than  two 
'    right  angles  (Geometr,  Unters.,  <19^>' and  that  if  this  sum  is  e^[^al 
to  two  right  angles  in'a  single  rectilinear  triangle  it  must  be  so 
in  all  rectilinear  triangles?  (Geometr^  Unters,,  20),    thus,  only 
two  assumptions,  are  possible:    either  the  ^um  of         th|c»ee  angles 
in  every  rectilinear  triangle  equals  two  right  angles  ~  this 
ass)dmption  characterize^  ordinary  geometry  — .  or  else,  in  e^i^ry  . 
rectilinear  triangle  this  sum  is  less  than  two  right  ^ngires,  and 
this,  latter  assumption  i^  the  basis  of  the  sp.e^^p^^l  geometry^ 
which  I  have  given  the  name  imaginary  geometry,  but  which  may  -more 
properljr  be  called  pangeometry,-*  sjnce  thi^  name  ^denotes  geometry 
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lit  a  generalized  form,  of  which  ordinary  geomo^try  is  a  particular 
case"  [32].    At  present  this  new  geometry  created  by, Lobachevskii 
is  familiar  under  the  name  of  the  non-Euclidean  geometry  of 
Lobachevskii .  **  ,  ^ 
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66.   'THE  ELEMENTS  OP  THE  GEOMETRY  OP  LOBACHEVSKII 


Upon  adopting  the  axiom  of  Lobachevskii  in  pla<\e  of  Euclid  *s 
fifth  postulate',  the  following  propositions,  of  LdbaqTtevskian  geo- 
metry follow:  ^    I      ^  * 

Theorem.  The  ^sum-  of  the  ^hree  angles  of  a  rectilinear  triangle 
is  less  than  two  right  angles  and  is  a'  variable  quantity,  in  general 
changing  from  triangle  to'triang^^ 

Theorem.    A  perpendicular  and  an  inclined  line  to  a  given 
straight  line *do  not  always  intersect.    Por,  if  they  always  inter- 
sected, there  would  follow  Euclid's  fifth  postulaiTfr,  which  cannot  , 
be,  since  we  have  adopted  the, axiom  of  Lobaci^vskii.  ^  f**        '      -  ' 

Theorem,    Similar  but  unequal  triangles  do  not  exist.   -If  three 
angles  of  one  triangle  are  equ^l  '  to  the  three  corresponding  '^angles 
of  another,  these  two  triangles  are  congruent > 

,  ^  For,  if  there  existed  two  unequal  but  similar  triangles,  the 
fifth  postulate  would  hold  good,  which  is  impossible  in  Lobachev- 
skian  geometry^  .  >        •   '  '        ,  ■  * 

'*        Thus  in  Lobachevskian  geometry  the^  are  no  similar^  (and 
unequal)  figures.  *  .  -  . 

Theorem,  There  exist  triangles  about  which  it  is  impossible 
to  circumscribe  a  circle. ,  ■ 

Por,  the  possibility  of  circumscribing  a  circle  about  every 
triangle  is  a  propositioli  equivalent  to  the  fifth  postulate. 

Prom  the  above  theorem  it  follows  'that"  there  exist  triangles > 
perpendiculars  to  whose  sides  at  their  midpoints  are  parallel^  i.e.. 


do  not  intersect. 
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Theorem-.    The  equal  angles  at  the  upper  base  of  Saccherl 's 
quadrilateral  are  acute. 

For,  if  they  were  right  angles,  then  there  would  exist  a 
quadrilateral  in  which  all  four  angles  were  right  angles,  which  is 
impossible ♦  ^  ^ 

Theorem.    The  locus  of" the  points  in  a  plane  lying  on  one  side 
of  a  given  straight  line  and  whose  distance  from  this  line  is  equal 
to  a  given  segment  is  a  curve «  no  three  points  of  which  are  col^ 
linear.  • 

For,  if  three  points  of  this  locus  lay  in  a  straight  line,  then 
Euclid's  postulate  would  be  true  (64.»),  which. ±s  no€  the  case*  I 

This  curve  is  called  a  curve  of  equal  distanced  or  an  equi-  v 
distant  curve.    Ordinarily,  by  'the  equidistant  curve  is  meant  the 
locus  of  points  at  a  fixed  distance    h    from  a  straight  line  a, 
not  necessarily  on  only  one  si(!e  of  it\    There  are  two  branches  o: 
the  equidlstknt  curve,  the  upper  and  the  lower.    The  line    ^  is 
called  the  'base  of  the  equidistant  curve.  •        ,  S 

Theo't'em.    The  side  of  a,  regular  hexagon  inscribed  in  a  circle 
is  greater  than  the  radius  of  this  circle.       ^  *       . *  . . 

,  Proof:    The  sum  of  tl>e  three  angles  of  triangle    AOB  (fig. 

267)  is  leis  than  two  right  angles  and' consequently  angle  AOB, 

egual  to   -S-  ,  is  the  largest  angle  in  triangle    AOB.    But  the 
I  ^    ^  ^ 

largest  side  of  a  triangle  lies  opposite  the  largest  angle,  that  is, 
^l^'"^  .  A'BX>  OA  . 

•    Theorem,    For  any  acute  angj^  whatsoever,  there  always  exists 
a  perpendicular  to  one  side  of  the  angle^hich  does  not  intersect 
the  other  side.  ,  '  - 


Proof.'  ^Let    /  aOb    be  any  acute  angle  (fi^.  268).    Let  us 
assume  that  every  perpendicular  to  side    b    interq^cts  side  a.> 
From  an  arbitrary  point,  ^  A    of  side    a    we  drop  a  perpendicular  AB 
to  side    b,  and  we  find  th^  point    Bj'^  on  side  .b  .which  is  sym- 
metrical to  pointy  0    aboul;  line    AB.*  At  the  point    B^    we  erect  a 
perpendicular  to  side    b..    By  our , assumption,  this  perpendicular 
intersects  side    a    in  some  point*  A^;    it  can  ^sily  be  calculated 
that  the  defect-  5.(0A^B^)  of  triangle    OA^B^    is  more  than  twice 
the"  defect  S(eAB)  ^f  triangle  OAB: 

'    .        •  ^(OA  B^)  >  2^  (OAB). 


•  B  .1 

3,     '            8,  b 

0 - 

Pig.   266. .  '  .        ^  ' 

^  Taking  then  the  point    B^    on  lirte    b,  symi^etricar  to  point 
0   about  line  ^A^B^,  we  erect  at    B^    a  perpendicular- to  line  b.' 
By  our  assumption,  this^  perpendicular  intersects  side    a  '  in  some 
point    A^    Exactly  as  b'efore,  we  find 

.  ,      '      ^  SfoA^^)  >  2  c5(0A^B^*)  . 

Continuing  thuT,  we  obtain 


,     /    5(^^BJ  >>5(0A^^,B^^  >  2^S(0A^^2S^^2)>----^      •  ; 
'>       ,  ....  >  2^-^  g(OA^B^)>  2^5(0AB).   -  / 

But  the  defect  of  a  triangle  cannot  be  greater  than  .  tt; 
consequentlyj^lnce  /5(0Ab1  >  0,  not  all  perpendiculars  to  one  sid^ 
of  an  acute  angle  intersect  the  other  side/'  The  theorjem  ii«  proved. 

We  shall  hereafter  refer  to  this  important  theorem*  as  the     * . 
theorem  of_the  non^lntersecting  perpendicular.  ' 

■  ;  ^  J     "     .  ' 
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67.    THE  RELATr<fe  POSITION  OF  LINES  IN  THE  LOBACHEVSKIAN  PLANE 

In  Lobachevski^  geometry  the  plane  is  designated  Specifically 
.as  the  Lobachevskii  plane.    In  this  plane  the  axiom  of  Lobachevskii 
is  In  force.    The  plane  of  ordinary  geometry  is  called  the  Euclidean 
plane.    In  it  Euclid  «s  fifth,. postulate -holds  good.  ^ 

We  ,shall  now  investigate  the  relative  position  of  straight 
lines  in  the  Lobachevskii  plane.  '  •  ♦ 

It  i^  clear  that  throupji  a  point    A    not  on  a  given  line  a 
there,  passes  anj^nfinite  set  of  straight  lines  whicti  do  not  inter-> 
sect  the^given  line    a.  - 

In  pToof/  let    b    and    c    be  twp  straight  lines  passing  through 
A    and  not  inteij^ecting    a  (fig.  269);  the  existence  of  at  least  2 

'such  lines  is  ^asg^rted  by  the  axiom  of  Lobachevskii. 

f  .  .  ^  t 

I        t>    ^  ' 


Fig.  269. 

.Through  a  point  B  on*  line  *b,  so  chosen  as  to  lie  on  that  side  of 
line    c    on  which'  there  are  no  points  belonging  to  line  ,  a,  and 


through  Qx\  arbitrai^^point'   D    of  line    a    we*- draw  Jthe^  line  BD 


.  The  segment    BD    intersects  line    c  in  the  point    C.    If    I^^"  is  an 
arbitrary  point  of  segment    BC/the  line-  AM    does  not  intersect 
line    a>    For  if  lines    g    (aAM)  and  'a    intersected  in  a  point  S 
on  line    g    in  the  direction  from    A    to         then  applying,  Pasch  »s 
postulate  to. triangle    MDS    and  line    c    we  should  have  to  conclude 
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that    c    Intersected a;  but  this  is*  excluded.    If^  on  the  other 
hand,  it  were  assumed  that    g    and  'a    Intersected  In  a. point  S« 
lying  in 'the  direction  from   M    to    A,  then  from  the  application  of 
Pasch«s  postulate  to  triangle    MDS »  'and  line    b    we  should  have  to 
con%*lude  that    b'  intersected    a;  but  this  is  likewise  excluded.^ 
Thus,  none  of  the  lines    g    lying  within  the  angle    BAG  intersects 
a.      ,  "        .  , 

The  lines  of  the  pencil^with  center ^t^  A    fall  into  two 
classes  with  respect  to  .tge  line    a.    To  the  first  class  we  assign 
those  line's  of  the  pencil  which  intersect  line    a  ;  to  the  second^ 
class,  those  which  do  not  intersect  a,* 

Each  class  contains  an  infinite  set  of  lines  and  each  line  of*" 
the  pencil  belongs  to  a  deterininate  class. 

Turning  our  attention  to,  the  segment    BD  (fig."  269),  if  we 
assign  to  each  line  lyiJff  within  angle    BAD    its  point  of  inter- 
section with  segment    BD,  ^"^^then  the  points  of  this  segment,  will 
fall  into  two  classes  which  determine  e  Dedekind  cut.    To  the  first 
class  belong  those  points    N    qf  segment    BD    such  that  line  AK 
Intersects    a;  to  the  second  belong  all  the  rest.    The  point'  D, 
for  example,;  )>elongs  to  the  fipst  class,  while  the  points    B,  M,  C 
belong  to  the  second.    We. complete  the  first  class  with ^the  points 
'of  lin^    BD    lying  outside  segment    BD    in  the  direction  from  B 
to    p,  and  the  second  class  with  the  ext>erior  points  lyin^'in  the 
direction  from    D    to    B.    It  is  Hot  difficult  to  show  that  every 

point  of  the  first  class  lies  on  the  same  side  of  any*point  in  the 

aeoqnd  class  ^  \   '  ^  

(1)  That  each  line  lying  within  angle   Bki>    intersects  segment  '  BD, 
may  be  prove(J|^toneans  of  jPasch  «s  axiom>  --Translators. 
^^^^  / 
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By  the  axiom  of  Dedekind  there. exists  a  point    R    on  >the  seg- 
ment   BD^  which  effects  the  division  of  line    BD    into  two  portions: 
the  first  portion    DR    containing  all  the  points  of  the  first  class, 
and  the  secorjd  containing  the  points  of  the  second  class.    The  line 
AR.-(fig;  270)  is  seen  to  be  the  boundary  of  those^ lines  lying 
within  angle    BAD    which  intersect  line  ^a.  ^'The  line    AR  itself 
does  not  intersect    a.    For  if    ,AR    intersected    a    in  a  point  S, 
then  taking  a  point  '  T    on  line    a    outjsidfe  segment    03    in  the 
<  direction  from    D    to    S,  we  should  obtain  a  line    AT    belonging  to 
the  first  class,  ^7hich  is  impossible.         \  ^ 

Lobaihevskii,  like  Euclid,  has  no  axiom  of  continuity,  nor  any 
axioms  9f  position.    Relying  on  intuition,  Lobachevskii  .writer: 
"All  straight  lines  issuing  from  one  point  and  lying  irv ji 


given  plane  can  be  divided  into  two^  classes  with  respect  to  a  given 
line  of  the  Same  plane,  namely  into  those  intersecting  the  latter 
and  those  hot  intersecting  it.    The^  boundax*y  line  between  these  two 
classes  is  said  to  be  parallel  to  the  given  line."^"^^ 

We  see  that  by  a  line  parallel  to  ST  given  line  Lobachevskii 
meant  not  any  line. which  does  not  intersect  the  given  line*  a;  but 
only  the  boundary  line. 

If  from^point    A  (fig. 27^  a  perpendicular  is  dropped  to  line 
a,  .then  iine    AR symmetrical  with  line    AR    about-this  perpendi-c- 
ular,  will  likewise  be  parallel  to    a    in  Lobachevskii «s  sense. 
Lobachevskii. further  distinguishes  the  side  or  direction  of 
parallelism.    Line    AR    is  -parallel  to    a    in  one  dlr4x;tion  and 


(1)  These  v/ords  are,  in  essence,  equivalent  to  the  rigorous *fomu- 
.  lation  of  the  axiom*  of  discontinuity  advanced  by  Dedekind  half 
I    a  century  later.  ^ 


'  ^  '  '■  '  :  508 
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lineiAR*    in  the  other. 


Pig.  270. 


'   Fig.  271, 


We  shall  conventionally  represent  the  direction  of  parallelism 
by  means, of  arrows  (fig.  271).   — ^^^^ 

Through  every  point    A    external  to  a  given  line    a  _there 
pass  two 'and  only  two  ijnes  p^^Llel  to  the  given  line    a  In 


Lobachevskii sense. 


/ 


/The^lines  "g,  not/ intersecfting    a  (fig.  269)  and  which  are 
not /boundary  ^or  parallel  lines/with  respect  tp    a,  are  said -to -be 
supprparallel  tea  a.  j 

.      Lobachevskii  uses  a/ different  terminology  [33]: 
 I^Lines  issjuing  JTron/  on^  point  either  intersect  ,^ 


7 

given  line  in  the  same  plahe,  'or  they  nevex*  meet  it, 

no  matter  how  far  prolonged.    It  is- therefore  necessary 

'  /' 

to  distinguish  between-  such  lines  with  respect  to  a 
'  '  •  ,  *  #»      *  ' 

given  line:  -meeting  or  converging  lines  and  non-*  , 

meeting  or  non-converging  lines,  to  which  belong  the 

parallels,  wljich  Constitute  the  transition  from  the 

one  ^roup  to  the  other^  the  diverging  lines.'" 

Diverging  in  Lobachevskii  *s  sens^^orresponds  to 

what  we  call  superparallel.    The  sense  of  the  ferm  used 
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by  Lobachevskii  will  become -clear  later.       :  - 

If  we' limit  ourselves  .to  a  specified  direction, 
or  more  properly,  orientation,  of  line    a,  then  through 
point    A    there  passes  in  the  given  direction  a  unique 
parallel  in  the  Lobachevskian  sense.  ^ 

"In  saying  that  a  line  is  parallel 'to  another,  we 
shall  hereinafter  be  referring"  -  writes  Lobachevskii  - 
"to  that  case  only^in  which  bd^ih- extend  to  one  side"^  of 
some  third  line  which  joins  them, 

, "Consequently,  there  can  be  only  one  parallel 
drawn  from  a  given  point  to  a  given  line;  its  distinctive 
property  is  that  the  slightest  change  of  direction  to  one 
side  v/ni  make*  it  a  converging  line,  and  to  the  other 
side  -  a  divergijng  line. 

"With  this  approach"  -  continues  Lobachevskii  - 
'H>/e  are  considering  parallelism  in  its  complete  gener- 
ality.   Euclid,  not  being  in  a  position  to  give  a  sat- 
isfactory  proof,  admitted  in  ordinary  geome1>rJr  only 
that  special  case  in  which  two  parallels  must  both  be 
perpendicular  to  one  line. 

"Eyelid  »s  followers  only  made  the  matter  more 
difficult  with  supplementary  propositions,  either  ar- 
bitrary or  very  obscure,  in  the  attempt  to  convince 
themselves  of  the  correctness  of  an  accepted  truth 
which  in  the  very  nature  of  geometry  it  was / impossible  ^ 
to  prove. "  4 


503. 

The  lines,  parallel  and  superparallel  to    a    are  determinate 
for  a  given  point    A.    THe  ques^tion  arises,  whether  or  not  line'  b, 
parallel  to  line    a    at  point    A,  is  also  parallel  to    a  '  at  every 
one_of  its  own  points    A«.  *  Line    b   .does  not  intersect    a^.  But 
may  not  line    b    be  parallel  to    a    at  one  of  its  points.  A,  and 
superparallel  to    a    at  any  other  of  its  points    A^?  Lobachevskii 
.  proved  the  following* 

Theorem.    A  straight  lipe  preserves  the  criterion  of  parallels 
ism  at  all  its  points, 

^        Proof.    Let  line    b    be  parallel  to    a    at  point    A    in  the 
indicated  direction  (fig/  272),  ^and  let    A^b^  an  arbitrary  point  ^ 
of  ray  l^b.    We  take  any  point    B    on  line    k^and  jbin  it  with 
points    A  ,and    A^^.'   Since    b    is  parallel  to    a    at  point    A,  any' 
ray  within  the  angle  ^  bAB    intersect^  line    a.    At  point    A^,  line 
b    is  a  line  not  intersecting  line    a.    V/e  shall  show  that  any  ray 
Aj^c  '  lying  within  angle    bA^B    intersects    line  ^a;  this  v/ill  also 
.  Signify  the  parallelism  of  line    ]^  to  line    a    at  point  A^. 


Fig.  272.  ' 


We  select  on  ray    A^c    •an.  arbitrary  "point    D,  lying.within 
angle    bA^B,  and  draw  line    AD.    Since    AD    lies  within  angle  bAB,, 
it  intersects  line    a    in  some,  point    S.    Considering'' triangle  ABS 
a1?d  line    c/we  find  that    c   .0oes  not  pass  throu:gh#apy  vertex  of 
triangle    ABS    and  that  dt  intersects  side    aS    in  point  D. 
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It  may  be  easily  shown  that  line    c    does  not  intersect  the  segment 
AB;  consequently,*  c    intersects    BS,  that  is,  it  intersects  a. 
thus  line    b    is  parallel  to  line    a    at  f)oint  A^. 


,       "  Fig.  273.  \; 

\,  a 

If  point  of  line    b    lies  on  the  other  side  of         as  in  , 

fig.  273,  then  drawing  line    A^c    within  angle    bA^B    we^el^  a 
point    D  .  on  this  line  such  that..  A^    lies  between    E    and    D,  where 
E    is  the  intersection  of  14^e    c    with  s^gijient  AB. 

^  The  line    DA,  entering  within  the  angle    bAB,  intersects  . 
in  a  point    S.    Applying  Pasch^s  postulate  to, the  triangle  ABS 
and  line    c    we  find  that    c    intersect^    a.    The  theor.em  is  proved. 

After  proving  this  theorem  it  is  possible  to  say  that  line  b 
is  parallel       in  Lobachevskii  »s  sense       to  line    a,'  without 
having  to  state  at  what  point. 

The  parallelism  of  lines  in  a  specified  direction  possesses 
the  properties  of''  symmetry  and  transitivity,  ^ 

Theorem.    Parallelism  is  always  reciprocal,  i.e.,  if  line  b 
is  parallel  to  line    a>  then    a    is  also  parallel  to  b. 
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Fig. 


Proo^i-    ^L6t  ,.'b    (fig.  274)  be  parallel  to    a.    We  shall'  show 
that    a    is  parallel  to    b  *  in  the  same  direction.    From  an  arbi- 
trary  point    A    oi^^ine    b    we  drop  the  perpendicular    AB    to  line 
a    (fig.  274).    Since  line    a    does  not  intersect    b.  It  will  be' 
sufficient  to  show  th^t    a    is  parallel  to    b    for' point    B.  .Let 
us  draw  an  arbitrary  line    Be    within  the  angle    aBAj  we  shall  ^ 
show  that    c    intersects    b..  We  let  fall  from    A    the  perpendic- 
ular   kp    to  line  '  a.    Since  the  hypotenuse    AB    of  the  right 
ti*iangle    ADB    is  greater  than  the  side    AD,  thfere  is  a  point  E 
on  segment    AB    such  that    AE  =  AD,    We ''then  erect  at  point '  E'\he 
perpendicular    gE    to  segment  AB. 

After  a  rotatioi?  about  point    A    through  the  angle    DAB  the 
segment    AD    will  occupy  the  position    AEj  line    Dc  will  lie  along 
Eg;  and  line    b    will  take  the  position    Ah  and  intersect  line  a 
in  point    F,  since    b    is  parallel  to  a. 

Applying  Pasch»s  postulate  to  triangle    ABF    and  line    g,  we 
find  that  line    g    intersects    AF    in  a  point    G    lying  between  A 
and    P;  lines    a    and    g,  being  two  perpendiculars  to  line  AB^ 
do  not  intersect.  '  -  ' 

A  rotation  about  poi|rit    A^  opposite^  to  the  first  notation 
transforms    AE    into    ADj  line    g    into    cj^line  ^h    into    bj  and, 
consequently,    G,  the  point  of 'intersection  of *  lines    g    and    h  is 
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transformed  by  the  rotation  into    G*,  the  point  of  intersection  of 
lines    c    and    h,  that  is,    c    intersects    b    in  the  point  G*. 
The  •theorem  is  groved. 

Theorem.    Two  lines,  parallel  in  the  same  direction  to  a  third 
line,  are  parallel  to  each  other  in  that  sam6 'direction. 

» '  Proof..    Let  lines    b    and    c    be  parallel  to    a    and  lie  on 
opposite  sides  of  the  latter  (fig/  275) •    l^is  being  the  case,  b 
and    c    will  not  intersect.    V/e  join  the  arbitrary  points    B  and 
C    on  lines    b    and    c    by  the  segment    BC    and  denote  by    A  the, 
intersection  of    BC    with  line  .a.    Since    b    is  parallel  to  a, 
an  arbitrary  line    g    within  the  jingle  „^bBA\^inters'ects  line    a  in 


Pig.  2^5.  Pis-  276.^ 

a  point    S    ana  enters  angle    aSC    through  its,  vertex. 


But  since 
c,  that  ^s'. 


a'  is  parallel  to    0    by  symmetry,  line   ^'  intersects 
in  this  case    b    is  parallel  to    c.  ' 

Now  let  lines    b  •  and    c    lie  on  the  sam^e  side  of  line  a 
(fig*  276).    Lines    b    and    c    cannot  intersect,  since  if  they  did 
"^ntersect  in  some  point  there  would  be  two  lines  passing  through 
this  point  and  parallel  to    a    in  the  same , direction,  which  is 
impossible.    On  line    a    we  take  an  arbitrary  point    A    and  join  it 
with  any  points    ?    and    C  ✓  of  lines^'  b    and    c  '  respectively  by 
segments    AB    and  AC. 


Since  the  angles  aAB — an^'  aA€  .  have-a  common. side    Aa,  it 

is  possible  ta  draw  through  point    A    a  line    g    lying  within  both 

angles.    By  virtue  of '  the  fact- that    a    is  parallel  to    b    and^  c, 

line    g    intersects  the  latter  lin^  in  points    BV    and  ^  Ct  For 

definiteness,  let  lie  between    A    and    C^.    An  arbitrary  line 

h    drawn  through  '        and  lying  within  the  angle    cC^A  intersects 

line    a    in  point    D,  since    c    is  parallel  to    a.    Applying  Pasch *s 

4 

postulate  to  triangle  AC^D  and  line  b  we  find  that  h  inter- 
sects b.  This  means  that  c  is  parallel  to  b;  The  theorem  is 
prpved.  \  ^  . 

Prom  this  an(J  tftef^preceding  theorem  there  f oltows  the  tran- 
sitivity of  parallelism  in  thei  same  direction.    It  then  follows 
that  the  set  of  all  oriented  .lines  in  the  plane  falls  into  classes 
of  mutually  parallel -lines.    Every  oriented  line  determines  a'  class 
of  lines  parallel  to  i*t  —  a  pencil  of  parallel,  oriented  lines. 
The  same  line,  oriented  in  the  opposite  direction,  determines 
another  pencil.     .  .  ,  _  '  . 

I         Theorem.    If  two  lines  form  with  a  third  equal  alternate  ^ 
[interior  angles /,;^the  two  lines  are  superparaliel.       ,  - 


C 
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Proof.    Let  lines    a    and    b    form  equal  alternate  interldr 


angles  oC  and  p  with  the  third  line  AB  (fig.  277).  Prom  the 
midpoint    C    of  segment    AB    we  let  fall  the  perpendiculars  CD 


AC  .  ,  •'^'^ 
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and    CE    to  lines    a    and    b.    The  right  triangles    ^ADC    and  BEC, 

have  equal  hypotenuses  and  acute  angles  and  ar'e  therefore  equal. 

Consequently,  /  ACD  =  /  BCE    and  points    E^^  C,  D    lie  in  a  straight 

*       *  • 
line.    Thence  it  follows  that  lines    a    arid    6    are  perpendiculars 


to  the  same  line    ED    and  consequently  are  super pai*allel 


(1) 


Ttieorem.   ^or  any  acute  angle  whatsoever,  there  always  exists  a 
line  perpendicular  to  one  side  of  the  angle  and  parallel  to  the 
other. ' 

Proof.    Let    aOb    be  an  acute  angle  (fig.  278).    Prom  the  the- 
orem on  the  non-intersecting  perpendicular  066.)  it  follows  that  the 


points  of^the  ray    Oa    fall  into  two  classes.    Ther  first  class  con- 
sists of.  mose  points  at  which  the  perpendiculars  to  a 
intersect  side    b;  the  s,econd,  of  those  points  'M^  at  which  the  per- 
pendiculars to    a    do  not  meet  side    b.   J^ll  the  poinCs         of  the 
first  class  lie.  on  the  same  Bide  of  every  J^int         of  the  secondC 

By  Dedekind*s  axiom  there  exists  a  point    R  •  of  the  ray  Oa 
such  that  the  segment    OR    contains  the  points  of  the  first  dlass, 
'and  the  ray    Ra    those  of, the  second. 


Pig.  278. 

Tlje  perpendicular    p    to  line    a    at  the^  point    R    does  npt  * . 
itself  intersect  side    b.    In  proof:    if    p    intersected' ""'b  .at  a 

point    K,  then,  taking  .the  point.  L    on  side    b  ^beyond  the  point, 

(1)  Line    b    cannot  be  parallel  to  l±ne    a.  .  For  if    b    were  para- 
llel "to    a,  then  by  symmetry  it  would  be  parallel  in  both  directions,* 


Thus  there  v/ould  be  onLy  .one  line  through  E 


parallel  to  line  a;. 
--Transactors J 
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K    and -letting  fall  from  point         a  perpendicular  to  side    b,  we  * 
^would  obtain  a  perpendicular  of  tJ^e  second  class  intersecting  side 
b,-vAaich  is  impossible.    ~  '     \  «  / 

We  shall  now  show  that  Jbhe  first  perpendicular^  p    to  one  side 
Oa    of  the  acute  angle    bOa    which  does  not  intersect  the  other  side 
b*   is  parallel  to  the  second  side  b'. 

We  draw  line    Rc    within  angle    ORp,    We  shall*  show  that  Rc 
intersects    0^    Letting  fall^he  perpendicular    CD    to  a    from  an 
arbitrary  point    C    on    Rc/we  find  that  the  foot    D    of  the  per- 
pendicular   CD    belongs  to  the  segment    OR    and  consequently  CD 
intersects    J)b    in  a  point    B.    Applying  Pasch«s  postulate  to  tri- 
angle   ODB    and  line    c    we  X ind  that  line    c    intersects    b.  The 
theorem  is  proved • 

It  follows  £rom  this  that  in  the  geometry  of  Lobachevskii  y 
every  acute  angle    aOb    uniquely  determines  a  sem^//t    OR  such 
that  the  perpendicular  to  line    OR    at    R    is  parallel  to  the  other 
side.    Conversely^  to  every  segment  .  OR    there  corresponds  an  unique 
angle    ROb.  such  that  the  line    Ob    forming  this  angle  with  OR 
will  be  parallel  to  the  perpendicular  to  ^OR    at  .R.    To  find  this 
angle  it  is  anly^necessary  ^to  draw  from  the  tendpoint    0  of^'segment 
OR    the  parallel*   b    to    p^  'the  perpendicular  to  segment    OR  • 
erected^at  the  endpoint    R.  (  ^ 

Denoting  the  measure  of  segment    OR    by   x    and  that  of  angle 
bOR    by    oC,  we  see""that^^N^^s  a  function  of  x/ 
Lobachevskii  writes  this^^riction  in  the  form: 

'  ♦   cjc  =  n  (x). 


.  517 


.  510.  - 

Angle  QC  is  called  the  angle  of  parallelism  for  point    A  and 

^^^^..J-  J>^^-  ?79).  The  function  Il(x)  is  called  the"  Lobachevskli 
function. 


.Pig.  280. 

.     With  increasing  distance  "x    of  point    A    from  line    a  the 
angle- "of  paraj.lel^3m  decreases  without  lirai,t: 

rx(x)— >.o  as  _  x-^»  . 
In  proof-  Let    RA^^  =  x^^  and    RAg  =       '(fig.  28o)^    Let' us 
assume  that',  x^  <  Xg.    We" have:  cc^  =^x^)    and  Cc g  ="^n(x2). 
If  we  'df-aF  through  point  the  fine    c^  forming  the  angle  OC 

With    Agft-,  line    c    will,  by  a  previous  proposition/  be  super-  . 
,paraileljbo  line  and  consequentljMLine  ^b^*  parallel  to    b^^,  _ 

forms  with  line    A^R-   an  angle   OC^^  less  than  angle  OC^. 

~-Thusr^n(x2);riT(X3_')  ifX^  The  Lobachevskil  function 

^  is^'aljecrSarsinff^f  urict 

^^.2^^^^  ^  arbj^rarilV  small  angle  .£  there  can  be' 'found  ah 
X  such  that  n(x)  =,^£  ,  it  fallows  that  n(x)  tends  toward  zero 
as    X — . 

With  reference  to  the  absolute  dependence  between  * 
segments  and  angles  in  non-Euclidean  geometry,  Lobkchev- 
skii^^wrote  in  "Principles  of  Geometry"  (I829) 


5i8  . 


I 
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theory  of  parallels  which  we  have  set  fo^th 
assumes  lines  and  angles  to  be  subject  to  a  dependence, 
the  existence  >6f  which  in  nature  'no  one  is  in  a  pb'si-       \  ^ 
tion-to  prove  or  disprove.    At  any  rate*,  astronomical 
observations  convince  us  that  all  the  lines  which  we  are 
capal?le  of~measuring,  even  the  distances  between  hea- 
venly bodies,  are  so  small  in  comparison  to  the  line 
taken  in  theory  as  the  unit  that  the  equations  hitherto 
used  in  rectilinear  plane  Trigonometry  are  correct  to 
the  extent  of  having/no  perceptible  errors."  Later, 
after  setting  forth  ,the  results  of  measurement  of  the 
angles  or  an  astronomical  triangle  the  vei?tices  of.  which 
werje  sj;ars,  Lobachevskii  continues:  '  j 

"After  this  it  is  impossible  any  lohgei!-  to  -maintain 
that  tl\e  supposition  that  the  measure  of  lines  depends 
 ^ypon  ailgfes  —  a  supposition  which  many/  Geometers  have" 

'  -  / 

Wished  to  accept ^s  strict  truth  without  demanding 

'    :  ^  ^  /     '      .  / 

proof  —  might  be  proved-  to  be  perceptibly  false  before 

.    .  !         ,  ' 

the  day  when  we  ,shall  have  gone  beyond  the  limits  of 
the  universe  visible  to  us*"- 

The  syirnnetry  off  the  relation  of  superparallelism  can  be  estab- 
li?hfed  Without  difficulty.  .     '  - 

Theorem.    If  one  line  is'  auperparallel  to  a  secoridj  the  second 


is  superparaliel  to  the  first. 
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Proof.    Let  line    a    be  superparallel  to  lioe    b.    Line  Jlf' 
does  not  intersect  'a.    If^e  assumed  that  ,b    was  paiSliel,  to  ja. 
we  would  have  to  conclude  that    a   was  parallel  to    b;    This^,  ^ 
however,  is  not'  true.    The  theorem  is  proved.  ^ 

Superparallelism  does  not,  however,  possess  fehe  property  of 
transitivity.  ' 

*  Theorem.  Two  superparallel  lines  always  have  one  atnd  only  one 
common  -  perpendicular.  ♦ 

.Proof.    Vet  lines    a    and    b    be  superparallej.  (fig.  281).. 
Taking  a  point    A    on  line    a,  we  draw  from    A    thp  lines    p^  and 
Pg   parallel  to  line    b    in  opposite  directions  [29]. 


PA-  R  0 


Fig.       281.  .  ;  . 

'One  of  the  angles    aApg,  a^Ap^    is  necessarily  acytev"  L^t^ 
this  be'  angle    a,  Ap^  =  OT  .    Further,  let  segment    AP,    be  such  that 
^    n  (AP^)  =  QC  .    Then  the  perpendicular  to    a    at  point  P^ 

will  be  parallel  to    p^    and  consequently  parallel  also  to  line 
-  ,      bb^    in  the  indicated  direction.    From  the  point    P^    we/draw  a 
.   line    s    parallel  to    b    in  the  direction    bTb.    Angle  sPfa 
is  acute  and  therefore  a  segment    P^Pg    can  be  found  such  that 


n  (p^p^). 
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The  perpendicular  to  line'  a    at  is  parallel  to  s 

and  hence  also  to    b    }/i  the  direction  b^b.^ 

•    Thus,  on  one  of  the  superparallel  lines,    a  ,  we  have  found 
two  points  and  such  that  the  perpendiculars  at  these 

points  to  line    a    are  parallel  ta  the  other  superparallel  line, 
b  :    one  in' the  direction  bb.,  the  other  in  the  direction  b-.b.  We 
bisect  segment    P-^^P^    by  means  of  point    P    and  e'rect  at    P  the 
perpendicular    h    to  line   .a.    By  virtue  of  the  symmetry  of  the 
figure  consisting  of  line    a,  perpendiculars         and    q^    and  line 
b    with  respect  to  line^  h,  line    h    intersects  line    b    and  cioes 


so  .at  right , angles^  ' 


Two  lines  can  not  have  two  comijion  perpendiculars  because  in 


that  case  there  would  exist  a  quadrilat^eral  having  four  right  angles, 
which  is  impossible.  ,  ,  /  , 

Theorem.    In  the' direction  of  their  parallelism  two  parallel 
"lines  converge  without  limits  while  in  tfte  opposite  direction  they 
diverge  without  limit  ^  .  ^ 


Fig.,  282. 

Proof.    Let    ^   and    b    be  two  parallel  lines  (fig.  282). 
Letting -fall  from  points    A    and    A-  .  of  line    b    to  line    a  the 
perpendiculars    AB    and    A^B^,  w^  find  that  in  the  quadrilateral 
J  BB^A^A,  which  has  the  two  right  angles    B    and.  B^,  the  ^angle 
.  A  =»  cC   is  acute  while  the  angle    B  =       is  obtuse,  whence 

4 

A^B^<  AB. 
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In  like  i|ianner.^^'^2<  A^B^,  that  is, 
of  one  parallel^o^^^>other  parallel  dec 


the  distance  from  points 
parallel  decreases  in  the  direction  of 


parallelism;  in  tke  ^ppq^ite  direction  it  increases. 

We  shall  show  thatr^^^llels  converge  without  limit,  or,  in 


\ 


the  usual  terminology,^  asym^otjLcally/ 

Let  there  be  given  aji  arbitrarily  small  segment  6  .    Prom  point 
A    on  a  line    b    (fig.  28,S)  we  let  fall  the  perpendicular    AB  to 
the^  line    a    parallel  to  J  b.    If    AB    is  equal  to  or  less  than    E  , 


th.e  theorem  is  proved.    Suppose  then,  AB  >  6,    We  lay  off  on  BA 
from  point    B    the  segment    BE  =  £    and  draw  through    E    the  lines 

and    Cg*  parallel  to    a    in  opposite  directions.    Line    c^  ' 
makes  with  segment    EB    the  acute  angle  OC,  while  line    Cg  ^makes 
with  the* ray    EA^   the  obtuse  angle  . 


Fig.  283. 


Consequently,  line    c^    lies  withift  angle    CgEA  «  . 

Since    Cg    is  parallel  to    b,  line    c^    intersects  line    b  in 
a  point    M.    Letting  fall  from    M    the  .perpendicular    MN    to  -  a, 
we  find  that  lines    b    and    c^,  as  bejLng  the  parallels  to    a  from 
point    M,  are  symmetrical  about    MM  J    Segment    E*B*    symmetrical  to 
segment    EB    about    NM   will  be  the  distance  from  point    E«  of 
line  -  b    to  line    a,  parallel  to    b,  and  will  be  equal  to    £  .  The 
distance'  E'*B"    (fig..  283)  will  be  less  than  £.  q.e.d. 
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The  divergence  without  limit  of  the  parallel 'lines  in  the  * 
opposite  direction^  is  demonstrated  €inalogously. 

Theorem.    Twb  superparallel  lines  diverge  without  limit  in 
both  diTections  from  their  common  perpendicular. 

Proof.    Any  two  superparallel  lines  ^a    and    b~n(Tig;  284) 
have  a  common  perpendicular    PQ.    Prom  an  arbitrary' point    A  on 
line  *b    we  let  fall  the  perpendicular    AB    to  line    a.    Since  in 
quadrilateral    PBAQ    the^  angj.es    P,  B  and  Q    are  right  arigles, 
ahgle    A    is  acute.    Thence  it  follows  that    AB  >  PQ.    In  like 
manner,  letting  fall  from  point    A^    belonging  to  ray    QA  .  but 
exterior  to  segment    QA    the  perpendicular    A^B^,  wq  find  that 
A^B3^>  AB. 


Prom  this  it  follows  that  the  diiJtances  from'  points  of  one 
superparallel  line  to  the  other  increase  in  both  directi^s  from 
their  common  peVpendlcular.  .  .  ^ 

The  segment    PQ    of  the  common  perpendicular  of  two  super^ 
parallel  lines  is  the  shortest  distsmce  between  them. 

Prom  point    P    we  draw  line    c    parallel  to  line-^^b.    Line  . 
c/  intersects  the  segment;3    AB    of  all  perpendiculars  from^  points 
on  ray    Qb    to  line    a,  as  can  be  shown  with  the  aid  ot  Pasch's 
postulate.    Consequently,    AB  >  MB.    But    MB,  being  the  perpen- 
dicular from  point    M    of  side    Pc    of  the  acute  angle  cPa, 
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increases  without  limit  as  point    M    moves  along  side  '^c    of  ' the 
angle  in  the  direction  away  from  its  vertex ,  P.    This  signifies , 
^that    AB^  also  increases  without  limit  wJLth  increasing  distance 
of  point    A    from  point    Q.    The  theorem  is  proved. 

The  relative  positions  of  parallel  and  superparallel  lines  * 
are  reflected  in  IiObachevskii  »s  tems  converging  and  diverging. 
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i68.    THE,  CONCEPT  OP  MEASUREMENT  OP  AREA' 

The  theories  of  the  measurement  of  segments  in  the  geometries 
of  Euclid  and  Lobachevskil  coincide.  ' 

Th^  system  of  measurement  of  area  in  the  geometry  of  Lobachev- 
skii  is  conscrnicted  in  a  manner  analogous  to  that  in  Euclidean 
geometry.    The  concepts  of  the  equicomposition  a^d  the  equivalence 

by  completion  of  simple  polygons  Is  introduced  in  Lobachevskii  «s 

r 

geometry  ehtirely  in  the  same  ma.nner  as  in  Euclidean  geometry.  All 
the  general  theorems  likewise  preserve  their  formulation  with  a 
single  exception:    to  the  triangle  is  assigned,  not  a  number  pro- 
portional to  the  product*  of  base  times  altitude       ±n  the  geometry 
of  Lobachevskii  this  product  turns  out  not  to  be  independent  of  the 
choice  of  a  side  of  the  triangle  IXtnjj;  a  number  /\  ,  proportional 
to  the  defect  of  'the  triangl^^^  \ 

A-  k^  (tt  -  A  -  B  -  C). 

2  ^ 
Here    k     is  a  coefficient  of ^proportionality,  A^  B  and  C  are  the 

angles  of  triangle    ABC    and    tt    denotes  two  right  angles.  The 

number  A  is  then  '|bhe  a|»ea  o3^,|;he' triangle. <  \\  ^  ' 

The  expi»ession  for  the  area  of  a  triangle  in  the  geometry  of 
Lobachevskii  palls  to  mind  the'  expression  for  the  area  of  a  spher- 
ical triangle. (65. );  and  this  is  not  fortuitous.    Let  us  briefly 
slcetch^  the  development  of  the  system  of  measurement  of  the  area  of 
simple  polygons,  ' 

1.  To  each  triangle  we  assign  a  positive  number 
'  Z^  =  k^(7r-A-B  -  C),  which  we  shall  call,  the  area 
.of  the  triangle. 
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2.  Examining  oriented  triangles  (58.)*  we  shall  prove' t/ie 
theorem: 

If  in  the  plane  of  an  oriented  triangle  an  arbitrary  point  0 

is  selected  and  Joined  to  the  three  vertices  of  the  given  triangie^ 

the  difference  between  the  sum  of  the  areas^^of'^e  triangles'  having 

the  same  orientation  as  the  given  one  and  the  sum  of  the  areas  of 

the  triangles  having  the  opposite  orientation  is  equal  to  the  area 
_^  ^ 

of  the  oi^iginal  triangle. 

Omitting  a  detailed  analysis  of  all  the  possible  cases,  we 

shall  consider  only  the  case  in  which  point    0    lies  outside  the 

given  tri^gl'e  but  within  one  of  its  angles  (fig..  285). 

A 


Nor  shall  we  reduce  this  case  to  a  simpler  one.  but  immediately  ^ 
carrj^out  the  entire,  ^computation.    Designating  the  angles^  by  ;the' 

symbols  showri' in  the  diagratn,  we  find  for  the  positively  oriented 

^  .  ' '     »  ;  . 

triangles;      -  ...    -  v  ^ 

And  for  the  negatively  oriented  triangles: 

A(OBD)  =  k^  (ir  -OC^  -  -  ^1^^ 
Zi^(ODC)  =        (tt  -  ri  -  ^1  -  Og)' 

f 


For  the  required  difference  we  find: 

^  .   A(OAB)  +A(OCA)  -A(OBD)  -A(ODC) 

'  ' 

=      [S^-^S^  -  >^2        =      (ir'-(£-j5-S^)  =A(ABC).  * 

3.  Beyond  this  the  treatment  of  areas  of  ^simple  polygons 
proceeds  entirely  as  In  Euclidean  geometry-  (58)^  . 

The  student  should  carry  out  precisely  and  ln*detall  all  the 
reasoning  relevant  to  the  foregoing,  as  an  exercise. 
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Chapter  XII 


THE  AXIOMATIC  STRUCTURE  OF  GEOMETRY 

Chapter  XII  presentJs  a  complete  set  of  geometric 
axioms.    Examples  are  given  to  elucidate  the  fundamental 
idea  of  the  axiomatic  method.    The  equivalence  of  various 
axioms  of  continuity  is  established,  and  the  axioms  of 
motion  are  introduced.  . 


69.    THE  FUNDAMENTAL  OiBJECTS  OF  G^METRY;  THE  BASIC  RELATIONSHIPS 
B'ETWEEN  THE  OBJECTS 


In  the  axiomatic  development  of  geometry  we  choose  certain 
fundamental  concepts  and  fundamental  relationg(hlps  between  these 
conce^fes^    The  former  as  well  as  the  latter  are  neither  defined  nor 
explained.    An  indirect  definition  of  the  basic  dS^cepts  and  the 
basic  raelationships  between  them  is,  however,  provided  by  tlie 
axioms .  ^  The  al?straat  geometry  thus  developed  may  then  be  ^applied 
to  sets  of  ob,1ects  of  diverse  kinds.    '  .  • 

In  abstracting  from  the  particular  and  concrete  to  fundamental 
concepts  and  their  basic  interrelationships,  geometry  takes  those 
'  general  qualities  which  underlie  the  laws  and  -^regularities  to  which 
spatial  forms  are'subject.    More  than  that,  onf^the  succeecling  level 
of  abstraction,  geometry  is  abstracted  as  well  *from  the  particular 
form  of  the  object -of  it&  study,  and  emerging  beyond  the  bounds -of  - 
this  form,  acquires  thereby  the 'possibility  of  reflecting  nature 
more  deeply,  and  completely.   ,  '     '  . 

'*The  abstractions  matter,  natural^ law,  value  and  sp  on,  in  a  ' 
word  all  scientific  (correct,  serious,  not  absurd)  abstractions 
reflect  nature  more  deeply,  mqre  truly,  more  fully.    From  the 
concrete  observation  of  nature/  to  abstract  thought  and  from  this 
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* 

to  practice  —  such  is  the  dialectical  course  of  the  apprehension 
of  trutlV.  the  cognition  of  objective  reality"  (Lenin,  Philosophical 
Notebooks,  edn.  19^7, -pp.  146-^7). 

In  order  better  to  elucidate  the  ^nature  of  abstract  geoijietry, 
we  may  note  the  following  comparison  of  geometry  and  grammar: 

"The  distinguishing  characteristic  of  grammar  is  that  it  gives 
the  rules  of  modification  of  words  —  referring  not  to  particular 
words,  but  to  words  in  general;  it  gives  the  rules  for  the  forma- 
tion of  sentences,  not  particular  concrete  sentences  —  with,  let 
us  say,  a  concrete  subject,  a  concrete  predicate,  and  so  on  —  but 
all'  sentences  in  general,  irrespective  of  the  concrete  form  of  any 
sentence  in  particular.    Hence,  abstracting  itself,  as  'i^egards  both 
w^rds  and  sentences,  from  the  particular  and  the  concrete,  grammar 
I  takes  those  general  qualities  which'lie  at  the  basis  of  the  modi-  ' 
fication  of  words  and  their  combination  into  sentences,  and  builds 
it  into  grammatical  rules,  grammatical  laws.    Grammar  is  the^'^t- 
come  of  a  prolonged  work  of  abstraction  of  human  thought;  ft  is-  an 
indicator  of  the  tremendous  achievement  of  thought. 

'  "in  this  respect  grammar  resembles  geometry,  ;^ch  c^eatSs  fits 
own  laws  by  a  process  of  abstraction  from  particular  concrete^^ 
objects,  regarding  objects  as  bodies  without  any  particularity,  arid 
defining  the  relations  between  them  not  as  the  particular  relations 
of  pa'rticular  objects,  but  as  the  relations  of  bodies  in  general, 
without  any^  concreteness.  "    (Stalin:   "On  Marxism  in  Linguistics.") 

'   In  order  correctly  to  understand  the  structure  pf  the  s 
of  geometry  one  must  remember  that  geoinetry  "is  the  result  of  a 
prolonged  wprk  of  abstraction  of  humai  thought  "\(Stalin);  that 
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'Wn  in  his  practical  activity  has  before  him  the  objective  World, 
depends  upon  it,  determined  his  activity  by  it "(Lenin). 

The  stxioms  of  geoirfetry  themselves^  like  the  axioms  of  logic, 
are  the  result  of  man«s  practical  activity.       i  «• 

"^"...The  practical  activity  of  man  had  to  lead  human-  conscious- 
ness to  the  million-fold  repetition  of  various  logical  forms  before 
they  could  acquire  the  significance  of  stxioms  . . .      %y  his  practice 
man  proves  \he  objective  validity  of  his  ideas,  his  concepts,  his 
knowledge,  his  science '\     (Lenih^,  Philosophical  Notebooks,  19^7, 
pp,  161,  164>.  ^  '    '  "  ^ 

J 

In  the  study  of  the  aixiomatic  method  an<T'"WM^he  application  of 
abstract  geometry  to  objects  of  various  kinds  it  must  be  borne  in 
mind  that  the  only  i^equirement  is  that  £L1  the  cLXioms  be  satisfied. 
The  conclusions  flowijtg  from  the  eixioms       the  established  theorems 
—  will  then  automatically  hold.    In  the  practicaj.  utilization  qtf 
an  ctxidhiatically  developed  gedmetry  it  is  "hecessl^y  to  decide  in 

.    •       '  .  g¥ 

each  case  the  question  of  whether  the  axioms  are  fulfillegl  aii^  the  . 

a        ^      '  '      $  iff'         "  " 

degree  of  exactness  of  this  ful:ffillmeij|^         '   ^  ^  ^  ^  *^ 

V    *  .  {  ;  -       ,     0"     *  '     ^  <^    's'  '  *  t 

In  Hilbert's  atxiomatit:  system,  which  (with  some  jnodiflicatioas) 

i*e  shall  nere  adopt,  three  catejgories  of  things  are  taken  as  fun-*',. 

damental  objects  [I5].  ^  .        '  .    ^  \ 

The  things  of  the  first  category  are  called  points* and  are 

\ 

represented  by  the  symbols    A,  B>  C,  those  of  the  second 

category  are  called  straight  lines  and  the  symbols  a,  b,  c,  ... 
are  used  for  themj  those  of  trie  third  category  are  called  plgmes 


and  are  designated  by  oC,  y9 


S3() 


The  basic  objectjs  are  associated  in  definite  relationships 
designated  by  the 'expressions  lie  an.  lie  betv/een.  be.  congruent  or 
equal .  ^  '  *  * 


The  basic  objeo^s  and  th^ir  basic  relations  are 
not  defined,  not  explained,  not  described.    However, . what- 
ever be  the  nature  of  these  objects,  to  whatever  branch 
of  knowledge  they  relate,-  thay  ^nd  their  properties 
must  be  so  fa:i?  known  that  it  will  be*possible  to  verify 
that  the  axioms  relating  to  them  are  satisfied. 

One  and  the  same  geometric  system  may  be  developed  ^ 
by  means  of  different  axiomatic  syvstems  (Sealing  ^Ith  e 
different  fundamental  objects  and  different  basic  rela- 
tionships. 

In  the  axiomatics  of  Hilbert  there  are  t^wenty  axioms,  fallj^ng 
into  five  groups,-  *  • 

The*geometry  of  Cobachevskii  exerted  a  decisive  influence  on 

.'^  '  \ 

the  development  of  axiomatic  method  in  mathematics,  particularly 
in  geometry. 


cribed  in  terms  of  other  objects. 


For  example,  a  plane  is  not  necessarily  the  set 
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70.    THE  PIRS^  GROUP  OP  iOCIOMS:     AXIOMS  OP  CONNECTION  (BELONGING) 

The  fundamental"  relationship  is:    lie  on^  or  belogg--^^!  ^ 

I^.    Por  any  two  points         B    there  exists  a  straight  line  a 
'  belonging  to  both  of  these  two  ppints  ^Pl,  B. 

I2*    Por  any  two  points    A,  B    there  exists  not  more  thetn 
one  line  belonging  to  both  of  the  points    A,  Bj 

Instead  of  the  term  belonging  to^  other  expressions  are  also 
used.    Por  example,  instead  ofx    line    a    belongs  to  both  of  the 
points    A    and    B,  we  may  -feay:    line    A    passes  through  points  A 
and    B^  or,  line    a    ^joins  point    A    with  point    B;  instead^ of  A 
belongs  to    a,  w^  may  say    A^  -lies  .on         or,    A    la  a  point  of  a, 
and  so  on. 


I^^    On  a  line  there  exist  at  least  two  points.    There  exist 
at  least  three  points  not  lying  on  the  same  line>. 

I]|.    Por  any  three  points    A,  B,  C    not  lying ^on 'the  same  line 
there  exists  a  plane  oc  l^elonglng  to  all  three  points    A,  B,  C. 
Por  any  plane  thisre.  always  exists  a  point,  belonging  to^j:t. 

'  Por  any  three  points^  A,  B,  C    not  lying  on  the  same  line 

there  exists  not  more  than  one,  plane  belonging  to%ll  of  theae 
1  points;. 

I^:.    If  two  points    a/  ^  'of  line    a    lie  in  plan^  <<  ,  then^ 
e^^r^  point  of  line    a  ,lies  in  j)lane    cC  . 

.  ly .  ♦  If  two  planes  oC  and  ^  have  a  common  point  A,  then  they 
have  at  least  one  add^itional  common  point  B. 

Ig.    There  exist  at  least  four  points  not  lying  in  the  same 
plane.  ' 
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In  order  briefly  to  elucidate  the  fundeimental  idea  of  the  * 
abstract  development  of  geometry,  let  us  consider  the  following 
exgimple.    We  construct  a  model  as  follows.    We  shall  take  four 


ordinary  lines  lying  in  the  same  plstne,  and  intersecting  each  other 
in  pairs,  and  shall  consider  them  to  be  objects  of  the  first  cate- 
goiry,_call  them  "points"  and  designate  them    A,  B,  C,  D  .(fig.  286), 


Fig.  286. 


0 

The  ,8ix  ordinary  points  of  intersection  of  these  four  lines  we 
shall  consider  to  be  objects  of  the  second  category;  we  shall  call 
them  "lines"  and  designat^them    a,  b,  c,  d,  e,  f  . 

tfhe  fundamental  objects  having  been  indicated  (we  shall  con- 
sider only  the  planar  aixioms  12^3)*  we  introduce  ,  the  rielationship 

of  belonging  in.  the  following  manner.    To  each  pair  of  objects  of  , 

\ 

^  the  first  category  we  assign  objects  of  the  second  9ategoa:»y  as 
shown  below *  ^ 

^    (A,B)-^fi  ^(B,C)— K;.    (C,D)-^a;  '  . 
^  (A,D)— >-d;     (B,D)->bi  (A,C)-^e. 
To  each  two  ordinary  linBs  of  our  model  is  assigned  that  ordiifS^x  ' 
'  point  which  does  not  life  on  them.    -V         ^  ^     *  ^ 
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We  shall  now  consider  that  a  "line"  "belongs"  to  those  "points" 
to  which  it  has  been  assigned.' 

Axioms    ^^.-S         seen  to  be  true  for  bur  model.  '  But  we  have 
neither  the  usual  representation  of  the  fundamental  objects  nor  the 
usual  meaning^f  the  fundamental  relation  of  belonging  to.  ^ 

We  shall  say  that  "line"    a    "passes  through"    "points"  C 
and  ^  D;   "points"    C    and    D    "lie  on"  "line"    a;   "lirres"    a    and  b 
"intersect"  in  "point"    D,  and  so  on. 

Hereinafter,  in  describing  the  construction  of  a  model  we  shall 
omit  the  quotation  marks. 

Let  us  take  another  exeimple.    Let  the  set  'of  ordered  pairs 
(x,y)  of  real  numbers    x,y    be  the  set  of  objects  of  the  first 
category.    The  elements  of  this  set  are  points.    Let  the  set  of  all 
ratios  (u:v:w)  of  three  real  numbers  u,v,w    of  which  the  first  two 
^  can  rfot^  Ipoth  vanish,  be  the  set  of  objects  of  the  second  category. 
The  elements  of  this  set  are  lines. 

V/e  shall  consider  that  a  point  (x,y)  belongs,  to  a  lirfe  (u:v:w)^ 
if  the  equality  ^  * 

^      ux  +  vy  +  w  s=  0 
is  true.    For, example,  point  (1,3).  lies  on  liqe  (2:-l:l). 

tn  this  .model  each  of  the^axioms  '^-^^'^  is  satisfied. 

The  first  model  ffig.'286)  was  JLntr^^uced  as  an  illustrative 
example.    The  secofic/ the  numerical  model       has  a  greate^r  scien- 
til^c  and  practical  significance;  in  it  the  plane  axioms  of  groups 
I-V. are  satisfied;  for  this,  of  course,  it  is  necessary  to  define 
appropriately  4;he  meaning  of  the  terms  lie  .between  and  equal . 
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71.    THE  SECOND  GROUP  OF  AXIOMS:     AXIOMS.^OP  ORDER 
,The  axioms  of  this  group  pertain  to  the  concept  "between". 
II  .  If  a  point  '  B    lies  between  a  point    A    and  a  point  C, 

then   a!  B.  C    W three  distinct  points  of  a  straight  line,  and  B 

also  lies  between    C    and    A    (fig.  28?). 


Pig.  287. 


Fig' 
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Ilg.  '^or  any  two  points    A    and    C  ■  on  a  straight  line  AC 
.here  exists  at  D^^st  ohe  point    B    such  tnat  point    C    lies  be- 
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Following  are  examples  of  the  rigo^us  proof  of  theorems 
with  the  aid  of  axioms  [ll] .  ^  '/. 

Theorem,    For  any  two  points    A    and    C    on  line    AC  there 
exists  at  least  one  point    D    lying  between    A    ancf  C> 


Proof.    By  axiom  I^* there  e:3fists  putside  line    AC  (fig/ 289)  ' 
^  some  point    E,  and  by'  axiom  11^  there  exists  on  line    AE    a  point 
F    such  that    E    lies  between  *  A    and  ^F.    Again  by  axiom  II2, 
there  exists  on  line    FC    a  paint    G    not  lying  within  segment  F^C. 
It  is  easy  to  . show  that  line    EG  J  does  not,  ]^ass^through  apy  of  the 
points  <^  A,  'F^or  C.    It  follows,  tijerefore,  1^  axiom  Il^j;  ^  that  line 
EG    intersects  segment    AC    in  point    D.    .     ^  ^ 

*  Theorem,    Of  three  points    A,  B,  C  ^  on  the  s'^ame  straigh'b'ltne, 
one  always  li^  between  the  other  two.  . 

Proof.    Suppose  that    A*-  does  not  lie  between    B    and    C  and 

C    *does  not  lie  between    A    and    B,    We  draw  a  line  through  point 

D,  not  lying  on  line    AC,  and  point    B,  apd  we  take  —  in  accordance 

With  axiom  11^  —  a  .point    G    on  this  line  such  J;hat    D    lies  be- 

tween  B    and    X}    (fig.  290).    Applyi%    11^    to  the  triangle  BQG 

and  line    AD ,  we  find  that    AD    and    CG    Int^rsect/in  some  point  E 

t 

lying  l^tween  .  C    and    G.    We  find  also  that  lines    CD    and  AG 
intersect  in  point         lying-'-iSetween    A    and'   G.    Applying    11^^  to 

4' 

the  triangle    AEG    and  line    CF,  we  find  that         lies  between  A 
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and    E.    Applying  the  same  axibm  to  triangle    AEC    and  line*"  BG,  " 

we  see  that  point    B    lie^  between    A    and  C» 

All  the  axioms  of  groups  I-^^^g  and  112^^4  will  be  operative  in, 

for  example, -the  following  model.    Let  the  set  of  objects  to  be  . 

^called  points  be  the^ set  of  points  interior  to  some  sphere  (fig. 

>  ^       291)^    The  points  of  the  sphere  itself  ^nd  points*  outside  it  will 

not  be  considered  objects  of  thQ  ^(fcjst'  category.    Let  the  set  of 

lines  be  the  set  of  all  chords  of  tlje^ sphere.    Let  the*  planes  be 

thflSe  open  disks  within  the  sphere  whose  circumferences  are  on  the 

•  .        .    .  ( 

*     sphere  itself.    Let  the  notions  belong  »to  and  between  have  their 

>  *       ■  • 

'    *     customary  meanings. 

It  can  readily  be  verified  that  all  the  axioms-  of  groups  I  and 
^11  hold  good  in  this  model.    The  student  should"  prove  this  to /hin^ 
self  by  carefully  verif yirig  ^the  validity  of  this  model  in , relation  ^ 
P        to  each  of  these  axioms,  .      *         '  .  ^ 


V 


A 


V 


o  .  ■  ^  N",  .53,7 
ERIC  - 


^  531. 

72.    THE  THIRD  GROUP  OP  AXIOMS:    AXIOMS  OP  CONGRUENCE 

t 

i 

These  aixloms  pertain  to  the  concept  of*  "congruence"  and  thus 
serve  to  define  the  concept  of  motion  (29,  34). 

^III^ .  -  If    A    and    B    are  two  points  on  a  line    a    and    A  >    is . 
av  point  on  the  s^e  line  or  on  another  line    a     It  Is  always  pos- 
sible to  find  a  point    B'  lying  on  line    a*    on  a  given  slde^'^^from 
point    A  ^,  and  such  that  segment    AB    is  congruent^  or  In  other 
^  words  ecmal,  to  segment    A<B^    The  congruence  of  segment    AB-  to 
segment    A»B*    Is  symbolized  by 

-MBsAtB'  .  '  ^ 

^IIIp.    If  segments    A^^    and    A"b"    are  congruent  to  the  same 

segment    AB,  then  segment    A>B'    Is  also  congruent  to  segment  A^^"; 

•0  •        *  '  , 

that  Is^  If  two  segments  are  congruent  to  a  thirds  they  are  con- 

'gruent'to  eafeh  other.  '  ^ 

Ilig.    Let    AB    and    BC    be  two  segments  of  a  line'  a  having 
no  Interior  points  In  common^  gtnd  let    A>B^    and  ^B<C<    be  two  seg- 
ments of 'the  ssime  line  or  of  a  second  line    a*^  likewise"  having  ^ 

no  Interior  points  In  common  (ftg.  2l6)  if  In  such  a  case 

*  -  ' 

(1)  Let    A,  •B,       D'  denote  any  four  points  on  the  same  line  . 
J   ^Then  the  pair  of  points  (B,C)  Is^sald  to  lie  on,  th^e  stoe^'^ide  ^ 
of   .A,  If    A    Is  not  between   B    and    C.    Using  Pasch's"  pos- 
tulate^ we  may  prove  the  following:    l)  If  each  of  the  pairs.  ' 

iB, and  (C,D)  lies  on-  the  same  side  of    A    1<fien  the  pair 
B,D)  also  lies  on  the  same  side  of    A;    2;)  if  the  pair  * 
B,C)  does'^ot  lie  on  thd  same  side* of ^  A^   then  either  the  pair 
C,D)  or  the  pair  (B,D)  lies  on  the  same  side  of    A.  Using 
"  ij  and  2)  as  well  as  axiom  II2,  we  may  show  that  the  points  of 
L,     other  thsui.  A,  are  divided  into  two  .mitually  exclusive  7 
classes,  suqh,  that  auiy  two  points  ar^-^in  the  same,cla6j3  if  and, 
only  if  they' are  on  the  same  side  of  Each  of*  these  classes 

augmented  by  the  point*   A  • is  called  a  ray  issuing  from  A. 
All  points  on  the  ray,  other  than    A,  are  said  to  lie  on  the 
same  side  from   A.  '  -  '  —Translators. 
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ABaB  A  <B  I  and  BC  mB  S 


then  '    .  ,  ACsA<C<.  : 

We  have  already  made  use  of  axioms  III^^^  J53),  I* 
Definition,    Let  oC  be  an  arbitrary  plane,  and    h    and  k 


any  two  distinct  rays  in  this  plane  issuing  from  the  same  point  0 
•  and  belonging  to  different  lines.    We  shall  call  such  a  system  of 
rays    h    and    k    an  angle  and  write  it  as   ^  (^^^)  or  /  (k,h). 
The  rays    h,  k    are  called  the  sides  of  the  anglfe  and  point    0  its 
vertex. 

Let  the  ray    h    belong  to  the  line  TT   and  the  ray    k    to  the 
line  Tc.    Th^  rays    h    and    k    together  with  the  point    0  divide 
the  remaining  points  of  plane  oC  into  two  regions:  one  region  is 
composed  of  the  points  lying  on  the  same  side  of  Tc  ^"^^sis    h  and 
on  the  same,  side  of  IT   as    k^  and^these  points  are  seid  to  ^ie 
j*r   within  the^angle  denoted  by    /  ,(h,k)j  the  remaining  points  form  the 
*^   second  region  and  are  said  to  lie  oi^tside  Jfchis  angle.  f 

V 

III Let*"BlTet*e  .\)e  given  an  angle,  /  (h,k),  in  the  pl^e  cC 
and  a  line  irimth'e  plane  oc^,  as  welj.'as  a  specifically 

^     indicated 'Side  of  cC^    relative  to  line    a<.    Let    h*    designate  a  ♦ 

(1)  Let  Ji  be  any  given. llne^^ahd^  let-  A,  6^  C    be  points  not  on. 

1      X  •    Then  the  pair  (A,B)  is  said  .to  lie  on  the  same  aide  of*  . 
jC     if  the  segment   -AB    does  not  intersect  ^  .    Using  Pasch 
postulate,  we  ma^  show:  1)*  if  the  pairs  (A,B)  and  (B,C)  each 
lie9  on  the  same  side  of  X  ,  then  the  pair  (a,C)  also  lies  on 
the  same  side  of  jZ/  ;    2)  if  the  pa£a  (A,^)'doea  not  lie  on  the 
8ame;sid^  df  -6  ,  then  either  the  pair  (B,C)  or' the/isair  (A,C) 

I     lies  on  the  same  side  of       .  ^Prom  this  and  axiom  p[l2l it 

f  olio>JS  that  all  the  points  in'  the  plane  which  do  not  Mlong  ^ 
to are  divided  into  two  classes.    Any  two  points    ii,  By**  will 
be  in  the  same  class  «6f  the  pair' (A,B)  lies  on  the  same  side 
of  >^  .    Each  class  is  said  to  f9rm  a  half Jplana/  lyirtg  on 
one  side  of  line  j2f  .  '  —Translators. 
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ray  of  line    a «    Issuing  from  a  point    0  ^.    With  these  things  given, 
there  exists  In  plane   <?C'    one  and  only  one  ray    k'    having  the 
follov/lng  property:    the  ^ngle    /  (h,k)  Is  congruent,  or  In  other 
v;ords  equal,  to  the  angle    /  (h*,k'),  while* all  the  Interior  points 
of    /  (h',k')  are  located  in  plane  oC*    on  the  given- side  'of  line  ' 

The  congruence  of  angles  Is  denoted  thus; 

Every  angle  is  congruent  to  itself,  i.e.  in  every  case 

^     .    /  (lt,kO^/  (h,k). 
In  short,  every  angle  can  be^lald  off  In  one "and  only  ope  way 

in  a  given  plane,  from  a  given  ray,  and  on  a  given  side  of  this  ray. 
P.  K.  Rashevskll  [15]  gives' the  fpllowlng  explanation: 
"Accord-lng  to  Hilbert,  by  'laying  Off '  an  angle  we  are-  to  < 
understand,  not'  the  construction  of  the  angle  by  Bome  In- 
struments,  such  as  compasses  and  straight-edge,  but  the 
fact  of  the  existence* of  .a  ^^ay  defining  an  angle  congruent 

j         to  the  given' one.    Accordingly,  by  the  'unique  manner  of 

construction  •  we  are  to  understand  the  existence  of  only 
♦ 

one  ^such  angle. ' — ^-.^  '     >^  ^      •     -       .  .  — 

#    IIIj.  If  In  two^  triangles    ABC    and    A>B  «C'    we  have  the 
congruences:  '  • 

ABsA'B',  AC»A«C«,     /  BAG  5=5/ B  «A  «C  «  , 
then  the  following -^congruence  also  exists: 

/  ASC-i^^  A  »B«C  «. 


0  . * 
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Appropriately  changing  the  notation  used  for  the  vertices  of 
the  given  triangles,  we  find,  that  if  the  conditions  of 'axiom  III^. 
are  fulfilled,  there  are  always -two  congruences; 

/  ABCai/ A  <B  »C  »^and  /  ACBsj/  A  »C 

Thus,  Hilbert  takes  as  an  axloin  a  part  of  the  assertioa  ' 
familiar  under  the  name  of  the  first  criterion  for  the  equality  of 
triangles ♦  '  » 

Axioms  ^^i^if*  •^•^•^1-5        vajid  both  for  the  customary 

secondary 'sch^erf' model  of  Euclidean  geometry  and  also  for  points, 
lines  and  planes  and  the  relationships  lying  on,  between,  being 
congruent  segments,  being  congruent  angles  in  the  geometry  of 
Lobachevskii. 

As  another  example,  we  shall  Introduce  the  concept  ♦of  c^on- 
gruence  In  the  model  constructed  of  the  interior  points  of  a  sphere 
(Tl).-  To  every  pair  of  points    A>  B    of  line    UV    (fig.  292)'ve 
shall  assign  the  number  ^ 

p(AB^  =k.log         :  ^) 

and  shall  consider  segments  congruent  or  equal  if  the  numbers- so  ' 
assigned  to  them  are  equal  in  absolu4;j.e^lue.    We  shall  cal3^  these 
numbers-  the -lengths  of  the-segm'ents.^p[n~  the  equation  denotes 
a  positive  coefficient.    It  can  easily  be  verified  that  with  the 
concept  of  congruence  .of  segments  thus  introduced,  all  the  relevant 
axioms  of  group  III  will  be  valid. 


Pig.  292. 
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-  In  drder  to  verify^  the  truth  of  axiom  III^  it  is  sufficient 
to  establish  the  additiveness  of  lengths: 

/'(AC)  =   /^(AB)  +  /^(BC), 
where    B    lies  between    A    and  C, 
We  find  (fig.  292): 
^  Pm  =  k'.log  (^.:  ^)     ^  ..  ^ 

/>(BC)  =  k.log         :  i) 

Adding,  we  obtain: 

/>(AB)  +  />(BC)  =  k.log  (P  :  +  k.iog  :  1|)  =  , 


=  H-log|(^ 


^BV  •  AV^ 

Af'ter^  this  it  is  not  difficult  tq  verify  axiom  III^  and  all 
the  remaining  axioms  relevant  to  the^c^ngruence  of  segments.  ^ 

It  should  be  noted  that  if  y^h§^'  endpc^nts  of  a  segment  coincide, 
its  lengthr  p{AA)^ls  equal  to.zer©^   If  point    B    approaches  point 

V    while  point    A    remains  fixed,  4:he  length^>gL(AB)^3SpriDAchfija  :j 

infinity.  .  \ 

Into  this  model  there  can  also  be  introduced  the 
^    congruence  of  angles  and  the  validity  of  all^ax^^oms  of 
the  first  three  ^groups  can  be  fully  established.  '  The 
idea  of  cQnst3>ucting  models  plays  a  great  role  not  only 
in  purely  scientific  but  also  in  technological"  problems. 
The  study  of  non-Euclidean  geometry  and  of  the  foundations 
of  geometry  will  provide  the  best  insight  into  this  idea. 
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73.   .THE  FOURTH  GROUP  OP  AXIOMS:  THE  AXIOM  ON  PARALLELS 

We  have  already  examined  in  detail  the  question  of  the  axiom  * 
on  parallels.    As  an  axiom  of  parallelism  we  can  introduce  either 
the  Euclidean  one  (or  an  equivalent),  in  which  case  we  have 
Euclidean  geometry,  or  the  a^iom  of  Lobachevskii,  in  which  case  we 
have  the  geometry  of  Lobachevskii,    The  only  difference  between  the 
sets  of  axioms  of  these  two  geometries  lies  inv  the  axiom  on  para- 
llels. 

For  co^npleteness  we  introduce  once  more  the  text  of 
each .  r 

IV.  (The  Euclidean  axiom).    Let    a    be  an  arbit^rary 

line  and    A    a  point  not  lying  thereon;  tlT^n  in  the 

plane  determined  by  line    a    and  point    A    there  exists  . 

.  not  more  than  one  line  passing  through  pi^int    A  and 

not  intersecting  line    a,  ^   ^  ^ 

If  we  add  to  the  four  groups  of  axioms  so  far  ^iven 
'  *        '      .  >i 

the  axioms  of  group  ,V  on  continuity,  we  obtain  the  com- 
«.  .  ♦ 

•plete  set  of  axioms  of  Euclidean  geometry. 

✓ 

In  the  geometry  of  Lobach'evskii  the  axioms-  I^  o. 
'^'^1-4'  .^-^-^l-S        ^1-2         retained  unchanged,  but  the 
Euclidean  axiom  IV  Is  replaced  by  Lobachevskii «s  axiom 
'    IV* . 

IV*  (the  axiom  of  Lobachevskii).    Let    a    be  an 
arbitrary  line  and    A    a  point  not  lying  thereon? '  then 


in  the  plane  determined  by  line    a    and  point    A  ^there 
exist  not  less  than  two  lines  passing  through  poinlji  A 
and  not  intersecting  line    a.     \        ,        '  \' 


\ 
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We  can  construct  more  than  one  model  in  which  all  the  axioms 

In  the  mpdel  constructed  from  the  interior  points  of  a  sphere 
the  axiom  of  Lobachevskii  holds  good  along  with  the  aixioml  of 
groups  I,  II,  III  and  V. 


Fig.  293, 


In  the- drawing  (fig,  293)  there  is  given  a  plane  determined 
by  line    a    and  point  *  A.    Line    b    is  parallel  to    a"  in  one 
^direction  ^nd  line    b in  the  other;  line    c    is  superparallel  to 
line  a. 

In  this  plane  model  it  is  not  difficult  to  see  intuitively  the 
'  relative  positions  of  lines  in  the  plane,  of  Lobathevskil.  This 


model  was  first  worked  out  by  the  It^i^^^^^hefnatician,  Beltrm^  . 
as  a  map  ofUili£_J*DD^achevskii  plane.  -  .  - 

-         Itl  is  also  not  difficult  to  obtain  from  a  spatial  model  of 
Lobachevskii  geometry  (fig.  291)  a  full  insight  into  the  relative 
positions  of  lines,  of  planes,  and  of  lines  and  planes.    It  is  only 
necessary  to  keep  in  mind  that  insofar  as  this*  model  of  LobacTaev- 
skian  geometry  is  constructed  of  Euclidean  objects,  angles  and 
segments  in  the  sense  of,^Lobachevskii  will  also  be  angles  an^  seg- 
ments  in  the  Euclidean  sense.  *  However,  the  measure  of  segments 
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€Lnd  angles  in  the  Lobachevskii  geometry  will,  in  general,  not 
coincide  with  their  me^^sure  in  the  Euclidean  senae.    Two  angles  or 
two  segments  which  are  equal  to  each  other  in  the  Ei/clidean  sensL 
^  Will  not,  in  general,  be  equal  in  the  Lobachevskii  sense. 
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T4.  .THE  FIFTH  GROUP  OF  AXIOMS:     AXIOMS  OF  CONTINUITY 


•The  axioms  of  continuity  are,  as  ,we  have  seen,  the  following: 
(axiom  of  measurement,  or  axioni  of  Archimedes) .    Let  AB 
and    CD   be  any  two  segments;  then  on  line    AB    there  exists  a 
finite  number  of  points    A^, A^, Ag, . . .A^ '  such  that  the  segments 
AA^,A^A2,A2A2,  ••p^^i-^i^n  each  congruent  to.  segment    CD  and 

point    B    lies  between^  A^^^    aiid    A^.  (Fig.  219L. ) 

Vg    (axiom^bf  Kantor).    If  on  a  line    a    th§re  is  given  aYi 
infinite- sequence  of  closed  segments    A-^^B^, A^B^,  •  •  • ,     such  that 
each  successive  segment    A^^-^^B^^.^^    is  contained  in  the  preceding 
^segment    A^B^  -('fig.  221)  aj;^d  if '"there  exists  no  segment  contained  ^ 
in  all  the  segments  of  the  given'  sequence,  then  there  exists  ohe 

~  *  ;  V 

£tnd  only -one  point    X    belonging  to  every  segment  of  the  sequence, 
T)^e  role  'of  "this  axiom  in  the  structure  of  gegmetry  has  been 
m^de  cl^ar  in  previous  chapters  (54,  67).    In  filbert's  system 
thijre  appears  instead  of  Kantor  «s  axiom  under  the  number  the' 
'axiom'  of  completeness. 

In  "The  Foundations  of  Geometry"  Hiibert  set  himself  the  task, 
in  particular,  of  investig|iting  as  completely  as  possible  all  the  ^ 
conclusions  which  could  be  reached  Without  listng  the  axioms  of  » 
continuity  —  and,  consequently,  without  the  axiom  of  Archimedes, 
Hiibert  shows  in  one  of  his  works  that  the  geometry  of  Lobache^vskii 
can  be  built  upon  a  foundation  consisting  exclusively  of  the  axioms 
relating  to  the  plane,  and  without  the  use  of  the  axioms  of  con-^. 
^tlnuity.    For  example,  Hiibert  gave  a  proof  of  the  theorem'  on  the 
existence  of  a  perpendicular  to  one  side  of  an  acute  angle  not 
intersecting  the^  othe^  side  which  does  not  make  use  of  the  axioms 
V  '   '  ^  ^ 

erIc  '    •     ■  . 


r 


5^0. 


of  group  V,    Oa^e  other  hand,  the  proofs  given  in  66  r^^^on 
the  axioms  of  continuity,  '  <  * 

The  problem  of  "The  Foundations  of  (jeometry"  consists  in 
^formulating  the  axiomst^  of  geometry  and  investigating '  their" 
interrelationships,  <>  ^  '  ^ 


6  O      j  «■ 
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75.    THE  CONCEPT  OF  THE  EQUIVALENXe  OF  -AXIOMS 


In  6^1.  we  saw  that  Euclid  ts  axiom  on  parallels,  can  ^"fcre.^ replaced 
by  other  assertions,  for  example,  by  the  assertion  that  the  sum^of 
the  angle,s  of  any  rectilinear  triangle  Is  equal  to  twa  right  angles. 
The  axiom  of  Lobachevsldl  can  be  replaced  by  the  equivalent  assump- 
tion stating  that  the  sum  of  the  angles  of  a  rectilinear  triangle 
Is  less  than  two  right  angles j  and  so  on.  ;  ^ 

In  the  foregoing  statements,  however.  It  remains  unclear  ]^t 
what  are  the "  conditions  under  whlcli  the  '.asserted  equivalence  holds 
good.    We  shall  present  some,  of  the  r'fesults  of  the  i^esearches  of 
Hllbert  and  his  students. 

"if  we  adopt  the  axiom  of  Arch^^edes,  then  the  axiom  on~"^ra-. 
llels  can  be  replaced  by  the  assumption  that  the  sum  of  the  angles 

<    '  € 

of  a  t||langle  .equals  two  right  angles." 

This  result  was  also  obtained  In  64.,  but  without  explicit 

reference  to  the  axiom  of  Archimedes. 

'      On  the  basis  of  axlo!ns  I-*III.  that  is,  not  using  the  axioms 

f 

of  continuity s  6ne  can  prove  the  theorem:,   "if  in  any  one  trliangle 
the  sum  ogr  thfe  angles  is  greater  than,  equal  to  or  less  than  two 

right  angles,  then  tjie  same  is  true  of  every  triangle .  "       ;     *  , 

\  ^ 

"if  we  discard  the  axiom  oif  Archimedes,  then  from  the  assump-* 
«. 

tion  that  through 'a  single  pQint  an  InTlfclte  number  of  lines  can.be 
drav/n  not  Intersecting? given  line  it  by*  no  means  follows  that  the 
sum  of  the  angles  of  a  triangle  is  less  than  two  right  angles.  " 

V/e  point  out  again  the  equivalence  of  the  axioms  of  Archimedes 
and  Kantor  to  the  single  ax^  of  i)edekind  (62.)    Jhis  means  that 
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ttsing  the  axioms  of  groups  I-III  and  V  the  axiom  of  Dedekind  can  be 
proved  4s  a  theorem,  an)!  in"^rseiy  that  using  axioms  I-III  and  that* 
of  De^iekind  the  atxioms  of  Archimedes  and  Kantor  can  be  proved,  as 
theor.ems.  .  ^ 

Let  us  derive,  for  example,  the  axiom  of  Archimedes  from 
axioms  I-III  and  the  ^iom  of  Dedekind  [24]. 

The  proof  is  by  contradiction.    Let  us  suppose  that  for  some 
segment    AB    the  axiom  of  Archimedes  is  not  true.    This  means  that 
there  exists  an  infinite  sequence  of  congruent  .segments  aK^ss 

•^1^2^        ^^n^n+1  ^^^"S  within  segment  'AB, 

.  '     Selecting  the 'direction  from    A    to    B    along  the  line,  wfe 
divide  6he  poirits  of  line    AB    into  two  c    sses.    To  the  first  we 
assign  every  point  whi6h  precedes  (counting  in  the  above-mentioned 
direction)  some  point    A^  (and  thus  precedes  points    A^+i* ^n+2' *  * 
also);  to  the  second  class,  all  the  remaining  points^  of  line  AB. 

In  ^his  division  into  classes'  the  requirements  of  the  axiom. of ^ 
Dedekind  are  fulfilled.    Firstly,  every  point'  of  line    AB  belongs 
to  one  of  the  classes,  and  eaih  class  contains  .points;  the  first  ^  . 
class,  contains-   A^,  A^,*. .  .,A^, . . .  while  the  second  class  contains 
point    B.    Seicondly,  every  point  of  the  first  class  precedes  all 
pointJs  of  the  second  class. 

By  Dedekind  «s  axiom  there  exists  a  point    C    which  effe\;ts  the 
divisioii  of  the  points  into  the  two  classes.    There  is  no  last 
point  in  the  first  class;  consequently  point    C    is  the  first  point 
of  the  second  class'.    By  axiorf  III^^  it  is'  possible  to  lay  off  in 
the  direction  from    B    to    A    a  segment"    CD    congi-uent  to  each  of  , 
the  segments'  kk^,k^k^,  Point    D    will  belong  to  th«  first' 
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class.    This  means  that  there  can  be  found  a  point    A^^    s^ch  that 
point    D    precedes  it.    Thus  the  segment    Aj^Aj^_^j^    is  a  prpper  part 
of  segmaut  DC. 


Therefore 
.♦ 


But 


Vn+1  <  ^• 


Vn+1  =  ^' 


The  contradiction  obtained  proves  the  proposition  of  Archi- 


medes, 


Remark  >    The  terms  precede  and  follow  can  be  pre-  ^ 
clsely  defined  oq^^i^babis  of  the  relationship  between. 
Conversely,  it  is  possible  ^to  reformulate  all  the  aucioms 
of  order  on  the  basis  of  the  relationship  precede  and 
Jhen  to  define  the  term  betWeen. 


76.     THE  AXIOMS  OP  MOTION 

In  72.  were  formulated  the  axipms  >of  congruence  on  which  we 
based  our  definition  of  a  ^geometric)  motion  as  a 'certain  kind  of 
one-to-one  mapping  of  space  (or  of  the  plane)  onto  itself  (29,34). 
We  can,  however,  proceed  in  a  different  fashion:  instead  of  re- 
garding  congruence  as  a  fundamental  relation  and  formulating 
congruence  axioms,  we  can  regard  motion  as  a  fundamental  relation 
and  formulate c axioms  on  motion, " thereafter  establishing  the  equiva- 
lence of  the  reciting  system  of  axioms. 

Let.  us  turn  to  the  formulation  of  axioms  of  motion  in  the 

plane  [5].  ^      ,  . 

IIIi^»    In  the  group  of  all  one-to-one  mappings  of  the  set  of  " 
all  points  of  a -plane  onto  itself  .there  exists  a  subgroup  of 
mappings  called  motiohs^  , .  ^  ' 

III^.    Under  every  motion  the  image  of  a  segment  is  a  segment. 

From  this  it  follows  that  the  image,  af  a  line  under  any  motion 
is  a  line.    The  proof  of  this  is  recommended  as  an  exercise., 

JIII^.    Let  there  be  given  two  arbitrary  points    0  and 
two  arbitrary' rays  '  OA    and  'O'A',  and  associated  respectively 
with  each,  the  half-planes  cC  and   oC'    selected  from  each  pair  of 
half-planes  into  which  tJie  lines    OA    and    0»A^    respjsctively  ^ 
divide  the  plane.    There  exists  l^hen  one  and  only  one  'motion 
simultaneously  taking  point    0    into  point    O'j*  the  half-line  OA 
into  the  half-line    0»A»    and  the  half^plane^^^^        the  half- 
plane   cC'>      ^  »         .      '  '    — ^ 
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"Motion"  as  defined  by  axioms  III^,  III^  and  III*  is  nothing 
other  than  the  "motion  in  the  ex:^nded/j:«j^e-"-^-36->'-f-o-p- 

With  yre  aid  of  these  axioms  it  can  Easily  be  pro¥ed  'that  under 
^ery  motion  an  amgle  goes  over  into  an  angle,  a  fe-riangle  into  a 


triangle,  etc.    ^  - 

-  \  \    

Def'initioh.  .  Tv(o.segjnent^\  two  angles,  two  triangles  and  in 

general  two  figures  are  said  to  oe  congruent  if  there  exists  a 

motion  faking  one  of  the^e^guV^^^-lhto  the  other. 

With  the  aid  of  these^.  axioiSs  ^^can  readily  prove  the  prOj  y 
positions  III^^^  on  congruence.  _  .  .V^^  "^'"^ 

For  exsimple,  from  the  group  property  of  motions  it  can  easily 
be  shown  that  two  segments  (or  angles)  congruent  to  a  third  are 
congruent  to  each  other. 

Proof.    Let    A«B«'a=«AB,'  A"B"aMiAB.   ^This  means  that,  fj^tly,  . 
there  fexist  motions    f^    and    f w    such  that 

A«B«  =  f^(AB)  and  A"B"  ='  fgCAB). 

From  the  group  property  it  follows,  secondly,  that    AB  =  f^"^(A«BOi 
-Where    f^"^-is  the  motion  inverse  to    f^.  Hence 

'      A"B"  =  f2[f^^(A«B«)]:  .  .       ^  ' 

1  * 

But  the  product  of  two  fhotions  3^s  a  motion,  and  cohsequehtly 

A"B">«A«B«,  q.e.d.(l).  .  ^       •  . 


(l)  The  axioms  on  motions  and  their  consequences,  containing* 

propositions  III.  ^  may  U|  Studied  in  greater  detail  in 
^     V^I.  Kostin«s      -^"^  bpok  [28].  - 


^  •  547. 

CHAPTER  XIII  i 

THE  IDEA  OF  AN  INTERPRETATION  OP  A  GEOMETRIC  SYSTEM 

In  Chapter  XIII  some  interpretations  of  Euclidean 
geometry  are  studied;  in  particular,  Peodorov's  inter- 
pretation of  the  solid  geometry  of  Euclid  is  examined. 
Tnree  interpretations  of  the  geometry  of  Lobachevskii 
are  given.    One  of  these  is  studied  in  considerable 
*  1?  u  ^  Isomorphism  with  the  others  is  estdb- 

lished.    In  conclusion  the  requirements  imposed  upon 
a  system  of  axioms  are  set  forth. 

^  ^'^^    ^J^FEimiG^NTERPRETATIQNS  OF  THE  EUCLIDEAN  GEOMETRY  OP  THE-  * 
PLANE         '  ] 

To  give  an  interpretation  of  a  geometrical^-^ystem  means  to 
set  up  some  model  of  this  geometry,,  thit  is,  to  assign  a  concrete 
meaning  to  its  fundamental  objects  ~  points,  lines,  planes  — 
and  to  its  fundamental  relationships  —  belonging  to.  lying 
^^*="^^">  being  congruent    ~  and  to  do  this  in  such  a  way  that  all 
th^ axioms  of  the  given  geometrical  systenj  are  satisfied. 
^  ^    One  of  the  models  of  the  geometry  of  Euclid  is  the  plane 
geometry  to  which  we  are  accustomed,  with  its  familiar  basic 
^objects  and  relationships.  ' 

A.    Let  us  construct  another  model  of  the  Euclidean  geometry 
of  the  plane.    We  shall  consider  a  sheaf  consisting  of  parallel 
lines  and  planes.    Each  line  of  the  sheaf  will  be  considered  a 
£oint,  and  each  .plane  a  line.    We  thus  have  the  fundamental 
objects  of  g.lane  geometry. 

We  shall  employ  t\)e  customary  meanings  of  belonging  to  and 
lyirifi^^between.    by  the  term  motions  we  shall  understand  the  sub-^ 
^  group  of  a;i  motions  in  s.pace  which  take  the  sheaf  pf  lines  into 
it^e-lf  ^in  sndh  a  manner  that  every  plane  perpendicular  to  a  line 


f 
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of  the  sheaf  slides  along  itself.     .  , 

The  verification  of  the  planar  axloitTs  of  groups  I,  II,  II J*, 
IV.  V  offers  no  difficulty  (figs.  29^,  2^5). 


8^ 


Fig.  29^ 

A 


Fig.  295 


In  f'ig.  295,^, for  example,  is  represented  the/application  of  Pasch^s 
ppstulate  to  triangle    ABC    and  line    a  / 
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B.    Let  us  consider  still  another  model  of  Euclidean  plane 
geometry. 

*We  take  the  customary  Euclidean  plane        and  "puncture"  It 
In  a  given  point    0  ,  that  Is^  we  remove  the  i)olnt    0  p^m  the 
plane.    In  order  not  to  disturb  thereby  the  topologlcalWructure 
of  the  plane,  we  add; to  It  one  Improper  point,  which  we  ihall 
agree  to  consider  the  Inverse  Image  of  the  pole    S    under  the 
stereographlc  projection  of  plane    tt    onto  a  sphere  tangent  to  the. 
plane  at  point    0    (figs.  100,  ll8,  124).    On  the  sphere  the  image 
of  thp  improper  point  ^Is  placed  at    S  ,  the  hitherto  existing  * 
perforation. 

We  shall  consider  as  points,  all  the  ppinta  of  the  plane  with 
the  point  at    0   J^ltted,  plus  the  improper  point. 

>As  lines  we  shall  take  those  lines  and  circles  4n  plane  ^tt 
which  pass  through  the  perforation    0  (fig.  296). 


Fig.  296 


«  0 


Belong  to  and  lie  between  will  be  understood  in  the  usual 
sense.    Angles  whose  vertices  are  ordinary,  polnts^  are  said  to,  be 
equal  if  they  are*  equal  in  the  ordinary  Euclidean  sense.     If  the 
vertex  ofyjan  atngle   o(  is  the  improper  point,  then  its  sides  are 
two  ordinary  rays  issuing  from    0        Let   C3<'  be  the  ordinary  angle' 
with  vertex    0  ,  formed  by  the  two  rays.    Then  the  angle  is 
compared  with  other  angles  by  meaijs  of  the  angle        .    The  inter- 
pretation  of  equality  for^egments  will  be  omitted  for  the  present. 

Our  model  is  ready •  ^  - 

,    It  must  be  emphasized  tlj^t  the  choice  of  a  model  is  not 
arbitmry"^    we  are  obliged  to  insure  that  the  axioms  are  satisfied. 

A  geometrical  system  can  be  applied  to  objects  and  relation- 
ships  of  any  kind  exhibiting  regularities  which- may  be  expressed 
^(i^  means  of  the  axi'oms  of  the  geometry. 

In  the  above  mentioned  model,  all" the  axioms  will  hold,  tet 
us  verify  some  of  them. 

Axiom  1-^.  /For  every  two  points    A    and    B    there  exists  a 

line    a  ,  belonging  to  both  of  these  points    A    and    B  .  If 

points    A    and    B*  are  not  colllTiQar  with    0  "they  determine' a 

circle    c    passing  through    0    (fig.  296);  but  in  our  model,  c 
r 

is  a  line. 


1)    As  the  readier  can  see,  the*  points  and  lines  of  our  model  are 
the  Images  of  the  points  and  lines  of^the  Euclideanjplane  under 
an  inversion  with  respect  t(ya  circle  with  center  ^  0  ,  the 
Improper  point  serving  as  t^  Image  of    0    under  the  inversion. 
Two  angles  -  or  two  *'segm^ts"  -  are  regarded  as  equal  if  their 
inverse  images  under-<>h€inversion.  are  equal.  —  the  Translators. 
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If  points  K  and  L  lie  on  same  ordinary  line  b  with 
point  0  ,  tl?en  they  determine  this  line  b  which  is  also  a  line 
Of  our  model,  if  one  point  K  is .a  proper  point,  but^the  other, 
L  ,  is  the  improper*  point,  then  the  oi-dinary  line    b  determined 

•      '  "  } 

by    0    and    K    will  be  the  ilne  of  our  model  determined  by    0,  K 
^and    L  (fig.  296).  .  ^ 

/h  exactly  the  same  way  we  Verify,  for  example,  axiom  II^. 
Point    B    lies  on  line    c    between  points    A    and    C  .  (fig.  296). 
Point    L    lie^  between  points    K    and    M  .    In  this  latter  case 
line    b    is  "cut"  at    0  *  and  "pasted  together"  by  means  of -the  ' 
improper  point.    This  can  be  readily  represented  by  means  'of  the  , 
V  stereographic  projection  mentioned  above*^.'  ' 

The  Euclidean  form  of  axiom  IV  is  operative  here  (fig.  297). 


Pig.  297 


The  drawing  shows  a  line    a    arfe  the  unique  Line    b  passing 
through  the  proper  poin*    A    and  parallel  to    a  .    Since  the. point 
Q..J>as  been  removed,  lines    a .  and    b    do  not -intersect . 

•On  the  other  hand,  line^  c    is  the"unique  line  passing  through  the 
improper  point  and  paral-lei  to    a  . 

We; emphasize  again  that  all  ordinarJ>  lines  pas&ing  through  0 
are  lines'  in  our  model  passing  through  the  improper  point  and 

■  intersecting  in  -it  a^t  the  same  angle  as  in  the  punctur.e    0  .  ' 
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As  an  exercise  the  student  should,  using  this  model,  carry 
through^ the  proofs  of  some  elementary  theorems. 


By  way  of  example  we  shall  prove  that  the  svim  of  the  angles 
o^f  Vne  rectilinear  triangle  ^  ABC  (fig ^298)  is  equal  to  two  righ^ 
angles.    We  shall  follov?  the  usual  proof.    We  draw  through  point  C 
the  line-   m  ,  parallel  to    AB  .    The  altermte  angles  marked  in  the 
diagram  are  equal,  etc.    The  equality  of  these  angles  can  also  be 
verified  directly  in  the  usual  way. 

It  is  also  possible,  without  drawing  line    m  ,  to  find  at  0 
angles  eqvial  to  the  interior  angles  of  triangle    ABG    and  to  obtain 
their  sum  directly.  ^  .      ,  ^ 

In  ord^  to  obtain  a  better  understanding  of  the  constructed 
model  and  to  make  clear  w^t  must  be  understood  by  motion  -or  con>* 
gruence^  we  shall  pi*oceed  as  follows.    We  shall  pass  from  one  model^ 
tCJ  another  by  means  of  stereog'raphic  projection. 

Let  us  suppose  that  we.  hav'e  ^e  ordinary  plane    tt'   and  on  it 
the  usual  points,  lines,  motions        .^o  on,  in  short  the  customary 
interpretation.  ^1  ^ 


We  project  steceographlic&llyiVjthe  whole  plane    tt    onto  the 
sphere  perforated^^a^the  pole    S  (fig.  117). .  To  every  point  A 
of  the  plane  there  will  correspond  a  point  ^  B    on  the  sphere;  to 
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each  ordinary  line    a  ,  a  circle    a'    of  the  sphere  passing  through 
the"  puncture    S  .    To  each  ordinary  motion  in  plane    tt    there  will 
correspond  some  transformation  into  itself  of  the  sphere  punctured 
at    S  . 

Thus,  with  the  al6\  of  stereographic  projection,  we  have  con- 
structed a  new  model  of  Euclidean  plane  geometry.    Its  points'  are 
the  points  of  the  sphere  perforated  at    S  .    Its  lines  are  the 
circles  of  the  sphere  which  pass  through  the  puncture    S  .  Belong- 
^"g  ^°  and^ lying  between  have  their  usual  meaning.  * 

We  shall  regard  as  -congruent  segments,  those  circular  arcs 
whose  inverse  images  are  equals    Sinjilarly,  angles  are  considered 
to  be  equal^heivtheir  inverse  images  are  equal.    Since  stereo- 
graphic  projection  preserves  angles,  the  congruence  of  ant^les  will 
hav.e  Its  usual  meaning.  •  '       "  . 

It  Is  also  easy  to  see  what  must  be  unaerstdod  by  motions  In 
this  model.    In  this  connection  we  must  note  that  under  all  motions 
other  than  rotations  of  the  sphere  a'bout  the  diameter    SP  (which 
correspond    to  rotations  of.  plane    tt    about  point    P  *)  the  point  P 
leaves  its  place  and  goes  to  a  different  loca^tlon  on  the  .perforated 
sphere. 

Clearly,  al}  the  planar  axioms  are  valid  orT  this  model. 

By  means  of  a  second  stereographic  projection  we  return  to  the 
model  wit^i  which  we  began.   .;/e  do  this  by  passing  a  plane  7r» 
tangent  to  the  given  sphere^,  at  the  puncture    S  ,  and  from  P 
(fig.  117)  as  the  pole,  projecting  the  sphere  onto  this  plane  tt' 
For  the  sake  of  one-to-one  correspondence  we  consider  plane    tt'  to 
be  perorated  at  the,  point  of  tangency    S   ^Is  puncture  I3  point 
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0    of  the  original  model)  aiW  to  he  completed  by  an  improper  point 

l^(the  image  of  poifit  P  ).    All  circles  on  the  sphere  passing  through 

S    go  over  in  the  plane    tt'    into  "circles  or  into  lines  passing 

through  the  puncture    S    (or^  0  ).    The  point    P    has  ^s  its  image 

the  improper  point  of  plane    tt'  .  - 

ThJ  original  model  has  been  reconstructed.    It  now  becomes 

easy  to  see  the  meaning  of  the  congruence  of  angles.    The  meanings 

of  congruence  of  segments  and  motion  are  also  readily  perceived.  '^^ 

C,    We  have  already  encountered  the  analytical  interpretation 

ft  '» 
of  Euclidean  plane  g^^metry.    Let  us  construct  a  model. 

,  As  points  we  take  all  the  ordered  pairs  {x  ,  y)  of  real 
numbers    x  ,  y^;  as  lines,  all  the  ratios  (u;v;w)  of  three  real 
numbers    u  ,  v  ,  w  ,  where    u    and    v    are  not  simultaneously  zero. 
Thus,  (2:^'3niy*SlTd  (il:6:-2)  are  not  distinct  lines.  ' 

The'point  (x  ,  y)  belongs  to  the  line  (u:y:w)  if  4  ~ 

ux*  +  vy  +  w  =  0  .  — .  / 

/     Three  pointsJ^(x^  ,  y^)  ,  (x^  ,  y^),  >  (^3  ,  y3)  are  collinear 
if 


^1  ^1 
^2  ^2 
^3  ^3 


=  0 


l\    Qjiite  often  when  removing  a  point    0    from  the  Euclidean  plane 
i^s  replacement  by  an  iSiproper  point  is  omitted,  thus  ^committing 
an  error.    See,  for  example,  V.  P.  K^gan:     Lobachevskii.  published 
by  USSR  Academy  of  Science,  19^4,  p.  301-302.    In  this  bqok  the 
Euclidean  plan§  punctured  at  point    0    is  even  given  a  special 
name,  "the  plane  of  Poincare',"  which  is  a  misconception.. 

• 

See  also  N.  M.  Beskin:    A  Mei^hodology  of  Geometry^  State 
Pedagogical  Press,  19^7,  P.  .19  and  elsewhere;  and  V.  Molodshii: 
"Is  the  Geometry  of  Lobachevsky  True?"  in  Mathematics  and  Physics 
in  the  School,  No.  1  of  1936,  where  this  gross  error  is  repeated* 


560 


555. 


The  point  (x  ,  y)  of  line  (u:v:w)  lies  be-tween  the  points 
(''l  »  ^i)  and  (Xg  ,"^2)  collinear  with  it  if 


>  X  >  X. 


/ 


or 


x^  '<  X  <  Xg 

(When    x^^  =  Xg*,  if    v-^  <iL<.^2    °^    ^i  >  ^  >  ^2 

A  purely  analytical  definition  of  the  congruence  of  segments 

and  angles  and  of  motions  can  easily  be  formulated.  ' 

This  interpretation  is  customarily  studied  under  the  name  of. 

the  analytical  geometry  of  the  plane. 
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556.  •  *  • 

78  •    PEODOROV'S  INTERPRETATION  OF  EUCLIDEAN  SOLID  GEOMETRY 

Academician  E.  5.' PeoSorov  ( I853-.I919),  eminent  Russian 

*  ^1  * 

crystallographer  and  mathematician,  in  his  work  on  the  structure 

of  crystals  devised  the  following  method  of  representing  ^pac^  in 

*  -»  * 

the  plane  [46]  [kj  ]  [k8h  '         "  ' 

In  a  plarj^ tt^  we  assign  to  each  point    A    in  space  a  circle 

p   with  center  at  the  foo't  ^A*    of  the  perpendicular,  from  point  A 

to  plane    tt  ,  with  a  radius  equal  to  the  distance    AA»    of  point  A 

from  prlane^  tt  ,  and' so  oriented  that,  looking  from  point  A 

towards  plane    tt  ,  the  orientation  arrow  points  i4,a.  counter-clocfe:- 

wise  direction-(fig.  299).     ^  -  "  .  "* 


\  . 
\ 

It'  ^ 


Pig.  299 

^^he  same  circle  but  with  opposilbe  orientation  corresponds  to"^  t 
'  point  s^nmetrical  to  -a    with'  respect  to  plane    tt  .    To  any  po 
C    on  plane    ir    there  corresponds  a  circle  of  zero  radliy^^  *i,e.^ 
•the  point    C- itself.    A  ray  perpendicular  to  plane    tt    is  repre-  • 
sented  by  a  set  of  concentric  circles  with  the  same  orientation. 
A  10e    a    Intersecting  plane    tt    riot  at  a  right  ang]^  Is  repre- 
•  sented  by  a  set    M'  'of  homothetic  oriented  circles  with  center  of 
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almllanty  at  the.  point  of  intersection  of  'Vine  a  with  plane  tt 
(fig.  300). 


Pig.  300  ■  •  .. 

.  To  a  plane        intersecting  -plane    ir    there^  corresponds  a  _3et  M" 
of  oriented  circles  whose*  radii  are  proportional  to  the  distances 
of  their  centers  from  the  line  ^intersection  of  planes  .oc  ''and 
TT  .    Aftej-  establishing  this  one-to-one  mapping  of  space  onto  the 
set  of  all, oriented  circles  in  the  plane,  we  shall  constz^ct 
P^odorov's^  model. 
;     The  points  are  the  oriented  circles  of  plane    tt  . 
_         The  lines  are  the  above  described  sets    M»    of  oriented 
circles.  •  ^ 

The  planes  are  the  above  described  'sets,         of  oriented 
Alrcles.  ^ 


J 


To  belong  to  is  understood  in  the  set-theorekc  sfense,  that  Is 
It  means  to  be  an  element  of  a  set., 

A  circle  is  sai(3  to  lie  between  two  other  circles  when  its  - 
lh\4rse  Image  is  a  point  lying  between  the*  t.wo  points  corresponding 
to  the-'^other  circles.    It  is  possible  of  course  to  give  the. meaning 
of  this  term  directly,  without  refer^iryg  to  the  Inv^rs^  iiniage. 

Sets  of  circles .are  considered- congruent  if* their  inverse  • 
Images  foijm  congruent . figures-.    Feodorov  Jives  the  meaning  of  these 
terms  directly  without:  going  outside* the  model.    HoweveL  w$  phall 
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not  go  into  this  point.  ■  , 

It  is  readily  seen  that  all  the  axioms^  and  consequently  all 

the  theorems,  will  be  true  in  this  model  of  solid  geometry.  . 

For  example,  the  axl-om  that  a  plane  Is  completely  determined 

by  three  points  which  are  not  collinear  here  takes  in  ordinary 
terminology  the  form;    given  three  oriented  circles  not  having  a 

common  oenter  of  similarity,  then  the  three  centers  of  similarity, 

corresponding  to  each  pair  of  circles,  lie  on  one  JJLne  (fig.  301). 

The  student  should .independently  establish  for  each  orientation  of 

the  circles  what  centers  are  to  be  considered  corresponding,  and 

should  investigate  all  the  possible  cases.  - 


see  that  a  simple  axiom  when  applied  to  a  mode 


when  rega 


/ 

On/ 

i  /  * 
It/ 

301    '  '  ^ 

yields,- 


from  the  customary  point  of  viewj  a  qult(5  complicated 


proposition.  (<^s^o  this  ?eodorov  says:  "Give  us  a  new  -theorem,,  • 
and  we  shall -.obtain  from  it  ^n  endless  number  of  other  theorems." 

Note  that  the  foregoing  mapping  of  Euclidean ^solid^  geometry 
^*onto  a 'plane  of  oriented  cijJ^clps  Is,  by  reason  o^  its  one-to-one. 
natur^,  an  interpretation >    On  the  other  .hand, fifi?  example,  descrip- 
tive  geometry*,  representing  a  point  .of  space  by  a  pair  of  point Sj 


'.  1 
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does  not  constitute  an  'interpretation  because  of  the  existence  of 
exceptions  which  destroy 'the  one-to-one  property  of  the  mapping. 
For  this  very  reason  the  Feodorqv  model  possesses,  for  many 

ft 

P370blem§,  greater  advantage^  than  the  method  of  Monge  in  descrip- 
tive  geometry  [k6]  [4?]  [39]., 


560.  .         '  • 

yTS,     INTERPRETATIONS  OP  THE  GEOfffiTRY  OP  LOBACHEVSKII 
IN  THE  EUCLIDEAN  PUNE 

A»    Polncare^a  first  Interpretation  of  Lobachevakll*a  ^ 
geometry ♦ 

^Uslng  t^he  forms  of  ordinary  Euclidean  plane  geometry  we  shall 
constinict  the  following  model ♦    We  select  an  arbitrary  circle  P 
and  consider  the  set ^ of  points  Interior  to  the  circle,  the  set  of 
all  circular  arcs  Interior  to  and  orthogonal  to  clt^cle   P   ,  and 
the  set  of  ill  ^Aimeters  of  circle  T  ♦    We  establish  the  cate- 
gories of  ba^slc  objects  and  basic  relations  as  follows:  Pblnts 

ose  points  interior  to  circle  T  ♦    Lines  are  the  circular  " 



arcs  interior  and  orthogonal  to  circle    T  together  with  the 
/^diameters  of  that  circle.    The  term  belonging  to  has  its ^customary 
meaning,  as' does  also  the  terrj.  between^    The  term  congruent  seg- 


ments will  be  given  a  concrete  meaning  later  ♦^Congruent  angles 
will  be  those  which  are  congruent  in  the  Euclidean  sense*  Th^ 
meaning  of  the  term  motion  wiir  be/gl^en  later.      '  \ 

o  ft  I 

The  applicability  lof  lihe  planar  axioms  of  th^  first  twc)  .groups 
is  immediately  verifiable,  as  soon  as  these  axioms  are  formulated 


With  the  customary"  names  for  the  ^elements  of  the  mqdel  substituted  . 
for  presently  assigned  conventional  names.  « 

I^.    For  any  two  points.   A    and    B    interior  to  circle  jT 
there  exists  ^n  arc  orthogonal  to   P  (ur-^a- diameter  of   F  )  pass^ 
ing  through  'both  of  i;  these  two  points!.  A  >and  ■  B  . 

'  Ig.  For  two  points  A  and  I  interior  jbo  cii»cle  V  ^  there  1- 
exists  not  more  than  one  arc  or^hog^nal  to  T  (or  diamater  of  P  )> - 
passing  through  boJh  of  the  points  I A    and   B     ^      ^      I  4 


I3-  "On  an  arc  orthogonal  to    T  (^or  a  diameter  of    F  ^  there 
exist  -at  least  two  points^  Interior  to  V  .    Therg^exlst  at  least 
three  points.  Interior  to    V  not  lying  all  on  the  same  arc  ortho^ 
gonal  to  J  ^ ^  or  on  the  same  diameter. 

The  studtttt^ould  verify  for  himself  the  axioms  of  'order 

We  shall  for  the  moment  skip  the  axioms  of  congruence,  oV  of 
motlons/and  turn  to  the  ax;l.om' on  parallellsnj. .  Here  the  axjUonv.of 
Lobachevskll  Is  vStlld.    For  the  purpose  of  verifying  this  axiom  we 
shall  return  to  the  original  meanings  of  the  basic  forms  and  shall 

/ 

not  hold  ourselves  to  the  exact  text  of  the  Lobachevsklan  axiom. 

'^^-^    Through  a  yint    A    interior  to  circle  T   there  passes  . 
an  infinite  set  of  ai<C3  orthogona^l^  to   T   (or  of  diameters  of  ^37  ) 
which  do  not  Intersect  a  given  arc  orthogonati  to   T  (or  dlametey  * 
of  D  in  any  point  interior  to   F  ,    In  fig.  302  the  center  0 
of  circle   F  plays  the  role,  of  the  point    A  .  '  ' j  * 


In  fig.  20.9  —  usin^  the  language  of  our  present  model  —  two 
lines  are  drawn  through  point    A    parallel       to  line    g  .  * 


1)  Circular  arcs  are^to-be  understood  in  ali  cas^,  ; 

2)  It  is  easy  to  see  that  t^o  "lines"  are^paralJLel  in  the  sense  of 
Lobachevskll  if  and  only  If  they  intersection  the  circumference 
of\  T  •  —  .'t^e  Translators.  '     ^  ,  I* 

K  '    '      '        '   '  -r'  '  ^   '  , 
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In  fig.  207  Is  drawn  the  unique  line    AB  "througfi  the  points  A 
and    B  .   -.Inifig.  201^  are  shown  a  pencil  of  lin^s  with  center  at 
point   A  J 'a. pencil  of  lines  parallel  to  line    ag  ;  and  a  pencil 
of  auperparallel  lines.    In  fig.  208  a  perpendicular  is  dropped  ^ 
from  point    A    to  line    g.    Fig.  210  illustrates  the  theorem  oh 
,    ,the  perpendicular    p    to  the  side    g^^    of  acute  angle  g3^Ag2 
parallel  to  the  other  side    gg  •  ' 

Iiv<j.g.'211  the  common  perpendicular  to  the  superparallel 
'lines  and    gg    is  constructed.    In  like  manner  all  the  theorems 

relating  to  the  relative  positions  of  lines  in  the  geometry  of 
•    Lobachevskii  can  be  verified.    Each  of  these  theorems  is  at  the  - 
same  time  a  proposition  or  a  good  construction  problei/in 

\ 

Euclidean  geometry. 

Pig.  303  illustrates  the  theorem  on  the  sura  of  the  angles  o^  a 
triangle.    Here  the  sura  qf  the  angj«s  between  Ijhe  chord    BC  and 
the  tangenj^  ^to  arc    BC    at  i^Ttndpolntjs  is  equal  to  the  defj^ct 
•of  the ' triangle   ABC  .         '  • 


\'       '     ■  '  563. 

In 'Studying  the  group  of  motions  In  the  plane  in  Euclidean 
geometry  (^9),  having  at  our  command  t\ie  concept  of  congruence  of 
segments  we  first  of  all  defined  a  motion  of  the  first  kind. 

A  motion  of  the  first  kind  was  completely  determined' by  two 
congruent  segments    AB    and    A«B«   'located  in  the  given  plane 
(fig.  147).    Point    A    under  this  motion  goes  over  Inlio  point    A*  ; 
point    B    into  point   ^«  ;  and  any  point    M    into  a  point    M«  such 
t^t  triangles    AMB    and    A«M«B«    are  equal  and  of  like  orientation. 
The  whc/ie  of  this  construction  is  also  part  of  the  geometry  of 
Lobacheyffkii.    In  Euclidean  geometry  we  can  repiresent  every  motion 
as  the  sum  of  a  translation  and  a^tation  (29).    In  the  geometry 
of  Lobachevskii  there  exiat  rotations  about  a  point,. but  thepe-are 
no  parallel  translations.  \ 

The  plape  may.  beT  translated  along  a  straight  line    a  ,.but 
then  the  points  not  lying  on  line    a    slide  alc^ig  equidistant 


i;u!rves  having,   a  -  as  their  base  line,  and  not  along  straight  lines 
as'.in  Euclidean  geometry..  '  '  ^  ' 

However,  everjj  motion  of  the  noi-Euclidean  plahe  'can  be  repi^- 
sented  as,  the  ^um  of  a  sliding  along  a  straight  line  and  a  rotation 
(in  that  order).    Namely,  we  first  translate  the  plane  alon^  the   .  ' 
line    AA»  (fig.  W)  so  that  point    A    is  tiaken  into  point  !a»  and 
then  rotate  the  plane  about  pjint    A^    until  point    B  coincides 
with  point  ♦  . 
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Fig.  <304     '  ^ 

A  rotation  about  a  point  can  be  represented  as  the  sum  of  two 
reflections,  as  in  the  Euclidean  case  (fig,  177).*  A  sliding  along 
line    PP«  (fig.  30^)  such  that  point    P    gVes  over  into  point  P« 
can  ^also  be  represented  as  the  siwn  of  two  reflections  about  the 
lines    p^    and    p^    which  are  perpendicular  to  aregment^  PP<    at  . 
points 'distant   7^  PP'    from  its  ends*. 

This  shows  t.hat  the  grc^p  of  motions  ~  of  the  first  anS  the 
second  kinds  ~  of  the  plane  of  Lotjacheyskii  consists  of  all 
reflections  and  all  their  possible  sums.    .  , 

From  this  we  conclude  that  the  set  of  all  motiohs  in  the  . 


Loba 

[jhevskian  plane  in  Poir 

icare'a  model  consists  of ^ all  inversion^ 

withf, respect^  to  those  circ: 

.es,  arcs  of  .which  are  lines  of  the 

model.    A  reflection  about! 

a  diameter  of  circle  V    is  regarded  as 

the.  limiting  case  of  ihveris 

lion. 

In  all  these  inversions  circle         i^  transformed  into  itself, 
,as  ai^e.the  points  interior  to  itt  bfi^son  of  the  orthogonality  ' 
Of  circle   V   to  the  circles  of  inversion   a    (fig.  3Q2) . 

^  We  have  a<]|ready  learned  ^'ow  to  obtain  ima 
formations  (^9]  SlJ-  figs.  202,  2p4). 


ges  under  such  trans- 
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After  the  ln,troductlon  of  the'  group  of  motions  "It  jXeaay  to 

verify  the  applicability  -  of  the  axioms  on  motions,  and  thereafter. 

In  the  usual  manner,  to  define  the  congruence  of  ^gures.  ,  Since 

'  '  *  1  C 

under  inversions  angleg  remain  unchanged,  it  follows  that  in  the 


Polncare  model,  angles  congruent  in  the  sense  of  Lobachevskll.  wlBrJVj^.^ 
also  be  congruent  in  the  ordinary  sense.  ^  i^'-^'W^'' 

Polncare  «s  model  may  be  regarded  as  a  confoinnal  map  pf  ^,^4-^ 
plane  of  Lobachevskll.  ^  ^-.t*^':-! 

There  will  now  be  no  difficulty  la  constructing  H  systeij.  oi*''" 
measurement  of  segments  within,*this  model^of  LobacljeYskian  geometry • 

We  know  (^9)  that  Ihe 'double  ratio  ./ 

of  four  points  la  Invariant  imder  inversions,  and  consequently  also 
vinder  motions  in  our  model. 

Having  in  mind  the  aim  of  defining  the  length  of  a  (segment.  AB, 
which  must  be  an  Invariant  under  motions  p  let  us  consider  the  end- 
,  points    y    and    V  ^of  the  orthogonal  arc  constijbutihg  the  line  AB^^*^ 
in  the  model  (fig..  302).    The  .double  ratic!)    (ABUV)^  ,  which  is  L 
invariant  inider  motions,  can  not^  however,  be  the  lengjbh  of .  the  ^ 
segmerft,  sin<Se  the  property  of  additiyity  will  not  exist..  As  the 
length     ?(AB)tof  segment    AB    we,^must  take  the  niaraber 

e  (AB)  n  k.log  (aBUV)  ,   ^       .  /  5 

ort  '    ^ •  .  ^ 

With  this  definition  addlti\^ity  will  exist.  ^ 
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In  proof  of  this  (referring  to  fig. -^02): 

e(AB)*  e(Bo/.  ..iog|(A^;  B«  .  bu_,  aujj  . 

^     It  will  now  be  evident  that  the  axioms  of  motion  artd  the 
axioms  oj?  congruence  are  operative  In  the  model  under  consideration. 

The  applicability  In  our  model,  of  the  axioms  on  continuity  Is 
obvlcyms.*' 

The  construction  of  a  model  of  the  geometry  of  Lobachevskll 
using  the  forms  of  Encllfiean  geometry  shows  that  we  shall'^not  be 
able  to  discover  any  c6n|bradlctlons  In  the  geometry  bf  Lobachevskll 

—  \^  \  '  \  ^ — 

since  otherwise  we  shCuld  obtain,  b^  way  of  the  model,  a  contradic- 
tion In  Euclidean  geometry.  ^ 

The  geometry  of  Lobachevskll  Is  free  from  con^jwidltlons  to  the 
same  degree  as  is  the  geometry  of  Euclid.    But  since  Euclidean 
geometry* Is  non^contradlctory  to  .the  same  degree  as  arithmetic 
this  folJows  from  the  existence  of  the  analytical  model  — -^tlie 
geometry  fof  Lobachevskll  can  no  mt)re  l^ad  to  self-contradlctloyis 
than  clkn  arithmetic. 

It  Is  to  be  noted'  that  an  analytical  (numerical)  model  for  ♦ 
Lobachevsklari\  geometry  can  also  be  constructed  directly. 

From  the  foregoing  there  also  |^ll(3<^s  this-  'Important  fact: 
The  Euclidean  postulate  on  parallels  can  not  be  proved  on  the 


basis  of  the  first  three  and  the,  fifth  groups  of  axlcwns  since  If 

 ^""^^  ^  ^  ~^  ^ —   ^ 

the',' postulate  could  be  proved  then, Its  negation  —  the  axiom  of  \, 


/ 


/ 
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Lpbachevskii  ~  wDuld  not  be  conjpatible. with  the  axioms^  ^1-8* 
il^^l^,  ■^^•^lJ5        ^1-2  •  existence  of  the  model>  however^ 

|pro\j^this  coiftj^tibility.  ^         ^  ^  i 

This  first  model. can  readily  be  extended  to  solia  geometry 
also.    For  oulr  categories  of  fundamental  objects  j^*e  take:  .as 
points  ~  the  ordina^;^  points  interior  to  a  gijreh  sphe!re    F  ;  as 
^  li^es       tJl^  ai*cs  'interior  to  the  spfiere  belonging  to  circles 
orthogonal  to  the  sphere,  and  the  diameters  of  the  sphere  (without 
their  endpoints);  as  planes  ~  the  portions  Interiw  to  p   of  all 
spheres  orthogopal  to  F  ,  and  the  open  disks  passing  through^tnte  , 
center,  of  P  .    Belonging  to  and  between  are  Understood  in  Jme 
cuatoinary  sense.    As' motions  we  take  the  group  of  all,  in^rsiohs 
with  respect  to  those  spheres  which  play  the  role  y  of  places  in  the 
model,  as  well  as  all  reflections  about  customary  pl^ines,  paisslng 
through  the  center  of  sphere  P  .   -  *  •  ^  '  ^V-- 

Poincar^^s  s&oot^^mpdel  of  L6bachevskii>a  geometry 

Thi3  model  is  obtained ^rom  the  first  when'the  circle  1^ 


degenerate; 


into^a  line  iF  * 


the  dUiterlor  of.,  the  circle  into 


a  halfi^plane  ,(fig.  305);'  or  whenVthe  fundamental  )j.lrcie   V  of^^i 

first ;mo<3^1  is  inverted  with  respect  to  a'ceritei*  af  '^nvjeyaian  lying 

I  '  ^  i^'   ' /      •  - 

on  the  circumference    T  . 


Fig.  305 


r 


,1  i 
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The  lines  are  all  semicirclest  in  the  half-plane  whose  centers 
on  r  *  |pid  all  rays  in  the  half-plane  perpendicular  io  V  *. 


The  points  are*  the  ordinary  points  ^of  the  half-plane.  Belongii^g 
f  to  and  between  have  their, ordinary  meanings. 

In  fig.  305  are  constructied  the  twd  parallels     b    and    c  to 
line    a    .    In  fig.  212  is  constructed  ;the  common  perpendicular  p" 
to  two  superparallel  lines    gA^^^nd    g'^    •  • 

MotiQns  here  are  'defined  in  exactly  the  same  way  as  in  the 
first  model.  ,  . 

In  this  model  all  the  axioms  of  Lobachevskii's  plane,  hold 

good. 

The  introduction  of  the  theorems  of  Lobachevskii's  geometry 
into  this  €econd  Poincare  model  provides.  Just  as  in  the  case  of 
the  first,  a  fine  source  of  geometrical  problems  which  are  inter- 
esting from  the  j^clidean  viewpoint. \ 

This  model  also  may  readily  be  extended  to  solid  geometry* 
The  categories  of  fimdamental  objects  will  be:  as  points  —  the 
jOrdlnary  points  above  a' given  i31ane  jir  ;  ,as  lines  --  the  rays  per- 
'Ipendicular  to  plane    ir    and  the  semicircles  with  centers  on 
plaiie   TT    and  ;Jying  in  planes  perpendicular  to    ir  ;  as  planes  — 
the  hemispheres  with  centers  on  plane    ir    and  the  half-planes 
perpendicular  to  plane  ^  ir    [29]*  '  ^ 

C.    The  Beitrami-Klein  interpretation  of  Lobachevskian 
geometry  '      ^  ,  * 

Let  us  constmact  the  modeT.^  The  categories  /of  basic  yobjects 
wilibe  as  follows^    The , points  will  be  the  'ordimary  points  inter- 


ior  to  a  circle   P  .  /The  lines  will  be  the  chords  of  circle    p  . 


o'/.4 


I 
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Belonging  to  and  bet,ween  will  have  their  \rsual  ^eanings.  (fig.  293) 
What  is  to  be  understood  by  cojigruence  and  motion  will  be  made 
clear  later. 

The  axiom  of  Lobachevskii  holds  good  in  ^his  model*. 

If  there  are  two  interpretations  of  the  same  set  of  axioms 
such  that  a  on^-to-one  correspondeijice  can  be  established*  between 
the  olgjects  of  the ^respective  categories  in  the  one  and  the  other 
model  with  the  preservation  of "^the  corresponding  relationships, 
these  two  interpretations  afe  said  to  be  isomorphi/. 

The  customary  model  of  Euclidean  geometry  taught  in'^hool  ^nd 
its  numerical  "model,  analytical  geometry,  ^re  th\WsJ,aom<^r5hi^. 
Also  isomorphic  are  the  cugtomary  ^interpretatiorl  of  /  plane *geo)netry 


and  the  interpretation  (77)  in  a  plane  punctured  at  a  poprc  0  and 
completed  wj.th  an  improper  point,  in  which  the.lipes  >re  defined  as 
the  circles  and  lines  passing  through    0  / 

We  sha^/^es^ablish-the  isomorphism  of  eack{  of  Poincare's 
models  with  the  Beltrami^Klein  model.    For  this  purpose  we  construct 
a'  sphere,  Wngent  to  the  plane    fr    of  the  Beltrami^ circle  at  the 
'cente^^'of  this  circle,  and  having  a  radius  equal'  to  that  of  the  ^  ' 
cir^cle.    ^  ~ 

?/e  first  jproject  orthogonally ''the  entire  Beltrami  map  onto  the 
lower  hemisphere  (fig.  306).    Th^  map  of  Lobachevsklkn  geometry 

/-   thus  obtained  on  th6  hemisphei^  is  next  stereogrsiphically  projected 
.from  the  uoper  pole    S    onto  the  original  plane    tt  .    This  latter 

^    projection  will  be  seen  to  yield  the  first  Poincare  interpretation 
of  the  geometapy  of  Lobachevskii  [I6]  [29].  mr 
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It  JLs  readily  seen  that  the  correspondence  thus  -establjbshed  ' 
between  the  Ibwo  models  Is  isomorphic.    In  particuj^ar,,  every,  motion 
in^^i^e^  Pai^are  model  induces, a  corresponding  motion 'in  the 
Beltramip-Klein  i^^oael* 


 ^        ^       If  we  construct  a  hemisphere  this  equator  of  which  coincides 

With  the  circumference  of  ^J^' Be  It  rami  map  and  orthogonally  project 
this  map  upon  the  hemisphere,  and  if  we  then  stereog^aphica^y 
project  the  hemisphere  from  a  pole    S    which  lies  on  thg  equator 
onto  a  plane  (X   perpendicular  to  the  diameter  passing, thiiwigh  the 

-  *         pole  of  proj^tion    S  ,  we  obtain  on  the  plane  (X.  Poincar^'s       ^  - 
second  model  of" -the  geometry  of  Lobachevskii  [29]« 


The  ^somorphism^)f  all  thyee  models  has  been  established/ 
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►  •  CONCLUSION 

80      THE  REQUIREMENTS  IMPOSED  UPON  A  SYSTEM  OF  AXIOMS     '  - 

We:  shgLll  briefly  consider  vjhat  is  demanded  of  a  system  of 
axioms.    First  oj?"- all,  a  system  of  . axioms  is  required  to  be  con-» 
sistent.   'In  a  consistent  system  it  can  not>happen  that  a  theorjam 
and  iti  megation  should  be  simultaneously  demonstrable^  .  In  ord^r 
to  ,^frove  non-contradictoriness,  a  model  oh.  interpretation  of  the 
system, of  axioms  is  conaitrubted  out  of  objects  ^nd  relations 
between  them  «hich  are  considered  as  e\iidently  existing,  correct, 
true,  non-contradictory.  ^ , 

Thus,  for  example,  to  prove  the  absence  of  contradiction  in 
Euclidean  geometry  we  construct  the  sCnalytioal  or  niimericacl  model. 
In  so  doing  we  accept  the  objects  of  arithmetj.c  —  numbers  and 
their  relationships       as  true. 

TO'  prove  non-contradiction  in.th^e  system  of  axioms  pf  ^ 
Loblchevskii  geometry  we  likewise  construct  a  model  out  of  object? 
and  relations  between  them  held  to  be  real,  correct,  true,  non- 
conijradictory . 

TJius^"  f or  the  ^rdof  of  consistency,  or  non-contradictioti,  in 
any  system  of  axioms  We  have  need  of  concrete,  well-tested  things 
and  relations  between  them  (^ee  2,  69^. 

.^The  Second  fundamental  requirement  imposed  upon  a  system  of 
axioms  is  that  .as  far  as  possible  each'  axiom  be  independent  of  $he 
others  •    The  independence  of  each  .axiom  means  that  one  axiom  ^ca^i- 
not  be  derived  from  the  others  as  their  logical  consequence,  an'd 
that  if  one  .axiom  is  withdrawn  from  the  system  it  is  impossible  to 
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use  the  other  axioms  in  ^ny  way  which  would  restore .to.  the  system 

the  effect  of  the  axiom  whlcH  was  removed. 

The  axlomatlcs  of ^geometry  are,  however,  not  such  that  we  can 

speak  of  the  Independence  of  all  axioms.    The  fact  Is,  fof. example, 

•that  In  the 'formulation  of  ..the  axioms  of  the  second  group  It  Is 

assumed  that  there  Is  already  established  the  concept  of  "belonging 

to,"  the  propertles^of  which  are  In  fact  described  In  , the  axioms  of 

the  first  group.    In  the  systems  of  -axioms  which  we  have  been 

studying  it  .is  only  possible  to  raise  the  question  of  the  indepen-- 

dence*of  ^me  axioms. 

.  The  independence  of  some  axiom  from  all  the  rest,  that  is,  the' 

impossibility  of' proving  it  by ^ means ^ of  all  the  others,  is  proved 

by  replacing  the  axiom  by  its  negation  (in  one  or 'another  forrt^  and 

proving  the  non-^contradictoriness  of  the  resulting  set  of  axioms . 

Thus,  proof  of  tl]e  independence  of  Euclid .axiom  on  parallels 

is  found  in  the  fa.ct  that  it  is  replaced    by  the, axiom  of 

f 

Lobachevskii 'and  then  the  consistency  of  Lobachevskii's  geometry 
is  proved.    Hilbert  in  his  "Foundations  of  Geometry"  examines  many 
axioms  and  indeed  entire  groups,  of  axioms  as  to  thelFTI^ndependence. 
[15].  -   '  .  . 

Another  problem  of  geometric  axJomatics  is  that  of'  the  complete^. 
ness  of  a  system  of  axioms^.    A  system  o'f  'a:<ioms  Is  said  to  be  > 
complete  if  any  two  of  its  interpretations  are  isomorphic.     It  is 
not  re,quired  that  a*  system  of  axioms  necessarily  be  complete  ♦ 
Thus,  the  axiomatic  systeiji  cff  the  theory*  of  grqups^is  not  complete: 
th6re  exist  non*-isomorphic  groups. 
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